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Abstract

We report on the femtosecond dynamics of coherent Bloch oscillations in GaAs=AlxGa1−xAs superlattices. In a superlattice
with a miniband width equal to the optical phonon energy of GaAs the Bloch frequency can be tuned into resonance with the
LO phonon by an applied electric �eld. We observe a strong coupling between Bloch oscillations and phonons leading to the
coherent excitation of optical phonons when both are brought into resonance. This phenomenon is analyzed theoretically on
the base of a microscopic Hamiltonian for the electron–phonon interaction in the superlattice. We show that coupled modes
are described by a nonlinear pendulum coupled linearly to an oscillator representing the phonons. Under resonance condition
the amplitudes of both modes increase and sidebands appear. The theoretical results are compared to the experimental
observations. ? 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Bloch oscillations of electrons in superlattices
have been convincingly demonstrated in femtosec-
ond time-resolved experiments like four wave mixing
[1,2], THz emission [3], and transmissive electro-optic
sampling (TEOS) [4]. TEOS experiments monitor the
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change in transmission of a time-delayed circularly
polarized probe pulse through a biased superlattice
after photoexcitation with a linearly polarized pump
pulse. The transmission change is a�ected directly
by longitudinal �eld oscillations in the superlattice
that occur at THz frequencies. This involves Bloch
oscillations, plasmons, longitudinal optical phonons,
all of which exist in the THz regime. In particular,
the �rst two modes are tunable and can be brought
into resonance via the change of an external ap-
plied electric �eld and the change of carrier density,
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respectively. The coupling between the modes is
expected to result in a modi�cation of the mode
amplitudes and broadenings of the spectral response.
In this paper, we describe recent experimental and

theoretical progress made towards the understanding
of these interactions. Besides the fundamental physi-
cal interest, such mode-coupling is crucial to under-
stand for designing THz devices operating on Bloch
oscillators. Our results can be summarized as follows:
starting with a microscopic Hamiltonian describing
electrons and phonons interacting with each other in
a superlattice under an external DC �eld, we estab-
lish that the Bloch oscillating electrons behave like
a nonlinear pendulum coupled linearly to an oscilla-
tor representing the phonons. We solve the equations
perturbatively in the limit of low density and estab-
lish that contrary to conventional expectations with
mode-coupling the coupled Bloch-phonon modes do
not have a gap in their frequency spectra at reso-
nance as the external �eld is varied. Instead, the cou-
pling manifests itself through a resonant enhancement
of the amplitudes of both the Bloch oscillation and
the phonon modes. In addition, sidebands of vary-
ing heights and widths are generated near resonance
due to parametric Bloch-phonon coupling. The theo-
retical results are compared to experiments performed
in a GaAs=AlxGa1−xAs superlattice with a �rst elec-
tronic miniband width equal to the LO phonon energy
of GaAs. This miniband width allows us to tune the
Bloch frequency into resonance with the LO phonon.

2. Theoretical description of Bloch-phonon
equations

We consider a system of collision-free superlat-
tice electrons with a tight-binding kinetic energy
�k =−(�=2) cos kd, interacting through a Coulomb
repulsion Vq = 4�e2=q2 and coupled to an external
DC �eld E0 along the growth direction of the super-
lattice through a dipole matrix �kk′ = (ie=˜)�kk′9=9k.
The scalar notation k refers here to the momentum
component along the growth direction of the super-
lattice. We also introduce a set of dispersionless LO
phonons of frequency !LO, stretched by an external
DC �eld through a phonon dipole moment �q per unit
cell, and coupled to electrons through a Fr�ohlich po-
lar coupling Mq =−i

√
4�e2˜!LO=2�Pq2, with 1=�P ≡

1=�∞ − 1=�0, the subscripts ∞ and 0 corresponding,
respectively, to high- and low-frequency dielectric
constants of the superlattice. The Hamiltonian then is

H=
∑
k
�kc

†
k ck +

1
2
∑
qkk′
Vqc

†
k+qc

†
k′−qckck′

−E0
∑
kk′
�kk′c

†
k ck′ +

∑
q
˜!LOb†qbq

−E0
∑
q
�q(bq + b†q) +

∑
kq
Mqc

†
k ck+q(bq + b

†
−q):

(1)

We use the Hamiltonian to write down the
equations for the electron density matrix NKQ ≡
〈c†K+Q=2cK−Q=2〉. We factorize all four-operator ex-
pectation values into products of two-operator
expectation values using the random phase ap-
proximation, which allows us to describe the dy-
namics in terms of the mean-�eld polarization
P = �n= (ie=˜)

