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Numerical modeling and experimental considerations for a two-coil
apparatus to measure the complex conductivity of superconducting films

Stefan J. Turneaure,a) Aaron A. Pesetski, and Thomas R. Lemberger
Department of Physics, The Ohio State University, 174 W. 18th Avenue, Columbus,
Ohio 43210-1106

~Received 1 December 1997; accepted for publication 9 January 1998!

We consider the accuracy of measurements of the complex conductivity of superconducting films
with a two-coil mutual inductance technique. We present a numerical analysis of the procedure by
which we deduce the real and imaginary parts of the conductivity,s5s12 is2 , of thin films from
the in-phase and out-of-phase components of the mutual inductance of coaxial coils located on
opposite sides of the film. The accuracy of the procedure is verified for the full ranges of film radii,
thicknesses, and conductivities that are encountered for typical films of a wide variety of cuprate
superconductors. We determine both experimentally and theoretically what effect flaws in the film
would have on the accuracy of the measurement by examining the effects of holes located at various
places in a superconducting film. The effect of capacitive coupling between the coils is measured
and shown to be negligible when care is taken in grounding the drive and pickup coil circuits. The
mutual inductance of the coils changes with temperature even with no sample present because the
resistance of the coils changes and there is some thermal contraction. We describe a procedure for
taking these effects into account. ©1998 American Institute of Physics.@S0021-8979~98!03108-9#
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I. INTRODUCTION

The two-coil mutual inductance measurement is a sim
nondestructive method for determining the conductivity
thin superconducting films. Since Fiory and Hebard1 intro-
duced the basic technique, a number of groups have u
some variation of it to determine the sheet conductivity
thin films.2–8 The purpose of the present article is to det
our implementation and to estimate the uncertainty in
determination ofs1 ands2 . A previous paper5 analyzed the
case wheres is pure imaginary.

In our usual configuration, the primary~drive! and sec-
ondary ~pickup! coils are located on opposite sides of t
film. Many groups use this configuration and employ n
merical procedures of varying degrees of complexity to
tract the complex conductivity,s5s12 is2 , of the film
from the measured complex mutual inductance,M . The ba-
sic procedure is to generate a ‘‘lookup’’ table consisting
values ofM calculated for many differents’s, and then to
interpolate to get thes that corresponds to a particular me
sured M . The difference among groups lies partly in th
geometry of the coils and partly in the numerics of calcul
ing the lookup table.

The literature provides several calculations ofM as a
function of s for a general, homogeneous screen~film!
placed between coils in various geometries.9–12 We are in-
terested in the case in which the coils are coaxial with e
other and with a circular film, so that the geometry is a
muthally symmetric. A numerically tractable, exact soluti
exists for a film with arbitrary thickness and conductivi
when the film radius is infinite,12 but not for the usual ex-
perimental situation in which the radius of the film cannot
modeled accurately as infinite. For a film with a finite radiu

a!Electronic mail: sjt@ohstpy.mps.ohio-state.edu
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there is an exact solution only in the thin-film limit. In thi
article, we extend this solution to arbitrary thickness by u
ing anad hoceffective film thickness that is a function of th
actual film thickness and conductivity.

Given that it is possible to calculateM (s1 ,s2) for an
arbitrary circular film, it would seem that the best procedu
would be to calculate a lookup table that corresponds to
actual film radius and thickness and for the coil geome
used in the measurement. As discussed below, under ce
circumstances, such as when the film radius is less t
about five times the radius of the primary coil, this is t
proper procedure to use. But sometimes a different proced
is preferred. For example, sometimes one would like to
move from the data the parasitic coupling between the
mary and secondary coil circuits. Also, sometimes
sample film is square instead of circular and the direct c
culation cannot be made. Under these circumstances, a b
procedure is the one outlined in Refs. 5 and 8. One meas
the mutual inductance at 4.2 K of, e.g., a 150mm thick Pb
foil of the same size and shape as the sample film, w
nonconducting shims to keep the proper spacing betw
coils. Subtraction of this ‘‘zero position’’ mutual inductanc
from the mutual inductance measured with the real sam
film present removes the parasitic coupling. As shown
Ref. 5 and in the present article to an excellent approxim
tion it also removes the mutual inductance due to flux t
‘‘leaks around’’ the finite radius film but would not ge
through if the film had an infinite radius. The ‘‘corrected
mutual inductance data are normalized to the mutual ind
tance measured just aboveTc to remove most of the uncer
tainty due to uncertainty in the coil geometry, such as c
spacing and diameter.5 Finally, assuming that the processe
data are what would have been measured if the film rad
had been infinite and the actual coils had been ideal circu
coaxial loops of wire, the lookup table is calculated from t
4 © 1998 American Institute of Physics
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exact expression forM (s1 ,s2) for an infinite radius film
with the same thickness as the sample.

In this article, we simulate the experimental subtract
procedure numerically for a particular coil geometry over
experimentally relevant conductivities and show that the
sults are in excellent agreement with the exact calculation
an infinite radius film as long as the film radius is at least fi
times larger than the coil radii. We discuss conditions wh
the direct calculation for a finite radius film is preferred
the basis of accuracy. However, it is worthwhile to note t
there is a practical reason for using the subtraction pro
dure. It is very much faster to generate a lookup table fo
film with infinite radius, which involves only a numerica
integration than for a finite radius film, which involves n
merical solution of an integral equation. The computat
time to make a typical lookup table in the former case
roughly one minute; in the latter it is about one week.

