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Bloch Oscillations in the Presence of Plasmons and Phonons
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The coupling between Bloch oscillating electrons and longitudinal optical phonons in a superlattice
leads to resonant phonon excitation but no gap in the Bloch-phonon spectrum. In addition, we predict
a sharp transition from plasma to Bloch oscillations at nB � 2nP . From a microscopic description with
phenomenological dampings, we numerically map out the behavior of coupled Bloch-plasmon-phonon
modes for a wide range of parameters, and mimic experimental conditions. Our results are in good
agreement with recent experiments by Dekorsy et al. [Phys. Rev. Lett. 85, 1080 (2000)].

PACS numbers: 72.20.Jv, 73.23.Ad, 78.47.+p
In a constant electric field and in the absence of col-
lisions, a quantum particle in a periodic potential exe-
cutes Bloch oscillations [1]. Bloch oscillations have been
observed experimentally in a variety of systems [2–4],
including superlattices at room temperature [5]. The pro-
portionality of the Bloch frequency to the electric field
makes the oscillations tunable, and thus a potential source
of coherent THz radiation [6]. Tuning the Bloch oscilla-
tor, however, brings it in resonance with other oscillation
modes in superlattices, such as plasmons and longitudinal
optical (LO) phonons. The coupling of a Bloch oscilla-
tor with such modes contributes strongly to the dephas-
ing of the Bloch oscillations, and is therefore a crucial
factor in limiting the efficiency of room-temperature THz
devices.

When two oscillation modes are resonant, the behav-
iors of the coupled modes are markedly different from
each individual mode. In plasmon-phonon modes, for
example [7], the linear coupling between plasmons and
LO phonons leads to a gap between the individual modes
at resonance. One might expect an analogous gap at res-
onance between Bloch oscillations and phonons. In this
Letter, we show that the coupling of Bloch oscillation and
phonon modes (i) does not lead to a gap but (ii) produces
a strong resonant enhancement of the phonon amplitude.
These results are in agreement with recent experiments by
Dekorsy et al. [8]. In addition, in the absence of colli-
sions as the electric field is varied, we predict a sharp
transition from the low field (coupled plasmon-phonon)
to the high field (Bloch-phonon) mode. The complete
spectrum of Bloch-plasmon-phonon modes is shown
in Fig. 1.

Microscopic theory.—With units h̄ � e � 1 in this sec-
tion, we consider superlattice (period d ) electrons of den-
sity n with tight-binding energy ek � 2�D�2� coskd and
Coulomb repulsion Vq � 4p�q2 in an external dc elec-
tric field E0 along the growth direction. Dispersionless
LO phonons, vLO, couple to the electrons via a Fröhlich
interaction Mq � 2i

p
2pvLO�1�e` 2 1�e0��q, where `

and 0 designate the high and low frequency dielectric con-
stants. The Hamiltonian is [9]
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with mkk0 � idkk0≠�≠k the electron dipole matrix [10] and
mq the phonon dipole moment.
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FIG. 1. Coexistence of all three modes at nP �
vP�2p � 2 THz: coupled plasmon-phonon modes (PP)
for ñB � ṽB�2p , 2ñP [15], and Bloch-phonon modes (BP)
above. The dashed lines are predictions from the pendulum
equation (4) while the symbols arise from the numerical
solution of Eq. (5). The sharp transition between the modes
occurs in the absence of collisions. The motion of the electron
is aperiodic near the transition point, so only frequencies
outside the solid vertical lines can be resolved.
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Discarding correlations [11,12], we factorize all
four-operator expectation values by products of two-
operator values. The dynamics is then described by the
polarization P � i

P
K ≠NKQ�≠QjQ�0 where NKQ �

�cyK1Q�2cK2Q�2� is the electron density matrix and
K � �k 1 k0��2 and Q � k 2 k0 are the “center-of-
mass” and “relative” momenta. The polarization evolves
as ≠P�≠t �

P
K NK0≠eK�≠K [10], and the evolution of

NK0 obtained from H is∑
≠

≠t
1 �E0 2 4pP�

≠

≠K

∏
NK0

� 2i
X
q

Mq�Bq 1 B�
2q� �NK2q�2,q 2 NK1q�2,q� ,

(2)

where Bq � �bq� is the amplitude of the coherent phonons.
For q ! 0, we obtain �≠�≠t 1 E�t�≠�≠K�NK0 � 0,
where the total field E�t� � E0 2 4pP 2 Cw�d,

C �
q

v
2
LO 2 v

2
TO, w � d

p
8p�e`vLO ReB0, and

vLO�vTO �
p

e0�e` (Lyddane-Sachs-Teller relation
[13]). The solution is NK0�t� � f���K 2 h�t��d���, where
f is the initial distribution function and h � d

Rt
0 E�t� dt.

