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Two-dimensional arrays of Josephson junctions in a magnetic field:
A stability analysis of synchronized states
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We report the results of a Floquet analysis of two-dimensional arrays of resistively and capacitively shunted
Josephson junctions in an external transverse magnetic field. The Floquet analysis indicates stable phase
locking of the active junctions over a finite range of values of the bias current and junction capacitance, even
in the absence of an external load. This stable phase locking is robust against critical current disorder, up to at
least a*+25% rms spread in critical curren{s50163-18269)02310-3

[. INTRODUCTION assumption which is not necessarily valid in either geometry.
Early theoretical work focused on serial arrayd\biden-

One interest in linear chains of Josephson junctions, antical resistively and capacitively shunted junctiqiRCSJ’s
in two-dimensional(2D) arrays of such junctions, lies in globally coupled to a load. The so-called in-phase oscilla-
their possible use as voltage controlled oscillators in the miltions, in which the voltages across all junctions are identical,
limeter and submillimeter region. Experimental work haswere generally found to be most stable for values of the
generally focused on fabricating such arrays and demonstrabldcCumber parameteB. in the range of 6-1, and for bias
ing appreciable power outputs the microwatt to milliwatt  currents slightly above the critical current of the individual
range.~® Theoretical studies have begun to determine undejunctions. (The McCumber parameter is defined belgsy,
what conditions and for what ranges of circuit parameters>1 corresponds to highly underdamped junctighisg 1, to
coherent emission should be possible from such artdys. overdamped junctionsRemarkably, this result was found to
These arrays are also of interest as paradigms of nonline&old true whether the loads were resistive, capacitive, or in-
dynamical systems with many degrees of freeddm’ ductive loads®” More recently, several authors have con-

Of particular interest have been the so-called phasesidered so-called splay-phase oscillations in serial arrays. In
locked states of such arrays. Generally, two junctions can bsuch oscillations, the voltages across neighboring junctions
considered phase locked, or synchronized, if the differencall have the same wave form but are shifted in time by an
between the Josephson phase drops across the two juncticesmountT/N, whereT is the period. In this case, the arrays
is time independent. This condition results in identical volt-were found to have a high degree méutral stability i.e.,
ages across the two junctioHsMuch theoretical work has small perturbations to the solutions of the underlying Joseph-
focused on understanding the conditions and junction paranson equations neither grow nor decay with time. Further-
eters for which allor many of the junctions in an array are more, the number of degrees of freedom having neutral sta-
indeed stably phase locked. bility was found to depend on the load impedance as well as

In this paper, we report the results of a local stabilitythe junction capacitancé:?*
analysis, based on Floquet theory, for 2D square arrays of up 2D arrays of square plaquettes have been found to have
to 5X5 plaquettes ofinderdampedunctions in an external additional impediments to stable phase locking. Wiesenfeld,
magnetic field. We demonstrate stable phase locking in th&enz, and Bodi showed that dc-biasedverdampedarrays
absence of a load for a finite range of bias currents anevould suffer from a high degree of neutral stability. They
junction capacitances. We also show that for such bias cumlso argued thatinderdampedarrays would have the same
rents and capacitances, the synchronized state is robustoblem. The physics of this result follows from the geom-
against critical current disorder of at leas25%. etry of the array(See Fig. 1. If one assumes identical junc-

Because some experiments have demonstrated power otiiens and a bias curreng greater than the critical current,
puts of the order of microwatts or mofé;2 much theoretical only the horizontal junctions will be in the voltage state.
effort has already been expended to understand the dynami&scept for initial transients, the vertical junctions will be
of linear and 2D arrays. In linear arrays &f junctions inactive and in essence behave similar to superconducting
coupled to an impedance-matched load, it is theoreticallyshorts. This guarantees that the active junctions in a given
expected that the power delivered to the load will scaldlas column will have identical, in-phase voltages. The absence
times the power available from a single junction. Similarly, of currents in the inactive junctions, however, means that the
for a 2D array withM columns ofN junctions each, the voltages across active junctions in twdifferent columns
power delivered to a matched load should scalbl&stimes  need not be identical but can have a phase shift that will
that from a single junction.These estimates assume, how-depend on the initial values of the voltages and Josephson
ever, the existence of stable phase locking in the array—aphases across the junctions. Intriguingly, however, analytic
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Ip 1 2 3 4 current was found to stabilize phase locking in the array for
certain specific ranges of the inductance and the junction
capacitance.