The subtraction procedure is accurate for homogene
films, but one is always worried that there may be a flaw
the substrate that propagates into a flaw in the film. Subst
flaws are typically small and rare. Still, one would like
know how sensitive the measurement is to them. Theref
we present an experimental and numerical study of h
holes in the film change the apparent conductivity. Fina
we mention some sources of possible experimental error
how to eliminate them.

II. GEOMETRY

Figure 1 shows the geometry of the experiment. Circu
loops of wire coaxial with each other and the film are loca
above and below the film, constituting the drive coil a
pickup coil, respectively. Two important lengths are the
dius of each loop and the distance of each loop from the fi
The distance between the drive coil and the film is usua
smaller than the coil radius, so the induced current dens
J~r!, in the film peaks atr equal to the radius of the coil.J
is proportional to the current,I dr , in the drive coil. The cur-
rents in the film induced by each drive coil loop add linear

FIG. 1. The geometry of our two-coil apparatus~not to scale!. The dots
indicate current coming out of the page, and the crosses indicate cu
going into the page. The upper coil is the drive coil. There are actually
turns in the vertical direction in both the drive and pickup coils for o
calculations.
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We define the complex mutual inductance as

M5M11 iM 25
Vpu

vI dr
. ~1!

Vpu is the voltage across the pickup coil, i.e., the time d
rivative of the magnetic flux linking the pickup coil. Both th
magnitudes and phases ofI dr and Vpu are measured. In the
absence of a film, the phases ofVpu and I dr are zeroed just
aboveTc so that the in-phase, inductive part ofM ,M1 , is the
bare mutual inductance of the coil assembly. We call
bare inductance the ‘‘initial position.’’ The out-of-phase, di
sipative part ofM ,M2 , comes entirely from dissipative cur
rents associated withs1 in the film.

We use several different geometries for different me
surements. Unless otherwise stated, data and calculatio
this article pertain to the following representative geomet
hdr51.274 mm; hpu50.271 mm; andr dr5r pu51.033 mm.
Note hdr and hpu are the distances from the center of t
nearest loop of wire to the film for the drive and pickup coi
respectively. Both coils contain 44 turns in the vertical dire
tion. The vertical length of the coil forms is 1.524 mm. Th
drive coil, containing one radial layer, has the upper 22 tu
wound in the opposite direction from the lower 22 turns,
indicated in Fig. 1 by the dots and crosses. The pickup
has 132 turns divided into three radial layers with all tur
wound in the same direction. The separation between a
cent vertical loops and between radial layers isdhdr5dhpu

534.64mm. The radius of the film isR57.5 mm, the thick-
ness of the film isd5500 Å, and the frequency,v/2p, of
the applied field is 50 kHz.

The above geometry is not necessarily the optimum
ometry. Claassenet al. use thinner coils which are place
closer to the film,8 which leads to a greater sensitivity inDl.
Lee et al. use an unequal number of turns wound in ea
direction of the drive coil to minimize the induced curre
density at the film boundary.6 This means that the magnet
field is parallel to the film edge, and that the flux leakin
around the film is very small. It is very difficult to pin dow
the optimum coil arrangement. There are many things
consider such as how sensitive the results are to knowing
exact coil geometry, or to the presence of small holes in
film.

III. CALCULATION OF M„s1 ,s2… FOR A FILM WITH
INFINITE RADIUS

Following Clem and Coffey,12 the solution for the mu-
tual inductance between two coils separated by an infi
radius film of complex conductivitys5s12 is2 and thick-
nessd is given by

M ~l,s1 ,d!5pm0

r drr pu

h

3E
0

`

dx
xe2x

x cosh~dx!1
x21x2

2x
sinh~dx!

3J1S x
r dr

h D J1S x
r pu

h D . ~2!

nt
4
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Here we assume only one loop for the drive coil and o
loop for the pickup coil. The solution for multiple turn coil
is just a superposition of the solution for single loops. Noteh
is the vertical separation between the drive and pickup lo
minus the film thickness,d. The drive coil and pickup coil
radii are labeledr dr and r pu, respectively. In Eq.~2!, d
[d/h andx2[x21(h/l)21 im0vs1h2, ands2 is related to
the magnetic penetration depth,l, through the relations2

51/m0vl2. J1 is a cylindrical Bessel function. The prefac
tor is m0 times the geometric mean of the areas of the dr
and pickup loops divided by the distanceh between the
loops. For a typical geometry, it is roughly equal to the m
tual inductance when the currents in the film are negligib

We consider the limit where the spacing,h, between
coils is much larger thanl, which is the usual situation. Th
integrand in Eq.~2! is cut off at largex because of the
‘‘ e2x’’ factor. Numerical calculations show that integratin
to x520 guarantees high accuracy for essentially any
geometry, with the largest part of the integral coming fro
x,5. Sinceh@l, the real part ofx2 is much greater thanx2

for the significant region of integration, andx21x2'x2

'(h/l)21 im0vs1h25 im0vsh2. Under these conditions
taking the thin-film limit,d→0, Eq. ~2! reduces to

M ~l,s1 ,d→0!5pm0

r drr pu

h E
0

`

dx
xe2x

x1
im0vhs

2
d

3 J1S x
r dr

h D J1S x
r pu

h D @ thin-film limit #.

