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Renormalization of the Drude Conductivity by the Electron-Phonon Interaction
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It is commonly believed that the Drude conductivity is not renormalized by many-body interactions.
To the contrary, we show that for impure metals the Drude conductivity is decreased by a temperature-
dependent factor proportional to the electron-phonon couplingVe demonstrate this effect by both
the linear response and the quantum transport approaches. This effect, while comparable to the bare
Drude conductivity, will be masked by the large temperature dependence of electron-phonon scattering.
We expect such many-body corrections to other transport coefficients.

PACS numbers: 72.10.Bg, 72.10.Di

Three decades ago Prange and Kadanoff [1] studietesult [Eq. (1)] may be extended as follows. If the
which electron transport coefficients were renormalizeccharacteristic energy scaléw,) of the corresponding
by the electron-phonon interaction. They concluded thatlectron self-energy(X) is larger than the electron-
the stationary quantum transport equation for electronsmpurity scattering rate(1/7), the renormalization of
interacting with phonons is accurately described by thehe Drude conductivity is described by Eq. (1), where
usual Boltzmann equation without any renormalizationA = —d%/de. At wor < 1 the renormalization effect
factors. Therefore such coefficients as dc electrical conis negligible.
ductivity, thermopower, and thermal conductivity would We stress that, on the one hand, our results lie outside
not be affected by the electron-phonon interaction. the scope of the results by Prange and Kadanoff. They

Up to now their conclusions have been disputed onlydiscussed the renormalization of the Bloch-Gruneisen
for the thermopower. Initially Opsal, Thaler, and Bass [2]term, or, in other words, the phonon renormalization of
found experimentally the renormalization correction withthe electron-phonon scattering processes. We didbess
the same temperature dependence as the electron-phormimonon renormalization of the Drude conductivitye to
mass enhancement factbr+ A(T), where A(T) is the electron-impurity scattering. On the other hand, we show
electron-phonon coupling. This result attracted manythat terms responsible for the conductivity renormalization
theoretical works [3]. Recent investigations [4,5] showin our case were not considered in the original Prange and
that the quantum interference between electron-phonoladanoff paper.
and electron-impurity scattering plays a crucial role in the Linear response approach-For linear response cal-
thermopower renormalization. In particular, the sign andculations either the Matsubara technique or the Keldysh
magnitude of the renormalization factor depend stronglydiagrammatic technique can be used. We choose the
on the sign and magnitude of the electron-impurityKeldysh description, because it is ideal for the quantum
potential, respectively. Except for the thermopower, theransport equation, which will be considered in the next.
strong current opinion (for example, see Refs. [6] and The electron and phonon subsystem are described by
[7]) is that all other electron transport coefficients are notadvanced, retarded, and kinetic (Keldysh) Green func-
renormalized by the electron-phonon interaction. This idions. The retarded and advanced electron Green func-

not true. tions averaged over impurity positions are
In this paper we show that ifwpr > 1 (wp is ® 4 . i\ 7!
the Debye frequency and is the electron momentum Gy(p,e) =[G (p, )] = <f — &t ;) ,
relaxation rate due to electron-impurity scattering), the 5 5 (2)
phonon renormalization of the Drude conductividy, &p = (p” = pp)/2m.
2 R A %
D" (q, = |D"(q,
o= 00{1 - 2){1 - (q—D> “ 1) (@, 0) = [D7(g, )]
2pF a1 1
) ) i =(w — wqg +i0)" + (0 + wg +i0)"".
In EqQ. (1), pr is the Fermi momentum, angp is the
Debye wave vector is defined as-d3.,-pn/de, where )

Z.-pn is the electron self-energy due to the electron-The kinetic Green functions in the thermodynamic equi-
phonon interaction (for details see p. 176 of Ref. [8]).|ibrium may be written as

Whenwpt < 1, the renormalization effect drops to zero

asomr” P G§ (. €) = So(e)[G (p. €) — Gf (. )],
For arbitrary interaction, such as the electron-electron, _ € (4)

electron-paramagnon, electron-magnon interaction, our So(€) = —tan T )
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D(q, w) = [2N(w) + 1][D*(q, w) — D*(q, w)],

2N(w) + 1 = cotf(%)_ ()

In the diagrammatic technique the conductivity is related

to the retarded electronic loop with two vector vertices

ev - n, wheree is the electron charge, is the electron 1

velocity corresponding to the Green function forming the

vertex, anch is a unit vector. All important diagrams are

shown in Fig. 1. Under the conditions:I > 1, gpl >

1 we can neglect other diagrams (not shown in Fig. 1)

with additional electron-impurity interaction and inelastic

electron-impurity scattering. 3
Studying the renormalization effect one takes intoFIG. 1. Diagrams for the conductivity renormalization to the

account only terms proportional to the real part of thefirst order in the electron-phonon interaction. The first and

phonon Green function. The analytical expression for théecond diagrams cancel exactly for the conductivity.

first diagram is, with? = (p,€), O = (q, w), |

a‘p d*o 9So(€)
o1 =26 | oo TS I8Py mPeSu(e + 0) = MG, OFIMGH(p + g.€ + w)ReD(g, @), (6)
whereg, is the electron-phonon matrix element. The second diagram may be written —o; W, where
1 dp’ A R(n!
= =1. 7
W TUT (277_)3 GO(p’E)GO(p’E) ( )
Therefore the contributions of the first two diagrams mutually cancel. The third diagram is
‘e d* ‘n
o3 = 2e° o) (27TQ)4 lg,1*(v - m) <V n+ 3 >TReD(q, w)
d +
<[00 2 infGh . PG + g€ + )
€
d
+ si(e + ) 24 imGip, miGip + g€ + w)P] ®)

