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We consider the accuracy of measurements of the complex conductivity of superconducting films
with a two-coil mutual inductance technique. We present a numerical analysis of the procedure by
which we deduce the real and imaginary parts of the conductivityg,—ia,, of thin films from

the in-phase and out-of-phase components of the mutual inductance of coaxial coils located on
opposite sides of the film. The accuracy of the procedure is verified for the full ranges of film radii,
thicknesses, and conductivities that are encountered for typical films of a wide variety of cuprate
superconductors. We determine both experimentally and theoretically what effect flaws in the film
would have on the accuracy of the measurement by examining the effects of holes located at various
places in a superconducting film. The effect of capacitive coupling between the coils is measured
and shown to be negligible when care is taken in grounding the drive and pickup coil circuits. The
mutual inductance of the coils changes with temperature even with no sample present because the
resistance of the coils changes and there is some thermal contraction. We describe a procedure for
taking these effects into account. €998 American Institute of Physi¢d$0021-897@8)03108-9

I. INTRODUCTION there is an exact solution only in the thin-film limit. In this
article, we extend this solution to arbitrary thickness by us-
The two-coil mutual inductance measurement is a simplgng anad hoceffective film thickness that is a function of the
nondestructive method for determining the conductivity of gctyal film thickness and conductivity.
thin superconducting films. Since Fiory and HeBairtiro- Given that it is possible to calculatd (o;,0,) for an
duced the basic technique, a number of groups have usegpitrary circular film, it would seem that the best procedure
some variation of it to determine the sheet conductivity ofyyould be to calculate a lookup table that corresponds to the
thin films?~® The purpose of the present article is to detail actual film radius and thickness and for the coil geometry
our implementation and to estimate the uncertainty in thgised in the measurement. As discussed below, under certain
determination ofr; ando,. A previous papéranalyzed the  circumstances, such as when the film radius is less than
case wherer is pure imaginary. about five times the radius of the primary coil, this is the
In our usual configuration, the primargrive) and sec-  proper procedure to use. But sometimes a different procedure
ondary (pickup) coils are located on opposite sides of theig preferred. For example, sometimes one would like to re-
film. Many groups use this configuration and employ nu-mqyve from the data the parasitic coupling between the pri-
merical procedures of varyi_ng degrees_of complexity_ to ®Xmary and secondary coil circuits. Also, sometimes the
tract the complex conductivityg=oy—io5, of the film  gample film is square instead of circular and the direct cal-
from the measured complex mutual inductaride, The ba-  ¢yjation cannot be made. Under these circumstances, a better
sic procedure is to generate a “lookup” table consisting of :ocedure is the one outlined in Refs. 5 and 8. One measures
values ofM calculated for many different’s, and then t0 {16 mutual inductance at 4.2 K of, e.g., a 180 thick Pb
interpolate to geF the that corresponds to a particular. Mea- f5i| of the same size and shape as the sample film, with
suredM. The difference among groups lies partly in the honconqucting shims to keep the proper spacing between
geometry of the coils and partly in the numerics of calculat-cy;5 syptraction of this “zero position” mutual inductance
ing the lookup table. _ from the mutual inductance measured with the real sample
The literature provides several calculationsMfas a  fim present removes the parasitic coupling. As shown in
function of o for a general, homogeneous scre€iim)  get 5 and in the present article to an excellent approxima-
placed between coils in various gegmetﬁejsz. We are in- on it also removes the mutual inductance due to flux that
terested in the case in which the coils are coaxial with eachjgaks around” the finite radius film but would not get
other and with a circular film, so that the geometry is azi-ihrough if the film had an infinite radius. The “corrected”
muthally symmetric. A numerically tractable, exact solution ., ;+,al inductance data are normalized to the mutual induc-
exists for a film with arbitraryzthickness and conductivity (5nce measured just aboWe to remove most of the uncer-
when the film radius is mﬂmté, but not for the usual €x-  (4inty due to uncertainty in the coil geometry, such as coil
perimental situation in which the radius of the film cannot bespacing and diamet&rFinally, assuming that the processed
modeled accurately as infinite. For a film with a finite radius,yat4 are what would have been measured if the film radius
had been infinite and the actual coils had been ideal circular,
3Electronic mail: sjt@ohstpy.mps.ohio-state.edu coaxial loops of wire, the lookup table is calculated from the
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We define the complex mutual inductance as

_ o Vou
M=M,+iM,= (1)

a)ld,'

Vi is the voltage across the pickup coll, i.e., the time de-
rivative of the magnetic flux linking the pickup coil. Both the
magnitudes and phases kof andV,, are measured. In the
absence of a film, the phases\gf, and I are zeroed just
aboveT, so that the in-phase, inductive partMf M, is the
bare mutual inductance of the coil assembly. We call the
- bare inductance the “initial position.” The out-of-phase, dis-
dhgu sipative part oM ,M,, comes entirely from dissipative cur-

i rents associated wittr; in the film.