~3!

This result can also be obtained by using the method
Jeanneretet al.,2 who considered the geometry where a
polar drive coil and a quadrupolar pickup coil reside on
same side of the film. They treated the film as having z
thickness and a sheet conductivity,sd.

The purpose in deriving Eq.~3! is to obtain an expres
sion for an effective film thickness,deff(d,s) that is a func-
tion of the actual film thickness,d, and conductivity,s, such
that when ‘‘d’’ in the thin-film expression, Eq.~3!, is re-
placed bydeff(d,s), Eq. ~3! gives a mutual inductance that
very close to the exact result, from Eq.~2!. To guide our
choice, we rewrite Eq.~2! with the approximationh@l, but
without taking the thin-film limit:

M'pm0

r drr pu

h E
0

`

dx

3
xe2x

x cosh~dAim0vs!1
im0vsh

2

sinh~dAim0vs!

Aim0vs

3J1S x
r dr

h D J1S x
r pu

h D . ~4!

It is not obvious how to approximate Eq.~4! by defining an
effective thickness because ‘‘d’’ appears in two different
places in the denominator of Eq.~4! and only one place in
Eq. ~3!. However, it turns out that the ‘‘cosh@d(im0vs)1/2# ’’
e
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e

-
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in the denominator can be set equal to unity even when
not, i.e., whend is much larger than the complex ‘‘skin
depth,’’ (im0vs)21/2. The reason is that when this term
large the ‘‘sinh’’ term in the denominator is much larg
because the spacing between coils,h, is always very much
larger than (m0vs)21/2. With this in mind, comparison of
Eq. ~4! with Eq. ~3! leads to the identification:

deff~d,vs!5
sinh~dAim0vs!

Aim0vs
. ~5!

Note thatdeff is a complex function ofd and ofvs. When
the film impedance is purely inductive,s52 is2 , this ex-
pression reduces to the result,deff'l sinh(d/l). In the thin-
film limit, d!l, we recoverdeff→d. In the opposite limit,
deff'led/l. This is because a thick film attenuates the mut
inductance exponentially with film thickness, rather than
‘‘1/ d. ’’ The final justification of this choice fordeff is thatM
calculated from the exact expression, Eq.~2!, and from the
thin-film expression, Eq.~3!, with d replaced bydeff agree
within a fraction of a percent for all reasonable values ofs.

To make contact with a method used by Claassenet al.8

to determinel, we obtain the limiting case of Eq.~4! when
s1!s2 . This is the usual case, except for temperatu
within a degree or so ofTc . In this case,x'h/l, and for
l2!hd the denominator reduces to (h/2l)sinh(d/l). Equa-
tion ~4! may be written as

M ~l,s1!s2 ,d!'
l

sinhS d

l D F2pm0

r drr pu

h2 E
0

`

dxxe2x

3J1S x
r dr

h D J1S x
r pu

h D G . ~6!

This is the expression Claassenet al.8 use to determinel.

IV. CALCULATION OF M„s1 ,s2… FOR A FINITE
RADIUS FILM

We derive an integral equation for the sheet current d
sity in a finite radius film in the thin-film limit, then inser
deff(d,vs) in place of ‘‘d’’ in the equation to extrapolate to
thick films. Since the derivation was presented in Ref. 5, h
we just outline the method pointing out improvements a
the changes which have been made to accommodate a
zeros1 .

The full integral equation to be solved for the curre
density,J(r ), in the film is

Adr~r !5
J„r …d

2 ivm0sd
2

m0

4p E d3r 8
J~r 8!

ur2r 8u
, ~7!

where Adr(r ) is the vector potential in the film due to th
drive currents andJ~r ! is the current density in the film. Both
Adr(r ) andJ~r ! are azimuthally symmetric. Notes could be
a function of the radial coordinate, a fact that we will use
simulate holes in the film. For a thin film,J~r ! is essentially
uniform through the thickness, and the integral overz results
in multiplication byd. The integral over the azimuthal angl
f, is done analytically. We are left with a one-dimension
integration over the radial coordinater. This integral is



t
-

th
ee
ua
nc
in

he
w

m
fo

o
th
ng
hi
nd
in

r-
ize

fe
T

tio
t

he
om
y.
a
r
d

ing
o
e

d
d

ee
ub

r

ct

m-
n
b-

ot
or-
a-

i-
a

am-
ual

e

e
es,

se
ng
rks

for
red

pon

ons.
is

h
a-

ase
re-

ty.

ed
at

ta’’

in

4337J. Appl. Phys., Vol. 83, No. 8, 15 April 1998 Turneaure, Pesetski, and Lemberger
changed into a discrete sum by partitioning the film intoN
annular rings centered at radii,r i , with widths Dr i . The
integral equation is thus converted into anN3N matrix
equation with the unknown vector being the sheet curren
the i th ring, Ki . Once theKi have been determined, calcu
lation of M is straightforward.