All these studies have been seeking a mechanism to
Ip +y couple together different rows of junctions oriented parallel
|_ to the direction of the bias current. It is also known that the

+z desired coupling can be produced by adding an external load
to the array. Kaut? studied an array, biased vertically, con-
Ip sisting of four columns, each with two vertical junctions. The
horizontal junctions, which would not be in the voltage state
a in this geometry, were replaced by inductors, and a load
resistor was connected parallel to the direction of the bias
I ——an 1 * % current. Foridentical underdamped junctions, there existed
a range of bias currents for which phase locking was stable.

FIG. 1. Schematic of a square array witx3 plaquettes. An  In the presence of critical current disorder, two striking re-
NXN array has K+ 1)x(N+1) nodes, some of which are num- sults were found in this geometry. First, it was found that 2D
bered in the figure. The dc bias current is applied and removedyrrays could experience a larger spread of critical currents
horizontally x direction) and a constant magnetic field is applied in than linear arrays and still remain phase locked. Secondly,
the + z direction. Each junction has a resistafiea capacitanc€, when an external load was applied, it was found that the
and a critical current, ., wherej andk index the nodes on either jntercolumn coupling of junctions needed to lift the neutral
side of the junction. stability came primarily from the load itself, rather than from

any internal coupling mechanism within the array. However,
work has shown that the presence of an external magnets noted by Whaet al,'?it is not clear how the dynamics of
field can result in intercolumn coupling of the active the system are changed when the so-called inactive junctions
junctions®® are replaced by inductors.

Many workers have looked for ways to stabilize phase In this work, we report on a formal stability analysis of
locking of a 2D array in the absence of a load. Whan, Cawsquare arrays in the presence of an external magnetic field
thorne, and Lobl studiedunderdampedunctions in zero and critical current disorder. We find that phase locking in
field both with and without critical current disorder and for such arrays is inherentlgtablefor a range of bias currents
different biasing schemes. They used a simple criterion t@nd McCumber parameters. The parameter range is similar
determine which junctions in the array would be classified ao that for which serial arrays are stable in the presence of an
phase locked. Namely, they required the absolute differencénpedance load. We conjecture that the currents induced by
between the Josephson phases across two junctions to reméhe external field provide the mechanism for the stabilizing
less than a chosen value for a sufficiently long time. Theyintercolumn couplings(See Fig. 1. The remainder of the
then defined a synchronization order parameter paper is organized as follows. Section Il describes our calcu-
=limy,__.~(Ns/Nyo), whereN, is the total number of ac- lational method, including a brief description of Floguet
tive junctions in the array anl, is the number of junctions th€ory, which provides the local stability analysis of the
in the largest phase-locked cluster. They concluded that, jRhase-locked solutions. Sectlc_)n Il discusses our resu_lts, and
order to maintain a phase-locked state in the presence (?ec. IV presents our conclusions and some suggestions for
critical current disorder, the array must be biased both horifuture work.
zontally (as in Fig. 3 andvertically, i.e., all junctions in the
array must be made to enter the voltage Hite. Il. FORMALISM AND CALCULATIONAL METHOD