We use several different geometries for different mea-
indicate current coming out of the page, and the crosses indicate currefurements. Unless otherwise stated, data and calculations in
going into the page. The upper coil is the drive coil. There are actually 44this article pertain to the following representative geometry:
turns in the vertical direction in both the drive and pickup coils for our hdr: 1.274 mm:; hpu: 0.271 mm:; andrdr:rpu:1-033 mm.

FIG. 1. The geometry of our two-coil apparat(isot to scalg The dots

lculations. .
cajcuiations Note hy, and hy, are the distances from the center of the

nearest loop of wire to the film for the drive and pickup coils,

) o ) i respectively. Both coils contain 44 turns in the vertical direc-
exact expression foM(oy,07) for an infinite radius film o The vertical length of the coil forms is 1.524 mm. The
with the same thickness as the sample. _drive coil, containing one radial layer, has the upper 22 turns

In this article, we simulate the experimental subtractionygund in the opposite direction from the lower 22 turns, as
procedure numerically for a particular coil geometry over alljgicated in Fig. 1 by the dots and crosses. The pickup coil
experimentally relevant conductivities and show that the reya5 132 turns divided into three radial layers with all turns
sults are in excellent agreement with the exact calculation fof,5und in the same direction. The separation between adja-
an infinite radius film as long as the film radius is at least fivecant vertical loops and between radial layersifg,=dh,,
times larger than the coil radii. We discuss conditions where_ 34.64um. The radius of the film i&=7.5 mm, the thigk—

the direct calculation for a finite radius film is preferred on o55 of the film isd=500 A, and the frequencyy/2m, of

the basis of accuracy. However, it is worthwhile to note thaty,o applied field is 50 kHz.

there is a practical reason for using the subtraction proce- The above geometry is not necessarily the optimum ge-
dure. It is very much faster to generate a lookup table for metry. Claassemt al. use thinner coils which are placed
film with infinite radius, which involves only a numerical ¢joser to the filn® which leads to a greater sensitivity .
integration than for a finite radius film, which involves nu- | ge et al. use an unequal number of turns wound in each
merical solution of an integral equation. The computationgjrection of the drive coil to minimize the induced current
time to make a typical lookup table in the former case iSgensity at the film boundafyThis means that the magnetic
roughly one minute; in the latter it is about one week. field is parallel to the film edge, and that the flux leaking
_ The subtraction procedure is accurate for homogeneougoung the film is very small. It is very difficult to pin down
films, but one is always worried that there may be a flaw iny,e optimum coil arrangement. There are many things to
the substrate that propagates into a flaw in the film. Substraignsider such as how sensitive the results are to knowing the

flaws are typically small and rare. Still, one would like 10 gyact coil geometry, or to the presence of small holes in the
know how sensitive the measurement is to them. Thereforq”m_

we present an experimental and numerical study of how
holes in the film change the apparent conductivity. Finally
we mention some sources of possible experimental error anHil'
how to eliminate them.

CALCULATION OF M(o,0,) FOR A FILM WITH
FINITE RADIUS

Following Clem and Coffey? the solution for the mu-
tual inductance between two coils separated by an infinite
Il. GEOMETRY radius film of complex conductivityr= o1 —io, and thick-

Figure 1 shows the geometry of the experiment. CircularneSSd 's given by

loops of wire coaxial with each other and the film are located Fal pu
above and below the film, constituting the drive coil andM . 01,d)=muo —
pickup coil, respectively. Two important lengths are the ra- y
dius of each loop and the distance of each loop from the film. 5 fmdx Xe

The distance between the drive coil and the film is usually Xo+x2
smaller than the coil radius, so the induced current density, x coshioy) + 2x sinh(5y)
J(p), in the film peaks ap equal to the radius of the colil.

is proportional to the currenty,, in the drive coil. The cur-
rents in the film induced by each drive coil loop add linearly.

lar

X J—
Jlxh

. 2

Ipu
Jl(X F
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Here we assume only one loop for the drive coil and ondn the denominator can be set equal to unity even when it is
loop for the pickup coil. The solution for multiple turn coils not, i.e., whend is much larger than the complex ‘“skin
is just a superposition of the solution for single loops. Note depth,” (i uowo) Y2 The reason is that when this term is
is the vertical separation between the drive and pickup loopkrge the “sinh” term in the denominator is much larger
minus the film thicknessj. The drive coil and pickup coil because the spacing between cdils,is always very much
radii are Iabeledrdr and rp,, respectively. In Eq.(2), § larger than frowo) ~ Y2 With this in mind, comparison of
=d/h andy?=x2+ (h/\)?+iuewo;h?, ando, is related to  Eq. (4) with Eq. (3) leads to the identification:

the magnetic penetration deptk, through the relatioro,

=1/uow)\?. J, is a cylindrical Bessel function. The prefac- der(d, 00r) = sinh(d Vil“o‘”“)_ (5)
tor is uq times the geometric mean of the areas of the drive e Vigowo