This solution for NK0 and the equation for P�t�, assum-
ing a flat initial distribution f between 6KF (ø 1�d),
yields a nonlinear pendulum equation for h. A similar
analysis for w leads to a coupling of the nonlinear pendu-
lum (electron) with a linear oscillator (phonon):

ḧ 1 v2
P sinh � 2C �w; ẅ 1 v2

TOw � C �h , (3)

where the plasma frequency vP �
p

4pne2�m�, and m�

is the electron effective mass.
Bloch plasmons.—Without phonons we obtain a pendu-

lum equation [14]:

ḧ 1 v2
P sinh � 0 . (4)

The initial conditions for the pendulum “displacement”
h�t� arise from the definition of h and the assumption of
zero polarization at the instant of photoexcitation (t � 0):
zero initial displacement h�0� � 0, and initial “velocity”
set by the Bloch frequency, �h�0� � vB � edE0�h̄. The
Bloch frequency does not appear explicitly in Eq. (4), but
appears only indirectly through the initial condition.

The pendulum equation describes the transition from
plasma oscillations to Bloch oscillations. Integrating
Eq. (4) gives the motion of a classical “particle” in a
periodic potential V �h� � v

2
P�1 2 cosh� with a total

energy v
2
B�2. For a total energy much smaller than the

maximum potential energy (v2
B�2 ø 2v

2
P), the particle

is trapped and oscillates at vP in one of the potential
minima; the plasmons screen out the external electric field
since the Bloch period is larger than half the plasmon
period, the time for the screening charges to rearrange.
If however the total energy is large (v2

B�2 ¿ 2v
2
P), the
particle flies over the washboard potential V �h� with
velocity �h � dE�t� varying periodically at frequency vB;
the plasmons are not fast enough to screen out the external
field, so the unscreened field drives the Bloch oscillations.
Thus in a THz detection experiment [3] as we vary the
external bias, we predict a sudden transition in behavior at
vB � 2vP [15] from weakly field dependent to linearly
increasing with field (Fig. 1). At the transition point,
the motion is aperiodic, leading to a broad frequency
spectrum.

The experimental data in Ref. [3] show a Bloch mode
that does change to a low field constant frequency mode at
250 GHz; however, this mode has not yet been identified
to be plasmonic. In particular, the use of Gaussian beam
shapes for photoexcitation leads to lateral carrier inhomo-
geneities that tend to wash out the plasma frequencies and
make them difficult to observe [16].

Coherent LO phonons.—When an ultrafast optical pulse
is incident on a polar superlattice, LO phonons are coher-
ently excited [17] by the rapid screening of the static field
by photoexcited carriers. On including damping, Eq. (3)
modifies to

ḧ 1 gel� �h 2 vB� 1 e2geltv2
P sinh � 2C� �w 1 gelw� ,

ẅ 1 gph �w 1 v2
TOw � C �h ,

(5)

where gel and gph are the phenomenological damping con-
stants for the electrons and phonons introduced in the mi-
croscopic theory. In deriving Eq. (5), we have discarded
the electronic memory effects which are unimportant for
Bloch-phonon oscillations at low electron density, but must
be reintroduced for a proper description of plasmons [18].
Note that the resonance frequency of the phonons is vLO
and not vTO. When the terms linear in w from the
right-hand side of the phonon equation are accounted for
and the identity C2 � v

2
LO 2 v

2
TO is utilized, the reso-

nance frequency can be demonstrated to be vLO. Prior
to photoexcitation, �h�0� � vB 2 Cw�0� assuming zero
initial polarization, and w�0� � C �h�0��v

2
TO is the static

stretch of the ions in the field. These relations give the
following initial conditions: h�0� � �w�0� � 0, �h�0� �
ṽB � vBe`�e0, and w�0� � CṽB�v

2
TO � CvB�v

2
LO.

Plasmon phonon.—In the plasma limit vP ¿ vB, we
can linearize the sine term in Eq. (5), yielding the familiar
plasmon-phonon modes [7]. Reintroducing the memory
term that was discarded in Eq. (5) removes the exponential
prefactor of the plasma term and leads to a normal damped
oscillator response [18]. If the frequencies are plotted
versus the electron density at low electronic densities and
in the absence of collisions, there is a LO phonon branch
and a phonon-renormalized plasmon branch of frequency
ṽP � vP

p
e`�e0. At high densities, the electrons screen

the LO phonon mode leading to a bare TO branch and
an unrenormalized plasma frequency vP . The transition
occurs when vP � vLO with a gap between the plasmon
and phonon modes.
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Bloch phonon.—For the nonlinear Bloch limit (vB ¿
vP), the results are affected by the initial conditions (i.e.,
the Bloch frequency) derived from the definition of h. In
order to make contact with experiments, we model a typi-
cal transmission electro-optic spectroscopy measurement.
These experiments measure the change in transmission T
of a probe pulse [3,8]. The change involves contributions
both from the total field �h�t� and the phonon field w�t�
through the electro-optic effect [16]:

DT�T � re �h 1 rwwv2
LO�C . (6)

The Fourier transform of a numerical solution of Eq. (5)
for DT�T with re�rw � 22.7 (for bulk GaAs), e0 � 12.9
and e` � 10.9, reveals a peak at the renormalized Bloch
frequency ñB � ṽB�2p � nBe`�e0 and another at the
LO frequency nLO � 8.76 THz (Fig. 2). Based on the
experiments by Dekorsy et al. we use the damping times
g

21
ph � 1.3 ps and g

21
el � 0.33 ps.

