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Renormalization of the Drude Conductivity by the Electron-Phonon Interaction
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(Received 10 October 1995)

It is commonly believed that the Drude conductivity is not renormalized by many-body interaction
To the contrary, we show that for impure metals the Drude conductivity is decreased by a temperat
dependent factor proportional to the electron-phonon couplingl. We demonstrate this effect by both
the linear response and the quantum transport approaches. This effect, while comparable to the
Drude conductivity, will be masked by the large temperature dependence of electron-phonon scatter
We expect such many-body corrections to other transport coefficients.

PACS numbers: 72.10.Bg, 72.10.Di
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Three decades ago Prange and Kadanoff [1] stud
which electron transport coefficients were renormaliz
by the electron-phonon interaction. They concluded t
the stationary quantum transport equation for electro
interacting with phonons is accurately described by
usual Boltzmann equation without any renormalizati
factors. Therefore such coefficients as dc electrical c
ductivity, thermopower, and thermal conductivity wou
not be affected by the electron-phonon interaction.

Up to now their conclusions have been disputed o
for the thermopower. Initially Opsal, Thaler, and Bass [
found experimentally the renormalization correction wi
the same temperature dependence as the electron-ph
mass enhancement factor1 1 lsTd, where lsTd is the
electron-phonon coupling. This result attracted ma
theoretical works [3]. Recent investigations [4,5] sho
that the quantum interference between electron-pho
and electron-impurity scattering plays a crucial role in t
thermopower renormalization. In particular, the sign a
magnitude of the renormalization factor depend stron
on the sign and magnitude of the electron-impur
potential, respectively. Except for the thermopower, t
strong current opinion (for example, see Refs. [6] a
[7]) is that all other electron transport coefficients are n
renormalized by the electron-phonon interaction. This
not true.

In this paper we show that ifvDt . 1 (vD is
the Debye frequency andt is the electron momentum
relaxation rate due to electron-impurity scattering), t
phonon renormalization of the Drude conductivitys0,
calculated in the first order inl, is

s ­ s0

Ω
1 2 2l

∑
1 2

µ
qD

2pF

∂2∏æ
. (1)

In Eq. (1), pF is the Fermi momentum, andqD is the
Debye wave vector;l is defined as2dSe-phyde, where
Se-ph is the electron self-energy due to the electro
phonon interaction (for details see p. 176 of Ref. [8
WhenvDt , 1, the renormalization effect drops to zer
asvDt.

For arbitrary interaction, such as the electron-electr
electron-paramagnon, electron-magnon interaction,
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result [Eq. (1)] may be extended as follows. If th
characteristic energy scalesv0d of the corresponding
electron self-energysSd is larger than the electron
impurity scattering rates1ytd, the renormalization of
the Drude conductivity is described by Eq. (1), whe
l ­ 2dSyde. At v0t , 1 the renormalization effect
is negligible.

We stress that, on the one hand, our results lie outs
the scope of the results by Prange and Kadanoff. Th
discussed the renormalization of the Bloch-Gruneis
term, or, in other words, the phonon renormalization
the electron-phonon scattering processes. We discussthe
phonon renormalization of the Drude conductivitydue to
electron-impurity scattering. On the other hand, we sh
that terms responsible for the conductivity renormalizati
in our case were not considered in the original Prange
Kadanoff paper.

Linear response approach.—For linear response cal-
culations either the Matsubara technique or the Keldy
diagrammatic technique can be used. We choose
Keldysh description, because it is ideal for the quantu
transport equation, which will be considered in the ne

The electron and phonon subsystem are described
advanced, retarded, and kinetic (Keldysh) Green fu
tions. The retarded and advanced electron Green fu
tions averaged over impurity positions are

GR
0 sp, ed ­ fGAsp, edgp ­

µ
e 2 jp 1

i
2t

∂21

,

jp ­ sp2 2 p2
Fdy2m .

(2)

The phonon Green functions are

DRsq, vd ­ fDAsq, vdgp

­ sv 2 vq 1 i0d21 1 sv 1 vq 1 i0d21.

(3)

The kinetic Green functions in the thermodynamic eq
librium may be written as

GC
0 sp, ed ­ S0sed fGA

0 sp, ed 2 GR
0 sp, edg ,

S0sed ­ 2 tanh

µ
e

2T

∂
,

(4)
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DCsq, vd ­ f2Nsvd 1 1g fDRsq, vd 2 DAsq, vdg ,

2Nsvd 1 1 ­ coth

µ
v

2T

∂
.

(5)

In the diagrammatic technique the conductivity is rela
to the retarded electronic loop with two vector vertic
ev ? n, wheree is the electron charge,v is the electron
velocity corresponding to the Green function forming t
vertex, andn is a unit vector. All important diagrams ar
shown in Fig. 1. Under the conditionspFl ¿ 1, qDl ¿
1 we can neglect other diagrams (not shown in Fig.
with additional electron-impurity interaction and inelas
electron-impurity scattering.