and pickup IOOPS divided by _th_e distante between the Note thatd.¢ is a complex function ofl and of wo. When
loops. For a typical geometry, it is roughly equal to the mu- I . . o .
. . , . the film impedance is purely inductives= —io,, this ex-
tual inductance when the currents in the film are negligible. . . .
We consider the limit where the spaciny, between pression reduces to the resudgg~\ sinh@N\). In the thin-
coils is much larger thai, which is the usual sit”uation The film limit, d<<\, we recoverdeg—d. In the opposite limit,
g ’ ' der=Ae?. This is because a thick film attenuates the mutual

mte_%,r,afna(itlonr ?\Iqﬁ(rﬁ?erliia?::tal% fljIgﬁolﬁgg:;ov?/etﬁ\ltjsiﬁt;fr:t]ier: inductance exponentially with film thickness, rather than as
9 9 «“1/d.” The final justification of this choice fody is thatM

to x=20 guarantees high accuracy for essentially any coil Lalculated from the exact expression, €2), and from the

geometry, with the largest part of the integral coming from
x<5. Sinceh>\, the real part of¢? is much greater thax? th_m_ﬂlm expression, Eq(3), with d replaced bydeq agree
within a fraction of a percent for all reasonable valuesrof

inifi ; i ; 20,2
for the significant region of integration, ang®+x?~y To make contact with a method used by Claa 8

~ 2. 2_; 2 o
talgir;{g)]\)thJer Itﬁi?\ﬁilfr;hlimiltﬂ doz(gh E‘qu(rz];j?;dtg(?:s tgondmons, to determine\, we obtain the limiting case of E¢4) when
' B 01<<0,. This is the usual case, except for temperatures

Fadpu [ xe X within a degree or so of .. In this casex~h/\, and for
M(\,01,d—0)=muo h f XW A2<hd the denominator reduces th/@\)sinh@\). Equa-
X+ — d tion (4) may be written as
rq r M(\,0,<0,,d)=~ r 27 fal puj dxxe
X Jq| X r)Jl(x ﬂ) [thin-film limit]. T1=92 d Ko "hz™
h h sm)-( )
N
()
This result can also be obtained by using the method of X Jq| X >J1< rp“) . (6)
Jeannereet al.2 who considered the geometry where a di- h h

polar drive coil and a quadrupolar pickup coil reside on theThis is the expression Claassenal® use to determina.
same side of the film. They treated the film as having zero

thickness and a sheet conductivityd. IV. CALCULATION OF M(o,0,) FOR A FINITE
The purpose in deriving Eq3) is to obtain an expres- RADIUS FILM

sion for an effective film thicknessl.4(d,o) that is a func-
tion of the actual film thicknessl, and conductivityg, such
that when ‘d” in the thin-film expression, Eq(3), is re-
placed bydg(d,0), EqQ. (3) gives a mutual inductance that is
very close to the exact result, from E@). To guide our
choice, we rewrite Eq2) with the approximatior> \, but
without taking the thin-film limit:

We derive an integral equation for the sheet current den-
sity in a finite radius film in the thin-film limit, then insert
deri(d,w0o) in place of “d” in the equation to extrapolate to
thick films. Since the derivation was presented in Ref. 5, here
we just outline the method pointing out improvements and
the changes which have been made to accommodate a non-

ZGI’OO‘l
M~ Ia pu °°d The full integral equation to be solved for the current
~THo X density,J(r), in the film is
- J(r)d J(r’
xe A= — D Ko [[gs ) @)
X Ny —iougod 47 [r—r’]
i woh sin | wo
x cosidvipqwa) + 'uo s where Ay (r) is the vector potential in the film due to the
Vipowo drive currents and(r) is the current density in the film. Both
ry ro, Ag(r) andJ(r) are azimuthally symmetric. Note could be
X Jq| x 0 )Jl(x Wp) (4) a function of the radial coordinate, a fact that we will use to