Wii@rlll?erl 4 Eg'glt(:ﬂjg a I;dz alr:rlélatr\?vlilay i dei(tai(iglrs'ﬁﬂzztioggd The coupled Josephson equations describing the array of
Y Y J F%'g. 1 are standard. Conservation of charge atjthenode

using what they described as a cross-type biasing. In contrasIeIdS
to the current injection scheme of Fig. 1, their scheme would’
be equivalent to having a bias current exiting the array in the
+y direction at nodes 1, 2, 3, and 4, as well as a bias current |, i+ >
exiting node 4 in thet+ x direction. No bias currents would TS
exit from nodes 8, 12, or 16. The motivation for this biasing
is to have both vertical and horizontal junctions active, e
thereby(it is hoped to produce stable phase locking. Fila- 2e dt2(¢j bw)
trella et al. also included loop inductance in their model.
Their biasing scheme was found to remove the neutral staHere ¢; is the superconducting phase at ngdandlg ; is
bility for the 2X 2 array but not for the larger>33 array. the bias current entering or leaving ngd&he argument of
Larsen and BerlZ studied a two-cell ladder array oih-  the sine function is the gauge-invariant phase difference
derdampedunctions, biasing the array along the legs of theacross the junction between nodesdk. The sum runs over
ladder. An inductor was placed along the horizontal rungall nearest neighbor nodes jtoWe allow for critical current
separating the two cells, and an additional, transverse biadisorder but assume uniform junction resistafcand junc-
current was injected into one end of the rung and extractetion capacitanceC. As usual,Ajy is the line integral of the
from the other(see the figure in Ref. 5 The transverse vector potential between nodgandk,

i d
e,k Sir‘(¢j—¢k—Ajk)+ﬁa(¢j—¢k)

d2
=0. (D)
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21 [k An array withNx N plaquettes hasN-+1)? nodes. We
Ak=g | A-dl, (2)  follow the usual convention and fix the phase on one of the
0 nodes, leaving N+1)2—1=N(N+2) coupled Josephson
whered,=hc/2e is the flux quantum. We assume a uniform equations. Because we are solving a set of coupled second-
magnetic field in ther z direction,B=BZ, and use the gauge °rder differential equations we actually have\@+2)
variables and the same number of resulting Floquet multipli-
ers. We can think physically of the multipliers as describing
the stability of the characteristic modes of the arélyleast
'BRe of these multipliers must equal one; in the language of
‘phase space, this corresponds to a perturbation tangent to the
eriodic orbit. As discussed in Ref. 18 we find the Floquet
multipliers as follows. We perturb in one direction in phase
S . . . space—that is, we start with;=1 andn,=0 (k#j). We
characteristic time for the junctions be given Uy use the Runge-Kutta algorith;n to find the valueslbthe 7,

crical uitents of the Jnctions i e aray. We hen cefineon® Period ater. ThesegN +2) quantites then consiiire
) . the jun i ray. Vb ) one column of a RI(N+2)X2N(N+2) matrix, the other
a dimensionless time, via=t/t.. The dimensionless bias

oo . . .. columns coming from perturbing the solution for different
current at nodg s 'J.=|B~J/<|°>’ and 'ghe dlmensmnl_es; crit- values ofj. The eigenvalues of the resulting matrix will be
c_al current fo'r the junction connecting nodeandk ISlejk  the Floquet multipliers of the systefi Excluding the multi-
=|°viK/<|°>'.F'na”y' the M_cCumber parameter, Wh.'Ch IS JUST i of unity, we are most interested in the remaining largest
the dimensionless capacitance of the junctions, is given b

_ 2 : ultiplier, as that tells us by what factor the longest lived
Bc=2eC(1)R°/%. In terms of these new variables, H) mode of the array decaysr grows in one period.
now takes the form

We have calculated the multipliers for arrays of 3 and
i+
(k)

A=BXxy. We can also define faustration parametefor the
array, given byf=(Ba?)/®,, wherea? is the area of a
single plaguette. We have assumed the transverse penetrat
depth,\  , is much larger than the array size so that mag
netic field induced by the screening currents may b
neglected®

It is useful to write Eq(1) in dimensionless form. Let the

d 5% 5 plaquettes for bias currents and McCumber parameters
i¢.jk SIN(b; — = Aj) + d—(d,j — by in the_ apprqximate range Ellg/1.<5 and 0.kpB.=5 re-