The matrix elements in the discrete representation of
integral are simply related to the mutual inductance betw
rings. There are a variety of ways to calculate the mut
inductance between rings. Calculation of the self-inducta
of a ring is complicated because the integral kernel conta
a logarithmic singularity. Gilchrist and Brandt discuss t
calculation of matrix elements in detail in Ref. 9. They sho
that a sum rule must be obeyed for the elements of the
tual inductance matrix, and that there is an analytic form
the self-inductance of a ring~for r i@Dr i! which very closely
satisfies the sum rule. The exact analytic form depends
how the off-diagonal matrix elements are calculated. For
mutual inductance between different rings we treat the ri
as thin wires located at the center of the rings. With t
choice for the off-diagonal matrix elements, Gilchrist a
Brandt9 have shown that the proper self-inductance of a r
for the sum rule to be satisfied is given by

Mii 5m0r i S lnF 8pr i

Dr i /2
G22D . ~8!

Using Eq.~8! for the self-inductance yields a rapid conve
gence for the mutual inductance with increasing matrix s
Very high accuracy is obtained for as few asN5100 rings.
This is an improvement over Ref. 5, where we used a dif
ent method to calculate the diagonal matrix elements.
obtain accurate results we were forced to do the calcula
several times with different numbers of rings and then
extrapolate to the limit of an infinite number of rings.

V. SUBTRACTION AND NORMALIZATION
PROCEDURE

In this section we explore the procedure by which t
measured complex mutual inductance is converted to a c
plex conductivity. Various quantities come into pla
ME(l,s1 ,d,R) is the experimental mutual inductance for
film with radius R and thicknessd, measured at angula
frequency v. In the numerical simulation, it is denote
MF(l,s1 ,deff ,R), and calculated for a film with radiusR by
using the finite radius, thin-film expression, Eq.~7!, with d
replaced by deff(d,vs). In the lab, we subtract from
ME(l,s1 ,d,R) the mutual inductanceME(l!d,0,d,R)
measured with a placebo~Pb! foil in place of the sample
film. We refer to this mutual inductance as thezero position,
M E(0,0), since it is the coupling when there is zero coupl
‘‘through’’ the sample. The assumption is that subtraction
the coupling that goes ‘‘around’’ the film leaves only th
coupling that would have gone ‘‘through’’ the film if it ha
infinite radius. Experimentally, the subtraction has the ad
tional advantage that it removes stray coupling betw
the drive and pickup coils. To simulate the experimental s
traction, we subtract MF(l!d,s150,deff ,R) from
MF(l,s1 ,deff ,R). The experimental ‘‘data,’’ corrected fo
in
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the finite radius of the film, are compared with the exa
mutual inductance,MI(l,s1 ,d), calculated for a film with
infinite radius and thicknessd by numerical integration of
Eq. ~2!. We will see that under a very large range of para
eters, the ‘‘data’’ and the infinite-radius film calculatio
agree within a fraction of a percent justifying both the su
traction procedure and the use of effective thickness.

In the lab, it is useful to do an additional step that is n
necessary in the numerical simulation. That step is to n
malize the ‘‘corrected’’ data to the mutual inductance me
sured just above theTc , where the film response is negl
gible. For typical coils, a 1000 Å thick film produces
detectable signal whenusu exceeds about 1 (mV cm)21.
The normalization removes uncertainties associated with
plifier gains and the exact geometry of the coils. The mut
inductance measured when there is no screening (s'0) is
called theinitial position, labeledM (`,0). Since the film
response is negligible,M (`,0) is independent of the film
radius and thickness. For both thezero positionand theini-
tial position, M250. To summarize, from our data w
calculate

ME~l,s1 ,d,R!2ME~0,0!

ME~`,0!
, ~9!

then findl and s1 by using a lookup table containing th
normalized real and imaginary mutual inductanc
MI ,1(l,s1 ,d)/M f(`,0) andMI ,2(l,s1 ,d)/M1(`,0), calcu-
lated for an infinite radius film and for coils that are as clo
as possible to the actual coils in the probe. The followi
numerical simulation of the procedure argues that it wo
well.

VI. COMPARISON BETWEEN FINITE RADIUS AND
INFINITE RADIUS FILM SOLUTIONS

We now show that our analysis procedure is accurate
conductivities which cover the relevant regions encounte
in experiment. Figure 2 shows values ofs1 ands2 typically
encountered at a measurement frequency of 50 kHz u
cooling a film of YBCO from a few degrees aboveTc to the
lowest temperatures. We define three temperature regi
Over the highest half Kelvin or so when the film response
first detectable,s1 ands2 are roughly equal, and they bot
grow asT decreases. Notes1 reaches a peak at a temper
ture which is sometimes defined asTc . In the next Kelvin or
two, s1 decreases from its peak value whiles2 continues to
increase. Eventually,s1 gets to be so much less thans2 that
the uncertainty of a fraction of a degree in the absolute ph
of the measured mutual inductance means that the film
sponse is purely inductive, within experimental uncertain
At 50 kHz the peak value ofs1 is never observed to be
greater than 1011 (V m)21 for YBCO. For comparison with
Fig. 2, Fig. 3 shows the conductivity for a 3% cobalt-dop
YBCO film. Figures 2 and 3 establish the conductivities th
are typical in the lab.