Studying the renormalization effect one takes in
account only terms proportional to the real part of t
phonon Green function. The analytical expression for
first diagram is, withP ­ sp, ed, Q ­ sq, vd ,
t
.
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FIG. 1. Diagrams for the conductivity renormalization to th
first order in the electron-phonon interaction. The first a
second diagrams cancel exactly for the conductivity.
s1 ­ 2e2
Z d4P

s2pd4

d4Q
s2pd4 jgqj2sv ? nd2tS0se 1 vd

≠S0sed
≠e

ImfGA
0 sp, edg2ImGA

0 sp 1 q, e 1 vdReDsq, vd, (6)

wheregq is the electron-phonon matrix element. The second diagram may be writtens2 ­ 2s1W , where

W ­
1

pnt

Z dp0

s2pd3 GA
0 sp0, edGR

0 sp0, ed ­ 1 . (7)

Therefore the contributions of the first two diagrams mutually cancel. The third diagram is

s3 ­ 2e2
Z d4P

s2pd4

d4Q
s2pd4 jgqj2sv ? nd

µ
v ? n 1

q ? n
m

∂
tReDsq, vd

3

∑
S0sed

≠S0se 1 vd
≠e

ImfGA
0 sp, edg2ImGA

0 sp 1 q, e 1 vd

1 S0se 1 vd
≠S0sed

≠e
ImGA

0 sp, edImfGA
0 sp 1 q, e 1 vdg2

∏
. (8)
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Changing variablesp ! p 1 q and e ! e 1 v and
thenq ! 2q andv ! 2v, we may show that the firs
and second terms in the large square brackets of Eq
are equal. Calculating the first term at low temperatu
T , vD, 1yt, we note thatZ d4Q

s2pd4
jgqj2

≠S0se 1 vd
≠e

3

ImGA
0 sp 1 q, e 1 vdReDsq, vd ­ 2

≠Se-ph

≠e
, (9)

Z de

2p
djp S0sedImfGA

0 sp, edg2 ­ 21 . (10)

In Eq. (10) the integral is dominated by regione, jp ,
t21. Therefore, if vD . t21, in Eqs. (9) and (8) we
can set2≠Se-phy≠e ­ l, independent of . After that
the angular integration of the factorsv ? nd2 yields
2ls0. To perform the angular integration of the ter
sv ? nd sq ? ndym it is necessary to include it in the
left hand side of Eq. (9) to yield the multiplicatio
factor 2sqDy2pFd2. Finally the contribution of the third
diagram gives the renormalization correction displayed
(8)
s

in

Eq. (1). If vDt , 1, the integration region in Eq. (8) is
limited by vD, and therefore the renormalization effe
drops to zero asvDt.

Quantum transport equation.—The conductivity
renormalization is one of many quantum interferen
phenomena in normal metals for which one should use
rigorous approach capable of accounting for the quant
nonlocal corrections in the form of the Poisson brack
[4,9,10,11]. The linearized quantum transport equat
for the distribution functionS of electrons scattering from
impurities and phonons has the form

esv ? Ed
≠S0

≠e
­ Ie-impsSd 1 Ie-phsSd , (11)

whereE is the electric field and the oscillation integra
Ie-imp and Ie-ph can be expressed in terms of the corr
sponding self-energies by the equation [4,6,9]

IsSd ­ 2ifSC 2 SsSA 2 SRdg 1
1
2 hSA 1 SR , S0j ,

(12)
where the Poisson bracket correction is

hA, Bj ­ eE
µ

≠A
≠e

≠B
≠p

2
≠B
≠e

≠A
≠p

∂
. (13)
2375
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The dominance of electron-impurity scattering in th
momentum relaxation permits the solution of the transp
equation [Eq. (11)] by iteration:S ­ S0 1 f0 1 f1,
wheref0 is the nonequilibrium correction determined b
electron-impurity scattering

f0sp, ed ­ 2tesv ? Ed
≠S0sed

≠e
. (14)

The correctionf1 includes the effects of the electron
phonon interaction

f1sp, ed ­ tIe-ph . (15)
u
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In the quantum transport equation method, the corr

tions to the electric current (conductivity) may origina
from the correction to the distribution function as well a
from various corrections to ImGA, which can be treated
as corrections to the electron density of states. Our ca
lations show that the third diagram in the linear respon
method is related to the following two terms in the qua
tum transport equation:
al
dJe ­ dsE ­ 2
Z d4P

s2pd4 vfS0sedImdphGAsf0d 1 f1sp, edImGA
0 sp, edg . (16)

The first term in Eq. (8) corresponds to the nonequilibrium correction to ImGA due tof0,

dphGAsf0d ­ sGA
0 d2SA

e-phsf0d

­ fGA
0 sp, edg2

Z d4Q
s2pd4

jgqj2te

µ
v 1

q
m

∂
? EReDsq, vd

≠S0se 1 vd
≠e

ImGA
0 sp 1 q, e 1 vd . (17)

The second term in Eq. (8) corresponds to the part off1 which originates from the nonlocal part of collision integr
[the Poisson bracket term in Eq. (12)],

f1sp, ed ­
t

2
hSA

e-ph 1 SR
e-ph, S0j

­
≠S0sed

≠e

Z d4Q
s2pd4

jgqj2te

µ
v 1

q
m

∂
? EReDsq, vdS0se 1 vd ImfGA

0 sp 1 q, e 1 vdg2 . (18)
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Performing calculations in Eq. (16) we obtain the res
reported in Eq. (1).