T spectively, in the presence of a magnetic field corresponding
to f=1/3, wheref is the frustration parameter defined above.
We now discuss the results of these calculations.

d2
+Bcﬁ(¢j_¢k)
We have solved these equations numerically using the

fourth-order Runge-Kutta method, using time steps of sizé Fjrst, we offer numerical evidence that the underdamped
A7=0.001. Typically, the code was run for a total time of gray is indeed neutrally stable in the absence of a magnetic
Tota= 300 before performing the stability analysis, which wefie|d ® Figure 2a) shows the instantaneous voltages across
now describe. . _ each of the junctions in the top row of ax3 array as a
Suppose thaihg(7) is a solution to Eq(3). We now  fynction of time. In this case, the voltage at each of the nodes
perturb the phase at nogléy a small amounty;(7), so that  as initialized to zero, and we see that the voltages across
the new phase ig;(7) = ¢o;(7) + 7;(7). Linearizing Eq(3)  the junctions are identical, as would seem to suggest stable
with respect tor; , we arrive at the following: synchronization. This behavior is misleading, however, since
if we initially randomizethe voltages at the nodes we $ae
%

=0. ©)

lIl. RESULTS

. d Fig. 2b)] that the three junctions cannot lock in phase. In
I jk COS doj — bok—Aji) (7= 1)+ - (7= ) fact, the phase shift betweev, , and V3, (for example
depends on the values of the initial voltages. Physically, this
behavior is equivalent to the fact that if the voltages were
=0. (4)  initially in phase but then were perturbed, they would settle
into some new configuration with phase shifts that are sen-
Because the coefficients of thg are periodic, with period ~Sitive to the size of the perturbation. . _
T/t. in dimensionless units, we can apply Floquet's We now consider some evidence that an applied magnetic
Theorent? which tells us that there exist solutions to £4).  field stabilizes the underdamped array. Figu@ Shows the
of the form calculated time-dependent difference between the phases
across the first and third junctions in the top row of &3
array, forf=0 andB.,=1.0. That is, we plotp, ,— ¢34as a
=uni(7), (®  function of (dimensionlesstime. At 7=60, we simply per-
turb all the phases at all the nodes of the array by the same
whereu is a (possibly complexnumber called the Floquet amount. We then watch to see if this phase difference returns
multiplier. If the perturbations decay with time, the original to the same value, on average, it had before the perturbation.
solution gy (7) is said to be linearly stable. From E&), we  In zero field, before the perturbation, the junctions had syn-
see that iff,u|>1, the perturbation grows with time. |fu| chronized in the sense that there was a roughly time-
<1, the perturbations diminish, an@|=1 is the special independent phase differengeith weak time-dependent os-
case corresponding to neutral stabiliperturbations neither cillations superimposed on that phase differeneédter the
grow nor decay. perturbation, the two junctions still synchronize, but with a

d2
+ﬂcﬁ(77j_77k)

T
T+ —

7; i
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2 ent: thef =1/3 solution is weakly stable and tlie=0 solu-
tion neutrally stablé?

Table | gives the three largest values of the Floquet mul-
tipliers for all the cases shown in Figs(a-3(c). It is im-
portant to remember that Figs(a3—3(c) represent the solu-
tion to the fully nonlinear problem, as represented by ).
while the Floquet multipliers are obtained by linearizing Eq.
(3) about the full solution. Nevertheless, as a simple check,
the Floquet multiplier can be roughly estimated from the
=1/3 results in Fig. &) and then compared with the value
quoted in Table I. Using a standard plotting routine, an ex-
ponential curve can be fitted to tHe=1/3 plot for 7>150.
The result is a fit of the form

v, /IR

""" V23 b12— paa—e 007 (6)