To compare the numerically generated ‘‘corrected da
for a film with conductivitys, thicknessd, and radiusR to
the mutual inductance calculated for a film with the sames
and d but an infinite radius, we define the differences



c-

o
w

tio

he

re
he

do
ra-

the

ate

t 5
.

vit
n

ent
e

4338 J. Appl. Phys., Vol. 83, No. 8, 15 April 1998 Turneaure, Pesetski, and Lemberger
the real and imaginary mutual inductances:DM1

[ @MF,1(l,s1 ,deff ,R)2MF,1 (l!d,0,deff ,R)2MI,1(l,s1,d)#
and DM2[@MF,2(l,s1 ,deff)2MI,2(l,s1,d)#. We will see
that the percent differences,PM1[100DM1 /MI ,1 and PM2

[100DM2 /MI ,2 , are small for all relevant complex condu
tivities by exploring three regimes. The first regime iss1

!s2 , which corresponds to the low temperature region 3
Fig. 2. Since this region was discussed in detail in Ref. 5,
just mention thatuPM1u is less than 0.08 forl.200 Å. To
put this into concrete terms, it means that the subtrac
procedure for data analysis results in a 1 Å error in l for a
film with l51500 Å, d51000 Å, andR57.5 mm. This is
negligible compared with that from the uncertainty in t
film thickness.

FIG. 2. A schematic drawing of the conductivities observed for highTC

superconducting films from the two coil mutual inductance technique a
kHz. In region 3,s1 is less than 107 (V m)21 and is too small to measure

FIG. 3. An example of the experimentally determined complex conducti
for a 3% Co-doped YBCO thin film. The inset shows both the real a
imaginary parts of the conductivity near the transition temperature.
f
e

n

The second regime iss15s2 , which corresponds to the
high temperature region 1 in Fig. 2. Figure 4 showsPM1 and
PM2 as functions ofs1 over the relevant range ofs1 . The
real and imaginary inductances,MI ,1 and2MI ,2 , calculated
for an infinite radius film are shown for scale. Note thatMI ,2

is the ‘‘dissipative’’ coupling coming froms1 , so it is pro-
portional tos1 for smalls. In any case,uPM1u is always less
than 0.08, anduPM2u is less than 0.8. Both of these errors a
negligible. As discussed below, for conductivities below t
crossover wherePM1 andPM2 have local maxima, it is more
accurate to model the experiment directly rather than to
the subtraction. This becomes more important when the
dius of the film is less than about five times the radius of
coils.

The third regime corresponds to the narrow intermedi
temperature range just below ‘‘TC , ’’ region 2 in Fig. 2. For
ten values ofs2 , corresponding tol’s from 1 mm to 1 mm,
we calculatedPM1 andPM2 for several values ofs1 between
107 and 1012 (V m)21. ~For l’s shorter than 1mm, the val-

0

y
d

FIG. 4. ~a! Mutual inductance,M , calculated for an infinite area film with
s15s2 . The geometry of the coils is described in the text. The perc
differences betweenM calculated for an infinite area film and for a finit
area film using the subtraction procedure are shown as~b! PM1

5100* @MF,12MF(l50,s50)2MI ,1#/MI ,1 and ~c! PM25@MF,2

2MI ,2#/MI ,2 .
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ues of s1 observed in the experiment are negligible co
pared withs2 and the measuredM2 cannot be differentiated
from zero.! For each value ofl, we determined the larges
values of the percent differences,uPM1u anduPM2u, that were
encountered ass1 varied. These maximum values, plotted
Fig. 5 vsl, are so small that it doesn’t matter what value
s1 they correspond to. In all cases, the error is smaller t
the errors arising from uncertainties in the coil geometry a
film thickness.

As mentioned above, if the radius of the film is less th
about five times the radii of the coils, it is more accurate
skip the subtraction procedure and use the finite-radius
calculation directly to create the lookup table. The reas
that the subtraction procedure breaks down at low cond
tivities is the following. As long as the ‘‘skin depth’’ is muc
smaller than a geometric factor such as (hd)1/2, the current
density at points 4 mm or more away from the center of
infinite radius film would be nearly zero. However, ass
decreases and the skin depth increases the current dis
tion spreads out further from the center of the film. At lo
enough conductivities the current distribution is simply p
portional to the applied field. Figure 6 shows the curre
density as a function of the radial coordinate fors15s2 .
The current densities,J1 ~in-phase with the drive current!,
andJ2 ~out-of-phase with the drive current! are normalized
to their peak values below the drive coil radius. The so
line is for a finite radius film and the dashed line is for
infinite radius film. As the conductivity is increased fro
zero the normalized current density changes from the
conductivity limiting form shown fors15107 (V m)21 up

FIG. 5. Worst case percent differences between infinite area and finite
film calculations using the subtraction procedure as a function of the
etration depth, where real conductivities between 107 and 1012 (V m)21

were tested for each penetration depth.~a! PM15100* @MF,12MF(l
50,s150)2MI ,1#/MI ,1 and ~b! PM25@MF,22MI ,2#/MI ,2 .
-
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to the high conductivity limiting form shown fors1