Experimental situation.—Taking into account the re
sult of the present paper, the resistivity of an impu
metal can be written as

r ­ r0 1 rren 1 re-ph 1 re-e 1 re-ph2imp , (19)

wherer0 ­ 1ys0 is the Drude resistivity, the bare resid
ual resistivity due to electron-impurity scattering;rren ­
2ss 2 s0dyss0d2 is the phonon renormalization of th
lt

e

-

Drude resistivity, calculated in this paper; andre-ph is
the Bloch-Gruneisen term. The last two terms desc
the interference between interactions in an impure me
re-e is the contributions of the weak localization and
the interference between electron-electron and elect
impurity scattering [10] which are important at heliu
temperatures. For temperatures somewhat higher th
terference between electron-phonon and electron-impu
scattering dominates [11],
re-ph2imp

r0
­

∑
2

µ
ul

ut

∂3

2 1 1
p2

16

∏
4bT2

eFpFul

Z uDyT

0
dx x

µ
1

expsxd 2 1
2

x expsxd
fexpsxd 2 1g2

∂
. (20)
ty
If T # vDy5, the integral in Eq. (20) tends to2p2y6.
In Eq. (20), b is the kinetic constant of the electron
phonon interaction [12],

b ­

µ
2
3

eF

∂2 ns0d
2mu2

l
­ l

µ
2pF

qD

∂2

, (21)
i
i

wherens0d ­ mpFyp2 is the electron both-spin densi
of states andm is the mass density of the material.

The Bloch-Gruneisen correction (see Ref. [7]) is
re-ph

r0
­

p

2
btT 5

spFuld4

Z uD yT

0
dx

x5

fexpsxd 2 1g f1 2 exps2xdg
. (22)
on.

Under the basic assumption of this work, that the do

nating mechanism of the electron momentum relaxatio

-
s
electron-impurity scatteringsre-ph ø r0d, Eq. (22) was
obtained in Ref. [13] by the quantum transport equati
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Obviously, in this case Eq. (22) corresponds to a “wea
Mattheissen’s rule. Note also that Eq. (22) may be o
tained solely from terms proportional to ImDRsq, vd of
the third diagram in Fig. 1. These terms correspond
the quasiparticle approximation in the transport equat
[14], while terms with ReDRsq, vd, which result in the
renormalization, originate from quantum corrections
the transport equation.

The experimental temperature dependencies of
resistivity of an impure metal [15] are well described b
the interference and the Bloch-Gruneisen terms [Eqs. (
and (22)] in the wide temperature interval 3–300
In materials with relatively strong electron-impurit
scatteringst , 3 fsd the interference contribution dom
inates over the Bloch-Gruneisen term up to 150 K (s
Ref. [16]), but the renormalization of resistivity is sma
due to inequality svDd21 , s300 Kd21 , 30 fs . t.
In relatively pure materials witht , 100 fs, where
the renormalization of the resistivity is significant, th
Bloch-Gruneisen term prevails already for temperatu
from 10 K (see Ref. [17]). In the interval from helium t
the Debye temperature the change of the renormaliza
term is of the order oflr0, while the change of the
Bloch-Gruneisen term is,svDtdr0 ¿ r0. Therefore, it
is difficult to extract the renormalization effect from th
resistivity temperature dependence. One possible wa
study the renormalization effect would be to determi
the bare residual resistivity from measurements of
T 2 term using Eq. (20). Comparison with the expe
imentally determined renormalized residual resistiv
would give the renormalization factor. Alternatively, th
conductivity renormalization might be investigated v
its strong dependence on the electron-impurity scatter
rate. As we have already discussed, for pure mater
svDt . 1d the renormalization is significant, wherea
when the parametervDt decreases the renormalizatio
falls rapidly to zero.

In conclusion, this paper demonstrates that the Dru
conductivity is significantly renormalized by the electro
phonon interaction. We calculated the renormalizat
using both the linear response and quantum trans
equation approaches. In the transport equation met
the renormalization arises through corrections to
nonequilibrium electron density of states [Eq. (17)] a
the nonlocal part of the electron-phonon collision integ
[Eq. (18)]. Reference [1] did not consider such terms
the renormalization of the Bloch-Gruneisen conductivi
In the light of this work we expect the renormalization
other kinetic coefficients.

This work is supported by U.S. DOE Contract No. DE
FG02-ER45347.
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