0 r r This form can be compared to the relationship between the
0 20 40 60 Floquet multiplier . and the corresponding Floquet expo-
(@) tite nentx

w= e()\tc)(T/tC), (7)

whereT/t is the period of the coefficients of theg in Eq.
(4). From our numerical calculations, we firidt.=3.170.
Thus we have, from Eq$6) and(7), and the definition of the
Floquet multiplier[Eq. (5)]
Mze(*0.003(3.l7()=0.994'
\ | \ / \/ i \ which agrees well with the result quoted in Table I.
| / \ \ \ It is also of interest to ask what happens in the over-
damped limit,i.e., as B.,—0, in the presence of a magnetic
v field of f=1/3. Perhaps surprisingly, we find that a magnetic
04 V"z field is not sufficient to lift the neutral stability in this case.
""" 23 Evidently, the dynamics of annderdampedrray in an ex-
34 ternal field, in which a perturbation created at one point in an
array can travel a significant distance before diminishing, is
conducive to stable synchronization. Similar behavior for
(b) e small B, was observed by Bhagavatula, Ebner, and
° Jayaprakasff who studied 2D arrays of RCSJ's subjected to
FIG. 2. Dimensionless voltage across each of the three junction@" &C €electromagnetic field and horizontal dc bias currents.
in the top row of a X3 array, plotted versus dimensionless time. They found, numerically, that in the limit of small McCum-
(@) 1g/1.=1.2, B.=1.0, f=0. All voltages were initialized to ber parameter, the horizontal rows of junctions decoupled,
zero. (b) 1g/1.=1.2, B.=1.0, f=0. All voltages were initialized with no currents in the vertical jUnCtionS. This is jUSt the
recipe for neutral stability, as discussed in Sec. I: because of
the inactive vertical junctions, two active junctions in the
different value for the phase difference. This behavior issamecolumn will have identical voltages, but two active
characteristic of neutral stability. Figuréb} shows that an junctions indifferentcolumns will have voltage waveforms
applied magnetic field changes the behavior of the phasgseparated by an arbitrary phase shift.
differences. We see that, fdr=1/3, after the perturbation Our results forB.=0, shown in Fig. 4, support this con-
the average phase difference is clearly returning to its valuelusion. The figure shows the same phase difference plotted
before the perturbation, which appears to be approximatelin Fig. 3 (with a perturbation at=60), but now graphed for
zero in this case. This simple plot indicates that the junctiong.=0, at bothf=0 and f=1/3. In both cases the phase
are stably synchronizingWe see similar behavior when difference eventually settles down to a time average that nei-
comparing other pairs of junctions. ther grows nor decays, indicative of neutral stability. For
Figure 3c) shows the same kind of plot as FiggaBand =1/3 a long run time is required before the evidence of
3(b), with the same scale on the vertical axis, but B¢  neutral stability is discernable, but this array is certainly only
=10. In this case, for both=0 andf=1/3, after the pertur- neutrally stable. The conclusion from these results is that
bation at7=60, there are rather long-lived transients thatunderdampedarrays yield stable synchronization in a non-
persists untilr~ 150, after which the long-time behavior of zero external field for a finite range of capacitances and bias
the phase differences becomes clear. Indeed; #at50, itis  currents. We now demonstrate this conclusion more compre-
evident that thé =0 andf = 1/3 behaviors are indeed differ- hensively.

vV, /LR

randomly between zero and 1.
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FIG. 3. Difference between the Josephson phase drops across two junctions in the top rowBar8y, plotted versus dimensionless
time. An identical perturbation is applied to the phase at each superconducting ntide-&0. (a) Ig/1.;=2.0, B8.=1, f=0. The shift in
the phase difference indicates neutral stability. (B)Y1.=2.0, B.=1, f=1/3. The return of the phase difference to its value before the

perturbation indicates stable synchronization. (g)/|.=2.0, B8.=10. Bothf=1/3 andf =0 are shown. The synchronization fbr 1/3 is
weakly stable; forf =0, it is neutrally stable.