simulate holes in the film. For a thin filnd(r) is essentially
It is not obvious how to approximate E@}) by defining an  uniform through the thickness, and the integral aveesults
effective thickness becaused™ appears in two different in multiplication byd. The integral over the azimuthal angle,
places in the denominator of E(4) and only one place in ¢, is done analytically. We are left with a one-dimensional
Eq. (3). However, it turns out that the “cofti(i uowa)*?]” integration over the radial coordinaje This integral is
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changed into a discrete sum by partitioning the film ibto the finite radius of the film, are compared with the exact
annular rings centered at radii,, with widths Ar;. The  mutual inductanceM,(\,o4,d), calculated for a film with
integral equation is thus converted into &XN matrix  infinite radius and thicknesd by numerical integration of
equation with the unknown vector being the sheet current irfEq. (2). We will see that under a very large range of param-
theith ring, K;. Once theK; have been determined, calcu- eters, the “data” and the infinite-radius film calculation
lation of M is straightforward. agree within a fraction of a percent justifying both the sub-
The matrix elements in the discrete representation of théraction procedure and the use of effective thickness.
integral are simply related to the mutual inductance between In the lab, it is useful to do an additional step that is not
rings. There are a variety of ways to calculate the mutuahecessary in the numerical simulation. That step is to nor-
inductance between rings. Calculation of the self-inductancenalize the “corrected” data to the mutual inductance mea-
of a ring is complicated because the integral kernel containsured just above th&., where the film response is negli-
a logarithmic singularity. Gilchrist and Brandt discuss thegible. For typical coils, a 1000 A thick film produces a
calculation of matrix elements in detail in Ref. 9. They showdetectable signal whehs| exceeds about 1{Q cm)~ 1.
that a sum rule must be obeyed for the elements of the muFhe normalization removes uncertainties associated with am-
tual inductance matrix, and that there is an analytic form fomplifier gains and the exact geometry of the coils. The mutual
the self-inductance of a rindor r;> Ar;) which very closely inductance measured when there is no screening() is
satisfies the sum rule. The exact analytic form depends ooalled theinitial position, labeledM(22,0). Since the film
how the off-diagonal matrix elements are calculated. For theesponse is negligibleM («<,0) is independent of the film
mutual inductance between different rings we treat the ringsadius and thickness. For both thero positionand theini-
as thin wires located at the center of the rings. With thistial position M,=0. To summarize, from our data we
choice for the off-diagonal matrix elements, Gilchrist andcalculate
Brandf have shown that the proper self-inductance of a ring Mc(h,o1,d,R)—M(0,0)

for the sum rule to be satisfied is given b
Jwen By Me(=.0) ’ ©®
87r;
Mii=,uori<ln %/'2 —2). (80 then find\ and oy by using a lookup table containing the
[

normalized real and imaginary mutual inductances,
Using Eq.(8) for the self-inductance yields a rapid conver- M, ;(\,01,d)/M¢(%,0) andM, »(\,o,d)/M(%2,0), calcu-
gence for the mutual inductance with increasing matrix sizelated for an infinite radius film and for coils that are as close
Very high accuracy is obtained for as few lds-100 rings. as possible to the actual coils in the probe. The following
This is an improvement over Ref. 5, where we used a differnumerical simulation of the procedure argues that it works
ent method to calculate the diagonal matrix elements. Tavell.

obtain accurate results we were forced to do the calculation

several times with different numbers of rings and then to
extrapolate to the limit of an infinite number of rings. Vl. COMPARISON BETWEEN FINITE RADIUS AND

INFINITE RADIUS FILM SOLUTIONS

V. SUBTRACTION AND NORMALIZATION We now shOV\_/ that our analysis procedqre is accurate for
PROCEDURE conductivities which cover the relevant regions encountered
in experiment. Figure 2 shows values®of and o, typically

In this section we explore the procedure by which theencountered at a measurement frequency of 50 kHz upon
measured complex mutual inductance is converted to a contooling a film of YBCO from a few degrees abovg to the
plex conductivity. Various quantities come into play. lowest temperatures. We define three temperature regions.
Me(N,041,d,R) is the experimental mutual inductance for a Over the highest half Kelvin or so when the film response is
film with radius R and thicknessd, measured at angular first detectableg; and o, are roughly equal, and they both
frequency w. In the numerical simulation, it is denoted grow asT decreases. Note,; reaches a peak at a tempera-
Me(N,01,de,R), and calculated for a film with radiu® by ture which is sometimes defined &s. In the next Kelvin or
using the finite radius, thin-film expression, Ed), with d two, o, decreases from its peak value whitg continues to
replaced by d.z(d,wo). In the lab, we subtract from increase. Eventuallyr; gets to be so much less than that
Mg(N,041,d,R) the mutual inductanceMg(A<d,0d,R) the uncertainty of a fraction of a degree in the absolute phase
measured with a placeb@b) foil in place of the sample of the measured mutual inductance means that the film re-
film. We refer to this mutual inductance as thero position  sponse is purely inductive, within experimental uncertainty.
Mg(0,0), since it is the coupling when there is zero couplingAt 50 kHz the peak value ofr; is never observed to be
“through” the sample. The assumption is that subtraction ofgreater than 18 (Q m)~! for YBCO. For comparison with
the coupling that goes “around” the film leaves only the Fig. 2, Fig. 3 shows the conductivity for a 3% cobalt-doped
coupling that would have gone “through” the film if it had YBCO film. Figures 2 and 3 establish the conductivities that
infinite radius. Experimentally, the subtraction has the addiare typical in the lab.
tional advantage that it removes stray coupling between To compare the numerically generated “corrected data”
the drive and pickup coils. To simulate the experimental subfor a film with conductivity o, thicknessd, and radiusR to
traction, we subtract Mg(A<d,o;=0d.,R) from  the mutual inductance calculated for a film with the same
Me(N,01,de,R). The experimental “data,” corrected for and d but an infinite radius, we define the differences in
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FIG. 2. A schematic drawing of the conductivities observed for high
superconducting films from the two coil mutual inductance technique at 50 -0.04 —
kHz. In region 3,0, is less than 16(Q m)~* and is too small to measure. .
008 H IIIIIHl T IlIIﬂTI T lIIIrITI T IIII|'|T| T IIII|'|T|
04 107 108 10° 100 10" 10"
the real and imaginary mutual inductanceAM, ' (©
= [MF,l()\!o-lidefflR)_MF,l ()\<d!01deff!R)_Ml,l()\vo-lad)] ~ 0.0 +
and AMZE[MF,Z()\!Ulvdeff)_MI,Z()\vo-lad)]' We will see Q.E
that the percent differenceB,;;=100AM;/M, ; and Py, -0.4
=100AM, /M, ,, are small for all relevant complex conduc-
tivities by exploring three regimes. The first regimeas 08 " T UL
< 0,, which corresponds to the low temperature region 3 of 107 108 10° 10 10" 10%
Fig. 2. Since this region was discussed in detail in Ref. 5, we "
just mention thatPy,,| is less than 0.08 fox>200 A. To o,=0, (-m)

