
Physics 834: Problem Set #1

The problems are due in class on Wednesday, September 28. Check the 834 webpage for suggestions
and hints. Please give feedback early and often (and email or stop by M2048 to ask about anything).

1. (30 pts) Practice with δij and εijk. Do these problems using δ’s and ε’s.

(a) Show that
(A×B) · (C×D) = (A ·C)(B ·D)− (A ·D)(B ·C) (1)

(b) Prove the identity

∇(a ·b) = (a ·∇)b + (b ·∇)a + a× (∇× b) + b× (∇× a) (2)

(Hint: Start with the last two terms on the right-hand side.)

(c) A distribution of electric currents creates a constant magnetic momentum m = const. The
force on m in an external magnetic induction B is given by

F =∇× (B×m) . (3)

Show that (given ∇ ·B = 0)
F = (m ·∇)B . (4)

2. (20 pts) Vector operations in cylindrical and spherical coordinates. Use the formulas
on the back cover of Jackson (or equivalent) to evaluate the following expressions:

(a) In cylindrical coordinates, ∇· ρ̂, ∇· φ̂, ∇× ρ̂, ∇× φ̂, ∇ ln ρ, ∇2 ln ρ.

(b) In spherical coordinates, ∇· r̂, ∇· θ̂, ∇× φ̂, ∇× (rθ̂), ∇2(1/r).

3. (15 pts) Point charge. The electrostatic field of a point charge q is

E =
q

4πε0
r̂

r2
. (5)

(a) For r > 0, calculate the divergence of E in Cartesian coordinates.

(b) Repeat but using spherical coordinates.

(c) What happens at the origin r = 0?

4. (10 pts) Continuity equation. Starting from conservation of mass in a fixed volume V , use
the divergence theorem to derive the continuity equation for fluid flow:

∂ρ

∂t
+∇· ρv = 0 , (6)

where ρ is the fluid density and v its velocity.
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5. (15pts) Evaluate the integral ∮
C
dr ·B (7)

using a vector calculus theorem, where

(a) C is the unit circle in the x–y plane centered at the origin and

B = x2yx̂− xy2ŷ (8)

(b) C is a semicricle of radius a in the x–y plane with the flat side along the x-axis, the center
of the circle at the origin, and

B = xy2x̂+ yx2ŷ (9)

(c) C is a 3-4-5 right-angled triangle with the sides of length 3 and 4 along the x- and y-axes,
respectively, and

B = x2x̂+ xyŷ (10)

Bonus: Check your answers by doing the line integral directly.

6. (10pts) Evaluate the integral ∫
S
v · dA (11)

using a vector calculus theorem, where

(a) S is a sphere of radius 2 centered on the origin and

v = x3x̂+ 3yz2ŷ + 3y2zẑ (12)

(b) S is a hemisphere of radius 1, with the center of the sphere at the origin, the flat side in
the x–y plane, and

v = x2yz(ŷ + ẑ) (13)
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