The main results of this paper are contained in Figs. 5 anthe contour lines for the two plots is very similar, with the
6. These are contour plots of the largest Floquet multipliersnost stable region of the>65 array occurring fot g nearl .
as a function of the bias current and the McCumber paramand 8.~2. The stable region for the>65 array appears to
eter, for 3x3 and 5<5 arrays and = 1/3. To produce these encompass a slightly smaller portion of the plane than that
plots, u was calculated for hundreds of combinationslgf  for the 3x 3 array. This dependence of the multipliers on
and B.. The contours were then created by interpolatingarray size is similar to that observed for ladder arr3§y’§,in
between the calculated data. Looking at Fig. 5, we can thinkvhich the multipliers were found to approach unity from
of the ©=0.99 contour as roughly the boundary betweenbelow as the array size was increased. More runs on larger
stable <<0.99) and unstabley(>0.99) synchronization. square arrays would be needed, however, to determine the
Clearly, there is a substantial region of {Bg-1g parameter exact nature of the dependence of the largesh array size.
space for which synchronized solutions to the Josephson Note that we have used the same frustration parameter,
equations are stable. The most stable phase locking occufs=1/3, for both square arrays studied here. For the33
for 1z nearl, and 8.~1.25. We have calculated the multi- array, this means the array lattice contains an integer number
pliers for bias currents as low dg/l.=1.1. With smaller of (3x3) unit cells of the vortex lattice, but for the>5b
currents, the code that calculates the valueg afins for a  array does not contain an integer number of such cells. Since
very long time, since the period of the junctions grows rap-stable synchronization occurs in both cases, however, we
idly aslg—1. . conjecture that such a match is not required to produce it. As

Figure 6 shows the same contour plot for g% array. A a test of this conjecture, we have calculated the multipliers
guick comparison with Fig. 5 shows that the topography offor f=1/2 at several values df and 8. for a 3X 3 array.
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TABLE |. Three largest Floguet multipliers for an ordered 3 5.00
X 3 array, as found in four different runs with differing values@f 475
andf, always assumingg/l.=2. Note that there are a total of 30
multipliers  for a given set of values fdg /I, B., andf. One of 4.501
these always equals unity, corresponding to a perturbation in phase  4.25 -
space which is tangential to the periodic orbit. 4,00 -
lg/lc Be f M 3731
1.001591 501
2.0 1.0 0 1.001590 L 32
1.001556 = 300
2.75 4
0.9999847
2.0 1.0 i 0.938858 01 8
0.868454 2.25 1
2.00
1.000426 1751
2.0 10.0 0 1.000369
1.000368 1501
1.25 4
1.000084 0.0
2.0 10.0 i 0.992548
0.984407

FIG. 5. Contour plot of largest Floquet multiplier as a function
of bias current and junction capacitance for x 3 array, atf
=1/3 with no disorder. Thee=0.99 contour may be thought of as
representing the boundary between stahle<0.99) and unstable
(#>0.99) synchronization.

aNeutrally stable.
bStable.
‘Neutrally stable.
YWeakly stable.

We see behavior very similar to that of Fig. 5. It would be
interesting, however, to see what happens to the phase loc
ing at a smalf, or an irrational value of, for which the unit
cell would be much larger than the array size.

We have qualitatively compared our results to calcula
tions for serial arrays with a matched resistive lo#tt’ In
such a geometry, the chain of junctions can be phase lock

(In the absence of an external magnetic figftor bias cur-
rents about twice the critical current ajgid~1. Because of
the similarity to our results, we conjecture that, in the 2D
array, the vertical junction@.e., those transverse to the bias
curren} act as loads on the horizontal junctions. It is crucial
efar stability, however, to have current flowing through those

0

-1

-2

=3

-4 -

¢1,2 - ¢3,4 (rad)

-5 4

-6

-7 T

0 200

400
t/t,

600 800

vertical junctions, which we accomplish via the external
magnetic field. Not surprisingly, Kautzhas shown that one
can stabilize the 2D array in trebsenceof an external field
by adding a resistive load directly to the array. He concluded
that the transverse junctiofisductors in his cagehad little
effect in stabilizing phase locking.