51012 (V m)21. The change in shape of the normalize
current density occurs over a range in whichs increases by
about a factor of 100. At low conductivities a significa
fraction of the current density is located beyond 5 mm fro
the center of the film. The reason thatuPM2u is larger than
uPM1u is that, in contrast to the ‘‘inductive’’ couplingM1 ,
the ‘‘dissipative’’ coupling,M2, results only from dissipa-
tive currents,J2 , associated withs1 in the film. Whens gets
large enough that a significant fraction of the in-phase c
rent is beyond 5 mm from the center of the film the screen
is very weak such thatM1 is dominated by the current in th
drive coil. In Fig. 4, the departure ofPM2 from zero fors1

5s2,1010 (V m)21 is dominated by this finite film effect
It is worth returning to the question of the accuracy

extending the finite-radius, thin-film expression to arbitra
film thicknesses. Based on the excellent agreement fo
just above, we conclude that the error is negligible for 500
thick films. The percent differences betweenM calculated
from Eq. ~2! and from Eq.~3! using the effective thicknes
are about 104 times smaller thanPM1 andPM2 presented in

ea
n-

FIG. 6. Current density fors15s2 normalized to the peak value below th
drive coil for a 7.5 mm radius film. The solid lines are for a finite radius fi
and the dashed lines are for an infinite radius film.J1 andJ2 are respectively
in-phase and out-of-phase with the drive current. There is a range of
ductivities in which the normalized current densities crosses over from
form for s15107 (V m)21 to the form fors151012 (V m)21.
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Figs. 4 and 5. Thus it is reasonable to assume thatPM1 and
PM2 are dominated by finite radius effects and not by the
of the effective thickness. We have done the same calc
tions as presented in Figs. 4 and 5 for films withd ranging
from 30 Å to 1 mm and find that the maximumPM1’s and
PM2’s resulting from the subtraction procedure are nea
identical to their maximum values when the film is 500
thick, although they occur at different values ofs. An alter-
nate, though in our opinion unlikely, view would be that t
error in the subtraction procedure is exactly compensated
the error in the thin-film effective thickness approximatio

We have checked the subtraction procedure for ot
coil geometries such as that used by Claassenet al.8 For a
dipolar drive coil and a dipolar pickup coil,uPM1u anduPM2u
are roughly four times larger than for the quadrupolar dr
coil and dipolar pickup coil used in the calculations pr
sented above. For a 7.5 mm radius film, the error is s
much smaller than the uncertainty inl due to uncertainty in
the film thickness.

VII. EXPERIMENTAL CONSIDERATIONS

There are some technical details that were left out of
discussion in the previous section. As the sample is coo
some thermal contraction occurs and the resistance,Rpu(T),
of the pickup coil decreases. As the pickup coil impedan
changes, the effective gain and phase shift of the preamp
used to amplifyVpu change. The gain changes by a fe
percent and the phase changes by a few degrees, typic
These must be compensated for. Small errors in the phas
Vpu will lead to large errors ins1 when s2 is large. The
accuracy ofs1 just belowTC depends critically on how wel
the phase ofVpu is known. The inset of Fig. 3 shows the pe
in s1 , for reference.

We introduceMB(T), the background mutual induc
tance, which is the mutual inductance measured with a fi
less substrate~nonconducting! inserted between the coils
The normalized background,MB(T)/MB(T0), is a measure
of the T dependence of the effective gain and phase shif
our amplifiers as well as of thermal contractions. Below
K, MB(T) is nearly independent ofT. To correct the experi-
mental data for the temperature dependent gain and p
shift we use the following quantity instead of that given
Exp. ~9! to determine the normalized mutual inductan
which is to be inverted to findl ands1 :

ME~l,s1 ,T!/ME~`,0,T0!

MB~T!/MB~T0!
2

ME~0,0,4K !

ME~`,0,4K !
. ~10!

In the experiment, the phases ofME and MB are zeroed at
T0 , whereT0 is a few K higher thanTC . ME(0,0,4 K) is
measured with a 150mm thick Pb foil of the same size an
shape as the film to be measured.ME(`,0,4 K) is then mea-
sured by replacing the Pb foil by a 150mm thick glass slide.
For the measurement ofMB , shims separate the coils so th
MB(T0) is very close toME(`,0,T0).

Another temperature dependent effect is that the s
effect changes the current distribution within the wires of
coils as the conductivity of the wires changes, forcing
currents to reside in a thin sheath at the surface of the wir
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low T. This physically changes the bare mutual inductan
MB . This problem is minimized by using very fine wir
~roughly 25mm diameter!. Any remaining effect is dimin-
ished by the procedure in Exp.~10!. Another advantage to
using fine wire is that more turns can be made in close pr
imity to one another so that the current is almost a conti
ous sheet and the normalized mutual inductance is less
sitive to any imperfections in the coil windings.