put this into concrete terms, it means that the subtraction
procedure for data analysis resultsa 1 A error in\ for a
film with A=1500 A, d=1000 A, andR=7.5 mm. This is
negligible compared with that from the uncertainty in the

FIG. 4. (a) Mutual inductanceM, calculated for an infinite area film with
o1=0,. The geometry of the coils is described in the text. The percent
differences betweeM calculated for an infinite area film and for a finite

film thickness.

FIG. 3. An example of the experimentally determined complex conductivity
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area film using the subtraction procedure are shown (l@s Py,
=100 [Mg;—Mg(A=0,0=0)—M1/M,;; and (¢) Py,=[Mg,
_MI,Z]/MI,Z'

The second regime ig;= o, which corresponds to the
high temperature region 1 in Fig. 2. Figure 4 shd¥s, and
Pwm2 as functions ofo; over the relevant range a@f,. The
real and imaginary inductanced, ; and—M, ,, calculated
for an infinite radius film are shown for scale. Note tht
is the “dissipative” coupling coming fromr,, so it is pro-
portional too; for smallo. In any case|Py 4| is always less
than 0.08, andiPy,,| is less than 0.8. Both of these errors are
negligible. As discussed below, for conductivities below the
crossover wher®),; andPy,, have local maxima, it is more
accurate to model the experiment directly rather than to do
the subtraction. This becomes more important when the ra-
dius of the film is less than about five times the radius of the
coils.

The third regime corresponds to the narrow intermediate
temperature range just belowT¢,” region 2 in Fig. 2. For
ten values ofr,, corresponding ta’s from 1 um to 1 mm,

for a 3% Co-doped YBCO thin film. The inset shows both the real andWe Calculatedy; andP), for several values of; between

imaginary parts of the conductivity near the transition temperature.

10" and 182 (Q m)~1. (For \’s shorter than 1um, the val-
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FIG. 5. Worst case percent differences between infinite area and finite area Z 0.2
film calculations using the subtraction procedure as a function of the pen-
etration depth, where real conductivities betweerd 406d 162 (Q m)~! 0.0 —
were tested for each penetration depth) Py;=100[Mg;—Mg(M ’
=0,0,=0)=M; /M, ; and (b) Pyo=[Mg =M 2l/M, 5.
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ues of oy observed in the experiment are negligible com-
pared witha, and the measureld , cannot be differentiated
from zero) For each value of, we determined the largest FIG. 6. Current density forr, = o, normalized to the peak value below the
values of the percent differencéE’,Mﬂ and| pM2|, that were  drive coil fora 7.5 mm radius film. _The soli_d Iings are for a finite rad_ius film
encountered a8, varied. These maximum values, plotted in _and the dashed lines are for an infinite radlus filmandJ, are respectively

. - in-phase and out-of-phase with the drive current. There is a range of con-
Fig. 5 vsA, are so small that it doesn’t matter what value of quctivities in which the normalized current densities crosses over from the
o, they correspond to. In all cases, the error is smaller thaform for o; =10" (2 m)~? to the form foro; =10 (Q m)~*.
the errors arising from uncertainties in the coil geometry and
film thickness.