Figure 2 shows that there is no gap between the Bloch
and LO modes when plotted versus the field. This is a
consequence of the fact that the Bloch oscillation does
not modify the resonant frequencies in Eq. (5), but only
controls the initial conditions, i.e., the Bloch oscillations
are not elementary excitations of the system. Furthermore
there is no response at the TO frequency, which can be
understood in the light of the plasmon-phonon discussion.
The plasma frequency (electron density) is held constant
during the calculation, so the electronic screening is unaf-
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FIG. 2. Bloch-phonon branches in a GaAs�AlGaAs super-
lattice with nP � vP�2p � 0.5 THz, for Bloch frequency
ñB � nBe`�e0 varying between 0.84 and 12.67 THz in equal
steps. For visual clarity, all graphs are shifted relative to the
12.67 THz data. There is a Bloch branch of frequency ñB and a
bulk GaAs LO phonon branch, with no discernible gap between
them. Moreover, no TO branch arises, in contrast to the
plasmon-phonon case. The polar coupling between Bloch oscil-
lations and LO phonons leads to a sharp resonant enhancement
of the phonon amplitude.
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fected by varying the external field 	vB. There is thus
no mechanism for a LO mode to get screened into a mode
with a TO frequency.

The coupling between Bloch oscillations and LO
phonons is seen in the resonant enhancement of the LO
phonon mode in Fig. 2. Figure 3 shows the Fourier
amplitudes of the LO phonon and Bloch modes. The LO
phonon peak reaches its maximum at the Bloch-phonon
resonance nLO � 8.76 THz for a field-independent
damping rate (Fig. 3, set 1).

The absence of a gap and the resonant enhancement of
the LO phonon amplitude are in agreement with recent
experiments [8] on a superlattice with miniband width
(60 meV) larger than the LO phonon energy (36 meV).
For these samples, no gap is seen in the Bloch-phonon
spectra, while a clear enhancement of the phonon ampli-
tude by the Bloch oscillation is observed. However, the
enhancement of the LO peak is shifted by about 1 THz
below resonance and in addition a secondary maximum is
observed about 1 THz above resonance. This shift and the
secondary peak can be explained by introducing a strong
field-dependent electronic damping rate gel near reso-
nance. As argued by Hader et al. [19], the electronic
damping is maximum near resonance due to increased
LO phonon scattering. The electronic damping rate [19]
consists of a sharp rise in electron-phonon scattering at
resonance followed by an exponential falloff at higher
fields. However, for a wide Bloch peak the sharpness
of the rise at resonance of the damping rate has to be
smoothed over a region corresponding to the width of
the Bloch peak below resonance. To demonstrate that
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FIG. 3. Amplitudes of Bloch and phonon modes plotted versus
the Bloch frequency ñB � nBe`�e0. Set (1) is for a field-
independent electronic damping as in Fig. 2, while set (2) is
for the field-dependent gel as in the inset. Near the phonon
resonance at 8.76 THz the Bloch peaks cannot be resolved due
to overlap with the phonon peak.
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such a damping profile can indeed yield a shifted main
phonon peak and a secondary peak, we have made a
second calculation including a Hader-like profile at
resonance smoothed over the experimental Bloch peak
width of about 1.5 THz (inset of Fig. 3). The increased
dephasing at resonance decreases the strength of the Bloch
oscillator driving the LO mode, leading to the phonon
line shape in Fig. 3 (set 2). The calculation shows that
the discrepancies between theory and experiment can
be explained by a field-dependent electronic damping
rate. This conclusion is supported by experiments on a
narrow-miniband (36 meV) superlattice where phonon
scattering is minimal [8,9]. The electronic collision rate is
then roughly field independent, so the shift in the phonon
peak below resonance is not strong.

The main features of the Bloch amplitude—a slow
initial decrease with increasing field and only a much
weaker field dependence near resonance than that for
the phonons—are in agreement with the experiments
by Dekorsy et al. [8]. However, the amplitude of the
Bloch peak in Ref. [8] shows a weak maximum below
resonance followed by a slow decrease towards resonance,
in contrast to our results, which has a minimum at around
6 THz [due to a near cancellation between the total field
and the phonon field in Eq. (6)]. Again the details of the
Bloch amplitude are sensitive to a possible field-dependent
dephasing rate [20]. Further, the experiments reveal TO
frequencies that do not exist in our analysis. However,
according to Dekorsy et al. [8] the TO frequencies arise
from plasmon-phonon coupling in the highly doped
cladding layers used in the superlattice and vanish for a
sample without the doped cladding layers.

In summary, we have numerically solved the coupled
equations for Bloch oscillations of electrons in presence
of plasmons and phonons. The Bloch oscillations do not
produce a gap at resonance with the LO phonons but lead
to resonant enhancement of the LO phonon amplitude, as
confirmed by experiments. A numerical solution of the
coupled Bloch-plasmon-phonon equations predicts a sharp
field-dependent transition from coupled plasmon-phonon
to Bloch-phonon modes.
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