The mutual inductance as normalized in Exp.~10!
should have a phase of zero at low temperatures, wheres1

!s2 . In practice the phase is usually less than 1°. Howe
if the circuit is not grounded properly, capacitive couplin
between the drive and pickup coils can lead to a large s
rious phase forM . Figure 7 shows a model of the exper
mental circuit that includes the capacitive coupling as
lumped circuit element. The single capacitor,C, effectively
represents the net capacitance between the wires in the
and pickup coils. If either the drive or pickup coil circuit ha
a high impedance to ground, then when the mutual ind
tance, M , becomes small due to screening by a film t
measured value ofM will be incorrect. This is because som
of the current,uI dru5uVdru/(vM0), will go to ground through
the capacitor and develop an extra voltage across the pic
coil. Even a very small leakage current can be signific
since strong screening can reduceVpu by over a factor of
1000 from its value aboveTC . This additional capacitive
voltage across the pickup coil has a component 90° ou
phase from the magnetic part of the pickup voltage. Cons
that the phase ofI dr in Eq. ~1! equals zero, ands2@s1 . A
small-C circuit analysis shows thatVpu,1'I drvC@M1 /C
1R1R2# and thatVpu,2 which without capacitive coupling
would be zero is given approximately by

uVpu,2u'uI druv2CR1L2 . ~11!

Measurements ofVpu were made asR1 was varied, with
a thick superconducting Pb foil in place of the film, so th
with R1 near zero,M15255 pH was very small. Note tha
varying R1 does not affect the phase of the drive curre
since R3 is much greater than the impedance of the co
Figure 8 shows the out-of-phase pickup voltage,Vpu,2, in-
creasing linearly withR1 as predicted. From the slope of th
data in Fig. 8 we find thatC is roughly 10 pF. By using
proper grounding techniques the coupling is generally wit
2° of being purely inductive in the ‘‘worst case’’ wher

FIG. 7. Model circuit of the experiment. The drive current is measu
through the mutual inductorM 0 . The capacitorC represents the very smal
capacitance between the drive and pickup coils. If eitherR1 or R2 is not
small, leakage current through the capacitor causes an additional volta
the measuredVpu which becomes significant asM get small.
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strong screening is provided by a thick 7.5 mm radius Pb
at 4 K. Whenl is several times larger than the film thickne
capacitive coupling ceases to be an issue.

VIII. EFFECT OF HOLES AND DEFECTS

Since the measurement probes a large area of the
one is concerned about error due to flaws in the films aris
from, for example, a small scratch in the substrate that ca
a weak section in the film. In an effort to quantify this effe
we measured the mutual inductance when circular Pb f
and Nb films with holes in them were inserted into the a
paratus.

First, we looked at holes centered on a 7.5 mm rad
150 mm thick Pb foil. For this case, we could also calcula
the mutual inductance by settings50 for r less than the
radius of the hole. The coils had an experimentalinitial po-
sition, ME(`,0), of about 140 nH, and azero position,
ME(0,0) of about255 pH with a full Pb foil. The negative
mutual inductance comes because the drive coil was qua
polar. The experimental and calculatedzero positionsonly
differed by 2 pH.~We now achieve much better agreeme
between calculated and experimentalzero positionsthan in-
dicated by Fig. 4 of Ref. 5.! Figure 9 shows the normalize
mutual inductance as a function of the radius of the conc
tric hole. The mutual inductance is essentially equal to
extra coupling through the hole, since the zero position is
small. The calculated curve agrees well with the data. T
difference can easily be accounted for by the Pb foil
being exactly concentric with the coils. The measurem
becomes sensitive to a centered hole when its radius rea
the radius of the coils.

Next, we looked at Nb films with a hole centered on t
most sensitive spot, 1 mm from center, directly underne

FIG. 8. Data showing the out-of-phase voltage in the pickup coil is lin
with the resistance between the drive coil and ground. This extra vol
shows up because of capacitive coupling. A fit to the data combined w
simple model of a single capacitor bridging the drive and pickup coils yie
a capacitance,C, of roughly 10 pF. Note that in the experimentR1 is less
than 1 V so the capacitive coupling does not affect our measurem
significantly.
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the windings of the drive coil where the induced curre
density in the film is largest. The Nb films were e-bea
evaporated onto 15 mm diameter circular Si substrates.
mutual inductance was measured as a function of temp
ture for a number of films. After the initial measurement
M (T), a hole was cut by ion milling the film through a met
mask. The hole diameter ranged from 30 to 600mm. TC was
unaffected by the ion milling. For comparison some film
were ion milled with a mask without a hole. These film
showed no change inM (T). For all films in which a hole
was ion milled the mutual inductance increased. The ex
mutual inductance is nearly independent of the penetra
depth, which changes withT, which indicates that the mea
sured sheet inductance is simply increased by a constan
cept nearTC , where the effective skin depth of the film
approaches (Rd)1/2.

Although our modeling cannot calculate directly the e
fect of holes which are off center, we can get a good estim
by calculating the additional coupling through an annu
ring of missing material created by sweeping the hole 3
around the film, then multiplying by the ratio of the area
the hole to the area of the ring.

Figure 10 shows the measured and calculated norm
ized extra mutual inductance as a function of the hole a
A, for holes centered 1 mm from the center of the film. F
holes less than 400mm in diameter the extra mutual induc
tance is nearly proportional toA3/2. Figure 11 shows similar
data except the size of the hole is fixed~diameter of
hole5580mm!, and the location of the hole is varied. In bo
cases the agreement with the calculation is excellent. Fig
11 establishes that sensitivity to holes drops off quic
when the hole moves away from the peak in the induc
current density.