As mentioned above, if the radius of the film is less thanto the high conductivity limiting form shown foro
about five times the radii of the coils, it is more accurate to=10'2 (2 m)~!. The change in shape of the normalized
skip the subtraction procedure and use the finite-radius filncurrent density occurs over a range in whighncreases by
calculation directly to create the lookup table. The reasorabout a factor of 100. At low conductivities a significant
that the subtraction procedure breaks down at low condudraction of the current density is located beyond 5 mm from
tivities is the following. As long as the “skin depth” is much the center of the film. The reason th&&,,,| is larger than
smaller than a geometric factor such &), the current |Py| is that, in contrast to the “inductive” coupliniy,,
density at points 4 mm or more away from the center of arthe “dissipative” coupling,M,, results only from dissipa-
infinite radius film would be nearly zero. However, as tive currents,J,, associated witlor, in the film. Wheno gets
decreases and the skin depth increases the current distriblarge enough that a significant fraction of the in-phase cur-
tion spreads out further from the center of the film. At low rent is beyond 5 mm from the center of the film the screening
enough conductivities the current distribution is simply pro-is very weak such tha#l, is dominated by the current in the
portional to the applied field. Figure 6 shows the currentdrive coil. In Fig. 4, the departure d&#y,, from zero foro
density as a function of the radial coordinate fe;=0,. =0,<10%(Q m)~!is dominated by this finite film effect.
The current densities]; (in-phase with the drive current It is worth returning to the question of the accuracy of
and J, (out-of-phase with the drive currérdire normalized extending the finite-radius, thin-film expression to arbitrary
to their peak values below the drive coil radius. The solidfilm thicknesses. Based on the excellent agreement found
line is for a finite radius film and the dashed line is for anjust above, we conclude that the error is negligible for 500 A
infinite radius film. As the conductivity is increased from thick films. The percent differences betwebh calculated
zero the normalized current density changes from the lowWrom Eq.(2) and from Eq.(3) using the effective thickness
conductivity limiting form shown foro;=10" (2 m)"* up  are about 1btimes smaller tharPy,,; and Py, presented in

Radial Coordinate (mm)
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Figs. 4 and 5. Thus it is reasonable to assume Bhat and 500 R; Iy C

Pwu2 are dominated by finite radius effects and not by the use 00— I Vau

of the effective thickness. We have done the same calcula- M,

tions as presented in Figs. 4 and 5 for films witlranging Ly M &L

from 30 A to 1 um and find that the maximur®y,’s and v, ) Va

Pu2's resulting from the subtraction procedure are nearly R, R,

identical to their maximum values when the film is 500 A

thick, although they occur at different values@fAn alter-

nate, though in our opinion unlikely, view would be that the —

errorin th_e SUbtra_Cthn proced_ure IS_ exactly compe_nsat_ed bMG. 7. Model circuit of the experiment. The drive current is measured

the error in the thin-film effective thickness approximation. through the mutual inductdvl,. The capacito€ represents the very small
We have checked the subtraction procedure for othetapacitance between the drive and pickup coils. If eifRgror R, is not

coil geometries such as that used by Claassenl® For a small, leakage currgnt through the' ca_pacitor causes an additional voltage in

dipolar drive coil and a dipolar pickup CO"Pm1| and|PM2| the measured,, which becomes significant a4 get small.

are roughly four times larger than for the quadrupolar drive

coil and dipolar pickup coil used'in the calculation; Pre 10w T. This physically changes the bare mutual inductance,
sented above. For a 7.5 mm_radl_us film, the error is St'”MB. This problem is minimized by using very fine wire
much smqller than the uncertainty indue to uncertainty in (roughly 25 um diametey. Any remaining effect is dimin-
the film thickness. ished by the procedure in Exj10). Another advantage to
using fine wire is that more turns can be made in close prox-
VIl. EXPERIMENTAL CONSIDERATIONS imity to one another so that the current is almost a continu-
ous sheet and the normalized mutual inductance is less sen-
There are some technical details that were left out of thesjtive to any imperfections in the coil windings.
discussion in the previous section. As the sample is cooled, The mutual inductance as normalized in Ex{10)
some thermal contraction occurs and the resistaRggT), should have a phase of zero at low temperatures, wigre
of the pickup coil decreases. As the pickup coil impedances . In practice the phase is usually less than 1°. However
changes, the effective gain and phase shift of the preamplifigf the circuit is not grounded properly, capacitive coupling
used to amplifyVy, change. The gain changes by a few petween the drive and pickup coils can lead to a large spu-
percent and the phase changes by a few degrees, typicalljous phase foM. Figure 7 shows a model of the experi-
These must be compensated for. Small errors in the phase gfental circuit that includes the capacitive coupling as a
Vpu Will lead to large errors inry when o, is large. The  |ymped circuit element. The single capacit6r, effectively
accuracy ofo; just belowT¢ depends critically on how well  represents the net capacitance between the wires in the drive
the phase oV, is known. The inset of Fig. 3 shows the peak and pickup coils. If either the drive or pickup coil circuit has
in oy, for reference. a high impedance to ground, then when the mutual induc-
We introduceMg(T), the background mutual induc- tance, M, becomes small due to screening by a film the
tance, which is the mutual inductance measured with a filmmeasured value ol will be incorrect. This is because some
less substraténonconducting inserted between the cails. of the current|l 4| =|Vg]/(@My), will go to ground through
The normalized backgroundg(T)/Mg(To), is @ measure the capacitor and develop an extra voltage across the pickup
of the T dependence of the effective gain and phase shift otgjl. Even a very small leakage current can be significant
our amplifiers as well as of thermal contractions. Below 30since strong screening can redudg, by over a factor of
K, Mg(T) is nearly independent df. To correct the experi- 1000 from its value abovd@.. This additional capacitive
mental data for the temperature dependent gain and phaggjtage across the pickup coil has a component 90° out of
shift we use the following quantity instead of that given by phase from the magnetic part of the pickup voltage. Consider
Exp. (9) to determine the normalized mutual inductancetpat the phase ofy, in Eq. (1) equals zero, and,>o;. A