Changing variablepp — p + q and e — € + » and ! Eq. (1). Ifwpr < 1, the integration region in Eq. (8) is
thenq — —q andw — —w, we may show that the first limited by wp, and therefore the renormalization effect
and second terms in the large square brackets of Eq. (8yops to zero asp7.

are equal. Calculating the first term at low temperatures Quantum transport equatior=The conductivity

T < wp, 1/7, we note that renormalization is one of many quantum interference
. phenomena in normal metals for which one should use the

d'Q lgo|? 9So(e + “’)x rigorous approach capable of accounting for the quantum

@m)* =1 de nonlocal corrections in the form of the Poisson brackets

ImG{)*(p + q,€ + w)ReD(q, 0) = — M Q) [4,9,10,11]. The linearized quantum transport equation

de for the distribution functiors of electrons scattering from
impurities and phonons has the form
de S

f E d'fp So(€)|m[Gé(P’ 6)]2 = —1. (10) e(v-E) 8—6() = If-imp(S) + If-ph(S) > (11)
In Eq. (10) the integral is dominated by regiené, ~  whereE is the electric field and the oscillation integrals
7~ 1. Therefore, ifwp > 77!, in Egs. (9) and (8) we I.-imp and .-, can be expressed in terms of the corre-
can set—d2.-,n/de = A, independent ot. After that sponding self-energies by the equation [4,6,9]
the angular integration of the factofv - n)> vyields 1(S) = —i[3€ — §(34 — 3R] + L{EA + 3R 5o
—Aoy. To perform the angular integration of the term 2 T
(v -mn)(q - n)/m it is necessary to include it in the (12)
left hand side of Eq. (9) to yield the multiplication \yhere the Poisson bracket correction is
factor —(¢p/2pr)*. Finally the contribution of the third 0A 9B 9B oA
diagram gives the renormalization correction displayed in {A, B} = €E<; % T e £> (13)
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The dominance of electron-impurity scattering in the In the quantum transport equation method, the correc-
momentum relaxation permits the solution of the transportions to the electric current (conductivity) may originate
equation [Eqg. (11)] by iteration:sS = Sy + ¢o + ¢,  from the correction to the distribution function as well as
where ¢ is the nonequilibrium correction determined by from various corrections to IG*, which can be treated
electron-impurity scattering as corrections to the electron density of states. Our calcu-

aSO(e) lations show that the third diagram in the linear response
bo(p.€) = —7e(v - E) — = (14) method is related to the foIIovx?ing two terms in the qpuan—

_ _ tum transport equation:
The correction¢; includes the effects of the electron-

phonon interaction

$1(p.€) = Tlepn . (15) |

d4

@m)*

The first term in Eq. (8) corresponds to the nonequilibrium correction @"imue to g,
8pnG (o) = (GE)PSA 1 (o)

8J. = 60E =2 v[So(€)Im8,,GA (o) + ¢1(p, €)IMG (p, €)]. (16)

BS()(G + w)
d

4
= [Gg(p,e)]zf (‘;WQ)4 |gq|27'e<v + ;) EReD(q, ImMGy(p + q,€ + »). (17)

The second term in Eq. (8) corresponds to the paghb pévhich originates from the nonlocal part of collision integral
[the Poisson bracket term in Eq. (12)],

¢1(p36) = i{E’?-l:)h + Ef-ph’s()}

= aSo(E) f Q2m)* |8q Te<v + Z) EReD(q, w)So(e + w)lm[G{?(p t+q,et w)]2 (18)

Performing calculations in Eq. (16) we obtain the resUltDrude resistivity, calculated in this paper; apd-p is
reported in Eq. (1). the Bloch-Gruneisen term. The last two terms describe
Experimental situatior—Taking into account the re- the interference between interactions in an impure metal:
sult of the present paper, the resistivity of an impurep.-. is the contributions of the weak localization and of
metal can be written as the interference between electron-electron and electron-
. impurity scattering [10] which are important at helium
P = P0F pren T Perph + pe-e F pepn-imp . (19) yemperatures. For temperatures somewhat higher the in-
wherepg = 1/0y is the Drude resistivity, the bare resid- terference between electron-phonon and electron-impurity

ual resistivity due to electron-impurity scattering,, =  scattering dominates [11],
—(o — 09)/(00)? is the phonon renormalization of th?
oh—im 3 2 2 0p/T
Beph—imp _ [2<ﬂ> —1+ ”—} 48T f dxx( L _xexpy) ) (20)
00 u; 16 | erpru; Jo explx) — 1 [expx) — 1]?

If T = wp/5, the integral in Eq. (20) tends te 72 /6. | where v(0) = mpp/7? is the electron both-spin density
In Eq. (20), B is the kinetic constant of the electron- of states andgl is the mass density of the material.

phonon interaction [12], The Bloch-Gruneisen correction (see Ref. [7]) is
2
o= (o) (). e
3 2,uu, qp |
} 5 0p/T 5
Pe-ph _ T BrT . f dx X . (22)
Po 2 (pruw) [exp(x) — 1][1 — exp(—x)]

Under the basic assumption of this work, that the doHnieIectron-impurity scatteringp.-p,n < po), Eq. (22) was
nating mechanism of the electron momentum relaxation isbtained in Ref. [13] by the quantum transport equation.
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