The quality of the fits enables us to extrapolate to ho
much smaller than what we have studied experimenta

r
e
a
s

ts

FIG. 9. Normalized mutual inductance with a 15 mm diameter, 150mm
thick Pb foil screen with a concentric hole cut out placed between the c
The hole cut out of the center of the Pb has radius,Rhole. The dots represen
experimental results, and the line is from the numerical calculation fo
finite area film.
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Combining Eq.~6! and Exp.~9!, we are led to the following
expression in the limits2@s1 , which is an excellent ap
proximation whenl is not too large,l/sinh(d/l),20mm.

ME~l,s150!2ME~0,0!

ME~`,0!
'

a

ME~`,0!

l

sinh~d/l!
. ~12!

For our coils, the geometric factor,a/M (`,0), is about
2250 m21. A hole in the film would cause the experimental
determinedl to be larger than the actual value. The thick
the film is the greater the error inl is for a given hole. For a
knownl, the error due to a hole in the film can be calculat
from the data in Figs. 10 and 11 combined with Eq.~12!. For

FIG. 10. Extra normalized mutual inductance due to the presence of a
centered under the drive coil as a function of the hole’s area. The
represent experimental data. The line comes from an approximate sol
in which the extra mutual inductance was calculated using the finite ra
film routine, Eq.~7!, with s50 in an annular ring created by sweeping t
hole around the film. This extra mutual inductance was then multiplied
the ratio of the hole’s area to the area of the annular ring.

FIG. 11. Extra normalized mutual inductance due to a 580mm diameter
hole located at various distances from the center of the film. The lin
calculated and the dots are experimental.
r

d

a 500 Å thick film with a penetration depth of 1500 Å, the
is a fair amount of coupling through the film. A 100mm
diameter hole located at the center of the film would incre
the measuredl by less than 1 Å. This same hole locate
directly under the drive coil would increasel by 40 Å. Since
the extra mutual inductance due to holes is proportiona
A3/2 it would take 1000 10mm diameter holes distributed
around the film beneath the drive coil to have the same ef
as one 100mm diameter hole. Holes up to 600mm in diam-
eter introduce negligible error if they are located 3 mm
further from the center of the film assuming the coils hav
1 mm radius. A 100mm diameter hole in a 5000 Å thick film
located directly under the drive coil would cause a lar
error, yielding a measured value ofl52030 Å for an actual
penetration depth of 1500 Å.

To test film homogeneity we use an asymmetric pick
coil which has a pie shape with the vertex beneath the ce
of the film. The coil spans 60° and has a radial length o
mm. For a homogeneous circular film the vector poten
will be azimuthal so the only part of the coil which wi
contribute to the pickup voltage is the circular arc. The tw
radial portions are perpendicular to the currents and ve
potential. Two measurements were made on one of the
films with a 580mm diameter hole located at 1 mm. In on
case the pie coil was located beneath the hole. For the o
measurement the pie coil was rotated 180°. The chang
signal was very dramatic. We show the two mutual indu
tance versus temperature curves in Fig. 12. Because o
hole, the currents are not strictly azimuthal and the rad
sections of the pickup coil are contributing to the pick
voltage. Using the pie shaped pickup coils allows one
detect the presence of bad spots or inhomogeneities in a
even if a hole is not clearly visible. If theM (T) are the same
for the pickup coil in different orientations the film i
deemed homogeneous on a macroscopic scale andl(T) may

le
ts
on
s

y

is

FIG. 12. An example of the mutual inductance using a pie shaped pic
coil of 2 mm radius spanning 60°. The film has a 580 mm diameter h
located 1 mm from the center. A measurement was made with the
pickup coil located above the hole and a second measurement was
with the pie pickup coil rotated 180°.
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be accurately extracted. However if large differences
M (T) are detected for different orientations of the pick
coil the film has gross inhomogeneities.

IX. CONCLUSION

We have shown how we accurately determine the sh
conductivity of thin films using a two-coil mutual inductanc
technique and a calculated lookup table. Through deta
comparisons we find that approximating the film as infin
and subtracting from the experimental mutual inductance
mutual inductance going around the film~experimentalzero
position! is an excellent approximation for all experimenta
observed conductivities in YBCO for films with radii great
than five times the coil radii. For films of smaller dimensio
the subtraction procedure yields progressively larger er
and the finite area film calculation with an effective she
conductivity may be used for the inversion. Using a differe
coil geometry from the calculations described in the text w
change the details of the accuracy of the subtraction pro
dure. We have also studied the effect of defects on our m
surement. Holes 100mm in diameter and smaller do no
introduce a significant error in the measuredl for a 500 Å
thick film, even if they are located directly under the dri
coil radius. Even fairly large holes of 500mm diameter do
not have a large effect if they are located sufficiently
from the center of the film. We can conclude that if the fi
is homogeneous up to three coil radii other than a few
n

et

d

e

rs
t
t
l
e-
a-

r

-

fects of length scale less than 100mm, accurate values of the
film conductivity may be obtained even if the outer secti
of the film has a lot of defects.
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