which is to be inverted to find ando;: small-C circuit analysis shows thaVy, ;~14wC[M;/C
Mg\, a1, T)/Mg(0,0Ty)  Mg(0,0,4K) +R;R;] and thatV,,, which without capacitive coupling
Mo (T)/Ma(To) Me(.0.4K) (100 would be zero is given approximately by
~ 2
In the experiment, the phases Mfz and Mg are zeroed at Voud =llad @ CRL,. (1D
Ty, whereT, is a fewK higher thanT.. Mg(0,0,4 K) is Measurements d¥,, were made aR; was varied, with

measured with a 15@m thick Pb foil of the same size and a thick superconducting Pb foil in place of the film, so that
shape as the film to be measurdtiz(«,0,4 K) is then mea- with R; near zeroM ;= —55 pH was very small. Note that
sured by replacing the Pb foil by a 1%0n thick glass slide. varying R, does not affect the phase of the drive current
For the measurement M, shims separate the coils so that since R; is much greater than the impedance of the coils.
Mg(Ty) is very close taM g(0,0,Ty). Figure 8 shows the out-of-phase pickup voltayg, », in-
Another temperature dependent effect is that the skircreasing linearly withlR; as predicted. From the slope of the
effect changes the current distribution within the wires of thedata in Fig. 8 we find thaC is roughly 10 pF. By using
coils as the conductivity of the wires changes, forcing theproper grounding techniques the coupling is generally within
currents to reside in a thin sheath at the surface of the wire &° of being purely inductive in the “worst case” where
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) . . - FIG. 9. Normalized mutual inductance with a 15 mm diameter, 450
FIG. 8. Data showing the out-of-phase voltage in the pickup coil is IInearthick Pb foil screen with a concentric hole cut out placed between the coils.

with the resistance between the drive coil and ground. This extra voltag
shows up because of capacitive coupling. A fit to the data combined with jhe hole cut out of the center of the Pb has radry,. The dots represent

simple model of a single capacitor bridging the drive and pickup coils yieldsgzg:r;n::;tfﬁlmresuIts, and the line is from the numerical calculation for a
a capacitanceC, of roughly 10 pF. Note that in the experimeRf is less '

than 1Q so the capacitive coupling does not affect our measurements

significantly.

the windings of the drive coil where the induced current

strong screening is provided by a thick 7.5 mm radius Pb foi/€nsity in the film is largest. The Nb films were e-beam
at 4 K. When is several times larger than the film thickness €vVaPorated onto 15 mm diameter circular Si substrates. The
capacitive coupling ceases to be an issue. mutual inductance was measured as a function of tempera-
ture for a number of films. After the initial measurement of
M(T), a hole was cut by ion milling the film through a metal
mask. The hole diameter ranged from 30 to @00. T was

Since the measurement probes a large area of the filnunaffected by the ion milling. For comparison some films
one is concerned about error due to flaws in the films arisingvere ion milled with a mask without a hole. These films
from, for example, a small scratch in the substrate that causeshowed no change iM(T). For all films in which a hole
a weak section in the film. In an effort to quantify this effect, was ion milled the mutual inductance increased. The extra
we measured the mutual inductance when circular Pb foilsnutual inductance is nearly independent of the penetration
and Nb films with holes in them were inserted into the ap-depth, which changes with, which indicates that the mea-
paratus. sured sheet inductance is simply increased by a constant ex-