∑
K 9NKQ=9Q|Q=0. Note that we are

employing for convenience the ‘center-of-mass’ and
‘relative’ coordinates K = (k + k ′)=2 and q= k − k ′.
We also ignore electron–phonon correlations, which
allows us to factorize terms like 〈c†cb〉 ≈ 〈c†c〉〈b〉.
The equation for the distribution function fK = NK0
then is[
9
9t +

eE(t)
˜

9
9K

]
NK0 =− i˜

∑
q
Mq(Bq + B∗−q)

×[NK−q=2; q − NK+q=2; q]; (2)
where Bq = 〈bq〉 and B∗q are the amplitudes of the
coherent phonons, and E(t) = E0 − 4�P(t). In the
long-wavelength limit q→ 0, expanding the terms
in the square bracket about q= 0 leads to a cancel-
lation of the divergence in Mq ˙ 1=q, leading to a
modi�ed pendulum equation for the net vector po-
tential �(t) = ed=˜

∫ t
0 dt

′ E(t′). Since the stretching
w ˙ B0 + B∗0 of the polar ions also contributes to
the net electric �eld: �̇= (ed=˜)(E0 − 4�n�)− Cw,
with C =

√
!2LO − !2TO non-zero because the trans-

verse phonons oscillate at the bare frequency !TO
while the longitudinal phonons oscillate at a larger
frequency !LO due to the extra stretching from the
polar �elds. The transverse and longitudinal phonon
frequencies satisfy the Lyddane–Sachs–Teller re-
lation: !LO=!TO =

√
�0=�∞ [5]. The result of this
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calculation describes a pendulum (electronic mode)
linearly coupled to an oscillator (LO phonon mode):

��+ !2pl sin �=−Cẇ;

�w + !2TOw = C�̇; (3)

where !pl is the plasma frequency. For the boundary
conditions we assume an impulsive generation of LO
phonons [6,7], and no initial polarization induced
by the photoexcitation process itself: �(0) = ẇ(0) =
0; w(0) = C!B=!2LO, and �̇(0) = !̃B = !B�∞=�0,
where !B is the Bloch frequency. The system of
equations (3) can then be solved in the low-density
limit (!pl.!B) by a perturbative expansion in the
small parameter !pl=!̃B. We expand the variables as
follows:

�(t) = �0(t) +
(
!pl
!̃B

)2
�1(t) + · · · ;

w(t) = w0(t) +
(
!pl
!̃B

)2
w1(t) + · · · (4)

and solve for �(t) and w(t) perturbatively in the small
parameter (!pl=!̃B)2. The result of the calculation is
as follows:

�0(t) = !̃Bt;

w0(t) =
C!B
!2LO

;

�1(t) = !̃B

(
!2TO − !̃2B
!2LO − !̃2B

)[
sin(!̃Bt)
!̃B

− t
]

+
C2!̃3B

!2LO(!
2
LO − !̃2B)

[
sin(!LOt)
!LO

− t
]
;

w1(t) =
C!̃B

!2LO − !̃2B
[cos(!̃Bt)− 1]

− C!̃3B
!2LO(!

2
LO − !̃2B)

[cos(!LOt)− 1]: (5)

The zeroth-order corrections in the plasma fre-
quency show that in the absence of screening charges
(!pl = 0), there are no oscillations in the system, just

a stretch of the ions within each unit cell, propor-
tional to the external �eld. Dynamics is introduced
once electrons are photoexcited into the conduction
miniband, i.e., through the terms �1 and w1. This
leads to Bloch oscillations in �̇1 while w1 exhibits
signatures of LO phonons. The LO phonons are
excited coherently, because the ionic displacement
w is proportional to 〈b†0 + b0〉, which is non-zero
[8]. Prior to the excitation, the stretch of the ions is
given by w0 = C!B=!2LO. Ultrafast screening by the
photoexcited charges leads to a new reduced equilib-
rium value of magnitude C!B=!2LO[1− !2pl=!B!̃B],
obtained from the DC component of w. It is this im-
pulsive change in equilibrium stretching that excites
the phonons coherently at frequency !LO.
Although the perturbation theory breaks down at

resonance !̃B ≈ !LO as can be seen clearly from the
divergences in � and w, we can get an idea about the
�eld dependencies of these quantities away from res-
onance. For the Bloch oscillations, we look at the part
of �̇ that oscillates at !B, which yields the correspond-
ing Fourier amplitude. The coe�cient of the cos !̃Bt
term in �̇(t) is given by (!2pl=!̃B)([!