Finally, we have studied the sensitivity of the multipliers
to critical current disorder in the>83 array, as shown in Fig.
7. To produce this plot, we chose valueslgf/l, and 3.
which  would exhibit stable synchronization Ig(/l
=1.25, B.,=1.0) without disorder, and then introduced a
spread in thel;'s. The actuall .'s were chosen randomly
from a Gaussian distribution of medh,) and standard de-
viation .3 Each point in Fig. 7 corresponding to a nonzero
o results from averaging over 10—15 different realizations of
the l.'s. Clearly, even for critical current spreads of 25%,
which is achievable with modern fabrication technigttes,
the synchronization remains stable, at least for the sizes con-
sidered. To obtain these points, for each disorder realization,

FIG. 4. Difference between the Josephson phase drops acro¥é calcqlateq thg oscillation period of eac_h of th_e horizontal
two junctions on the top row of a’83 array as a function of (i-€., active junctions separately, then arithmetically aver-
dimensionless timelg/1.=2.0, B.=0. Bothf=1/3 andf=0 are  aged these periods to get a single number. We then used the
shown. An identical perturbation is applied to the phase at eaciverageperiod of the junctions to calculate the Floquet mul-
superconducting node att,=60. Thisoverdampedarray is neu- tipliers. If we still obtained at least one multiplier equal to
trally stable for both values df unity,*® we would accept the array as synchronized and in-
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FIG. 7. Largest Floquet multiplier as a function of standard
0,95 deviation of critical currents in a disorderedx3 array, with
\ Ig/1.=1.25, B.=1.0, f=1/3. These parameters resulted in stable
%@3 phase locking in the uniform arrdgf. Fig. 5].
. / 089 \
1 2

3 4 tion of bias current and junction capacitance, even in the
absence of a load, with the greatest stability occurringd for
Be nearl . andB.~1—2, whereg. is the McCumber parameter.
FIG. 6. Contour plot of largest Floquet multiplier as a function No such stable solutions apparently ,eX',St formerd"flmp?d
of bias current and junction capacitance for x% array, atf _2D array(nearf.=0), nor do they exist in zero applied f'e"?'
= 1/3 with no disorder. The=0.99 contour may be thought of as IN the absence of a load. Furthermore, these synchronized
the boundary between stablg€0.99) and unstable(>0.99)  solutions are robust against moderate critical current disor-
synchronization. Note the similarity between the contour lines inder. The external magnetic field plays a crucial role in caus-
this figure and those of Fig. 5. ing current to flow through the junctions transverse to the
direction of the bias current, i.e., through the vertical junc-
cluded the resulting Floquet multiplier in the data of Fig. 7;tions in our geometry. This current couples the horizontal
otherwise, that realization of critical currents was rejected ag!nctions and lifts the neutral stability.
leading to an unsynchronized array and not included in Fig. In the future, it would be useful to study stability as the
7. We have also checked that, for each synchronized arraffustration parameter is decreased, to see if there is a smooth
the periods of the active junctions are all equal to within areturn to neutral stability ab— 0. It would also be of interest
percent or so, i.e., these arrays really are oscillating synchrdo study the effects of including loop inductance. Such in-
nously. ductances would allow the current flowing around a given
We do find, as expected, that a sufficiently large criticalplaquette to induce a magnetic flux through the sdarel
current disorder can limit the ability of the junctions to lock neighboring plaquettes, thereby possibly enhancing the sta-
frequencies. For example, we have examined the behavior &ility of synchronous solutions. Finally, a more complete
a few 3x 3 arrays witho=0.5 andf=1/3. In this case, we study of the effects of critical current disorder would be of
sometimes find that the individual active junctions oscillatevalue, especially in the regime of moderately lafgelisor-
at one oftwo different frequencies, differing by about 10%. der where not all the junctions may be locked to the same
In this case, a Floquet analysis seems premature. Clearlperiod.
additional work is desirable in order to fully understand the
effects of disorder on array synchronization at larger values
of disorder’’
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