First, we looked at holes centered on a 7.5 mm radiuscept nearT., where the effective skin depth of the film
150 um thick Pb foil. For this case, we could also calculateapproachesRd)2.
the mutual inductance by setting=0 for p less than the Although our modeling cannot calculate directly the ef-
radius of the hole. The coils had an experimemélal po-  fect of holes which are off center, we can get a good estimate
sition, Mg(«,0), of about 140 nH, and aero position by calculating the additional coupling through an annular
Mg(0,0) of about—55 pH with a full Pb foil. The negative ring of missing material created by sweeping the hole 360°
mutual inductance comes because the drive coil was quadraround the film, then multiplying by the ratio of the area of
polar. The experimental and calculateero positionsonly  the hole to the area of the ring.
differed by 2 pH.(We now achieve much better agreement  Figure 10 shows the measured and calculated normal-
between calculated and experimergalo positionghan in-  ized extra mutual inductance as a function of the hole area,
dicated by Fig. 4 of Ref. 5.Figure 9 shows the normalized A, for holes centered 1 mm from the center of the film. For
mutual inductance as a function of the radius of the concenholes less than 40@m in diameter the extra mutual induc-
tric hole. The mutual inductance is essentially equal to theance is nearly proportional #*2. Figure 11 shows similar
extra coupling through the hole, since the zero position is sadata except the size of the hole is fixddiameter of
small. The calculated curve agrees well with the data. Théole=580 um), and the location of the hole is varied. In both
difference can easily be accounted for by the Pb foil notcases the agreement with the calculation is excellent. Figure
being exactly concentric with the coils. The measuremeniil establishes that sensitivity to holes drops off quickly
becomes sensitive to a centered hole when its radius reachefen the hole moves away from the peak in the induced
the radius of the coils. current density.

Next, we looked at Nb films with a hole centered on the  The quality of the fits enables us to extrapolate to holes
most sensitive spot, 1 mm from center, directly underneatimuch smaller than what we have studied experimentally.

VIIl. EFFECT OF HOLES AND DEFECTS
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FIG. 10. Extra normalized mutual inductance due to the presence of a ho'EIG 12. An example of the mutual inductance using a pie shaped pickup

centered under the drive coil as a function of the hole’s area. The dOt%oil of 2 mm radius spanning 60°

The film has a 580 mm diameter hole

represent experimental data. The line comes from an approximate SOlmiOI'acated 1 mm from the center. A measurement was made with the pie
in which the extra mutual inductance was calculated using the finite radiu?)ickup coil located above the Hole and a second measurement was made

film routine, Eq.(7), with =0 in an annular ring created by sweeping the
hole around the film. This extra mutual inductance was then multiplied by
the ratio of the hole’s area to the area of the annular ring.

with the pie pickup coil rotated 180°.

a 500 A thick film with a penetration depth of 1500 A, there

Combining Eq.(6) and Exp.(9), we are led to the following
expression in the limiio,> 04, which is an excellent ap-
proximation whenk is not too large\/sinh(@/\)<<20 um.

Me(N,01=0)—Mg(0,0) a
Mg(,0) "~ Mg(%,0) sinh(d/\)
For our coils, the geometric factog/M(,0), is about

2250 m L. A hole in the film would cause the experimentally
determined\ to be larger than the actual value. The thicker

12

is a fair amount of coupling through the film. A 10@m

diameter hole located at the center of the film would increase
the measured by less than 1 A. This same hole located

directly under the drive coil would increaseby 40 A. Since

the extra mutual inductance due to holes is proportional to
A¥2 it would take 1000 10um diameter holes distributed

around the film beneath the drive coil to have the same effect
as one 10Qum diameter hole. Holes up to 6Qdm in diam-
eter introduce negligible error if they are located 3 mm or

the film is the greater the error inis for a given hole. For a further from the center of the film assuming the coils have a

known\, the error due to a hole in the film can be calculated
from the data in Figs. 10 and 11 combined with EtR). For
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FIG. 11. Extra normalized mutual inductance due to a p® diameter

1 mm radius. A 10Qum diameter hole in a 5000 A thick film
located directly under the drive coil would cause a large
error, yielding a measured value ®f=2030 A for an actual
penetration depth of 1500 A.

To test film homogeneity we use an asymmetric pickup
coil which has a pie shape with the vertex beneath the center
of the film. The coil spans 60° and has a radial length of 2
mm. For a homogeneous circular film the vector potential
will be azimuthal so the only part of the coil which will
contribute to the pickup voltage is the circular arc. The two
radial portions are perpendicular to the currents and vector
potential. Two measurements were made on one of the Nb
films with a 580um diameter hole located at 1 mm. In one
case the pie coil was located beneath the hole. For the other
measurement the pie coil was rotated 180°. The change in
signal was very dramatic. We show the two mutual induc-
tance versus temperature curves in Fig. 12. Because of the
hole, the currents are not strictly azimuthal and the radial
sections of the pickup coil are contributing to the pickup
voltage. Using the pie shaped pickup coils allows one to
detect the presence of bad spots or inhomogeneities in a film,
even if a hole is not clearly visible. If thiel (T) are the same

hole located at various distances from the center of the film. The line idOr the pickup coil in different orientations the film is

calculated and the dots are experimental.

deemed homogeneous on a macroscopic scalé gRdmay
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be accurately extracted. However if large differences infects of length scale less than 12én, accurate values of the
M(T) are detected for different orientations of the pickupfilm conductivity may be obtained even if the outer section
coil the film has gross inhomogeneities. of the film has a lot of defects.
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