2
TO − !̃2B]=[!2LO −

!̃2B]). The second factor in the round brackets is the
resonance factor, which leads to a peak at resonance
(!̃B ≈ !LO). The prefactor !2pl=!̃B gives the familiar
result that the Bloch oscillation amplitude varies as
�=E0 for a superlattice with miniband width � and ex-
ternal �eld E0. Thus, the Bloch amplitude has a peak
superimposed on a decreasing structure when plotted
versus the bias voltage. For the phonon mode, as ob-
tained from the !LO component of w(t), the ampli-
tude varies as ∼!B for small �elds and ∼1=!B for
large �elds, leading to a relatively weak dependence
on �eld, except a strong enhancement at resonance.
Evidently, the amplitudes diverge at resonance, indi-
cating that a more careful numerical analysis, taking
into account the speci�c details of the measurement
process and collisions, is needed to get agreement with
experiments.
For small plasmon frequencies, the perturbation

theory does not allow for any change in the reso-
nance frequencies due to coupling. The oscillations
are at frequencies !LO and !̃B. There is no mode at
the TO frequency. This is expected, since Fr�ohlich
polar phonons couple only with longitudinal modes.
The transverse mode that arises in plasmon–phonon
dispersions, for example, are basically longitudinal
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phonons oscillating at the bare TO frequency due to
electronic screening. For a �xed plasma frequency,
however, varying the Bloch frequency parametrically
does not alter the screening, hence we do not expect
the TO modes to emerge. The Bloch frequency enters
only through the initial conditions in Eq. (3), and not
directly in the equations themselves, which explains
why merely varying the Bloch frequency does not
open up a gap in the frequency spectrum plotted ver-
sus !B. Bloch oscillations thus couple with phonons
in a way that is qualitatively di�erent from plasmon–
phonon modes [9]. Bloch oscillations arise simply be-
cause the sample is periodic, while the LO and plasma
oscillations arise due to actual restoring forces associ-
ated with oscillator-like motions. The coupling mani-
fests itself through a non-monotonic �eld dependence
of the individual peak amplitudes plotted for varying
�elds.
The coupling of Bloch oscillations and phonons

also occurs through the appearance of Bloch-phonon
sidebands due to the parametric coupling between the
two modes through the sine term in the equations
of motion, which tends to mix modes. For exam-
ple, let us substitute �(t) ≈ !̃Bt + �0!̃B sin(!̃Bt) +
�0 sin(!LOt) in the equation for � in Eq. (3), where
�0 and �0 are obtained from our perturbative solution
for �. This gives

− Cw= �0!̃B cos(!̃Bt) + �0!LO cos(!LOt)

−!2pl
∞∑

m=−∞

∞∑
p=−∞

[
Jm−1(�0)Jp(�0)
m!̃B + p!LO

]

×cos(m!̃B + p!LO)t: (6)

As one can see from the last term, the response has
sidebands at positions m!̃B + n!LO for integer m and
n, arising out of the Bloch-phonon couplings. An in-
vestigation of the arguments of the Bessel terms re-
veals that the sidebands are prominent near resonance,
at plasma frequencies larger than the collision rate
but small enough to not screen out the Bloch oscil-
lations. The sidebands demonstrate that Bloch oscil-
lations couple with phonons even in the absence of a
gap in the spectrum. Collisions, however, will tend to
wash away the sidebands. Fig. 1 shows Bloch-phonon
sidebands for �pl = 2 THz, obtained by a numerical
solution of the Bloch-phonon coupled equations of
motion in the absence of collisions.

Fig. 1. Bloch-phonon sidebands arising out of parametric coupling
between LO phonons and Bloch oscillations in absence of colli-
sions for a plasma frequency �pl = 2 THz and a Bloch frequency
�B = 11:4 THz.

3. Experimental results

We perform TEOS experiments for the investiga-
tion of Bloch-phonon coupling, since it is sensitive to
the internal longitudinal polarization along the growth
direction of the superlattices [4]. The laser source
is a Kerr-lens mode-locked Ti : sapphire laser deliv-
ering optical pulses of 50 fs duration corresponding
to a spectral width of 40 meV. The broadband laser
spectrum is tuned to the �rst interband transitions in
the superlattice, i.e. from the �rst heavy-hole to the
�rst electron states. The short pulse prepares a coher-
ent superposition of electronic Wannier–Stark states
in the biased superlattice [10,11]. The heavy holes
are already fully localized at the electric �elds un-
der consideration. A coherent electronic wavepacket is
created which performs spatial oscillations along the
superlattice growth direction with the Bloch frequency
[12]. The investigated sample consists of 35 periods
GaAs wells of 6.7 nm width and Al0:3Ga0:7As barriers
of 1.7 nm width. The coupling of the lowest quantized
electronic levels in the quantum wells forms an elec-
tronic miniband of 36 meV width which equals the
LO phonon energy in bulk GaAs. For applying a static
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electric �eld, the superlattice is embedded in a Schot-
tky diode. This miniband width allows to tune the
Bloch frequency into resonance with the LO phonon.
This is not possible for smaller miniband widths since
for such superlattices the wave functions are already
fully localized so that no oscillating wavepacket with
the phonon frequency can be excited. On the other
hand, larger miniband widths are inherently associ-
ated with stronger dephasing times. Hence, the choice
of a minibandwidth equal to the phonon energy is
a trade-o� concerning the visiblity of Bloch-phonon
coupling.
Figs. 2(a) and (b) depict the time-domain TEOS

data and the corresponding frequency domain res-
ponses recorded at an excitation density of 1×
1010 cm−2 at 10 K. This excitation density corre-
sponds to a plasma frequency much lower than the
phonon frequency, so that coupling with plasmons
can be neglected in the frequency range close to the
optical phonon resonance. The data are shown for dif-
ferent voltages applied to the sample. For the voltages
range below −3:8 V, the data are dominated by the
rapidly dephasing electronic coherence of the Bloch
oscillations with a dephasing time of (400 ± 50)
fs. The frequency of the oscillations increases with
increasing bias voltage according to �B = eEd=h as
expected for Bloch oscillations. At reverse bias volt-
ages larger than −4:0 V, oscillations appear, which
can be traced over more than 10 ps in contrast to the
subpicosecond dephasing of the Bloch oscillations
at lower voltages. The Fourier transforms show at
−4:0 V a strong maximum at the LO phonon. At −4:2
V the signal is fully dominated by the long-living
oscillation with LO frequency. At this voltage the
Bloch frequency is in resonance with the LO phonon.
The change from the electronic coherence with a
sub-ps dephasing time to the long living phonon
oscillations becomes also clearly visible in the fre-
quency domain data (Fig. 2(b)). The pure electronic
coherence is associated with the broad spectral peak
while the spectral width of the coherent phonon os-
cillation is determined by the �nite time-window of
the measurement. Higher reverse bias voltages could
not be applied to the sample due to the occurrence
of breakdown of the Schottky diode. In addition, we
infer from CW electr-absorption measurements that
at higher internal electric �elds the electronic states
become fully localized.

The experimental results clearly demonstrate a
coupling of Bloch oscillations to LO phonons under
resonance conditions. The observed generation of co-
herent phonons under resonance conditions con�rms
the theoretical result of an enhancement of the LO
phonon amplitude. The enhancement of the Bloch am-
plitude under resonance conditions cannot be deduced
from the experiments. One reason is the miniband
width which equals the LO phonon energy leading
to a strong localization of the Wannier–Stark wave
functions close to resonance. Another reason is the
expected strong dephasing of the Bloch oscillations
when the carriers can energetically relax between
adjacent Wannier–Stark levels by LO phonon emis-
sion [13]. Both of these aspects are not included in
the theoretical model so far. The appearance of side-
bands also cannot be deduced from the experimental
data, which is attributed to the rapid dephasing of
the electronic coherence in the experiments. These
discrepancies demonstrate the importance to include
collision e�ects in the theory.

4. Conclusions

The theoretical analysis of the polar coupling
between Bloch oscillations and LO phonons in a su-
perlattice leads to a resonance and sidebands. The
coupling of Bloch oscillations with LO phonons can
be described by the linear coupling of a pendulum
(electronic mode) with an oscillator (phonon mode).
Perturbation theory in the small parameter (!pl=!̃B)2

reveals that near the Bloch-phonon resonance, there
is no gap in the spectrum, but the amplitudes of the
Bloch and phonon modes diverge. The absence of
the gap is due to the fact that the Bloch oscillation is
not an elementary excitation that could cause a level
repulsion with the phonons, but merely a periodic
response of electrons to a periodic array of quantum
wells. The resonant enhancement of the individual
Fourier amplitudes indicates coupling between Bloch
oscillations and LO phonons. However, the perturba-
tion theory breaks down at resonance. Thus, a more de-
tailed analysis will need to incorporate collisions in the
equations of motion, followed by numerical modeling.
The coupling of Bloch oscillations is con�rmed by the
experimental results obtained in a superlattice with
36 meV electronic miniband width.
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Fig. 2. (a) Coupled Bloch-phonon oscillations at 10 K lattice temperature for an excitation density of 1× 1010 cm−2 for di�erent voltages
applied. The data at −4:0 and −4:2 V are magni�ed by a factor of 5. (b) Normalized Fourier transforms of the data in (a).
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