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Simulations of Shapiro steps in Josephson junction arrays
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Abstract

This paper briefly reviews giant and fractional giant Shapiro steps in Josephson junction arrays. The effects of AC
frequency, AC amplitude, finite temperature, disorder, and self-fields due to screening currents, are briefly discussed.
A variety of numerical examples are presented for Shapiro steps in square and ladder Josephson arrays.

1. Introduction

Shapiro steps are voltage plateaus in the IV char-
acteristic of a Josephson junction in the presence of
a combined DC and AC current. The plateaus
typically occur at multiples of a fundamental volt-
age hw/(2e).

The occurrence of Shapiro steps in a single junc-
tion is most easily understood via resistively
shunted junction (RSJ) model for an overdamped
junction. In this picture, the phase difference
0 across a junction satisfies

. hos
I1=1 Sln(e) +ﬁ9 (1)

The first term is the Josephson current, while the
second is the current V//R through the shunt resist-
ance R in parallel (using the Josephson relation
V(t) = h/2e). I, is the junction critical current.

*Corresponding author.

Eq. (1) may be written

. ow
ho = ——— 2
0 (2)
where
W = —2eRI, cos(f) — 2eRI0 (3)

is the washboard potential. W has many relative
minima for I <I., which disappear for I > I..
Thus, if the phase is viewed as a “particle” in this
washboard potential, it will slide back to the rela-
tive minimum (and zero voltage) for I < I, but will
acquire a non-zero average velocity (and finite
time-averaged voltage) for I > I... Since the velocity
of the “particle” is periodic in time, this leads to an
AC voltage for DC current when I > 1.

If we now apply an AC current of the form
I =1Ipc + Izcsin(wt), the slope of washboard
potential will clearly oscillate at frequency w. This
will tend to cause the phase “particle” to lock at
a velocity <f) = 2nn(w/21) (with n an integer).
From the Josephson equation, the corresponding
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Fig. 1. Unit cell of the /= § ground state. +’s denotes a posit-
ive vortex; blanks, a negative vortex. A current [ applied uni-
formly to top edge (arrows) produces a Magnus force which
drives positive vortex lattice horizontally.

time-averaged voltage will be

nhow

ho .
Wy =5 <=5 @

This picture accounts for the occurrence of Shapiro
steps in single Josephson junctions.

2. Shapiro steps in 2D arrays

For integer giant Shapiro steps, a current
I = Ipc + Iac sinwt is injected into each end grain
on one edge of an N x N array and extracted from
the opposite edge. The experiment reveals “giant
Shapiro steps” at voltages (V) = nNhw/(2e),
where n is an integer. This result is easily under-
stood: each junction parallel to the current has
integer Shapiro step voltages which are multiples of
hw/(2e). If all the junctions are locked in phase,
each junction will be locked onto the same integer
step, leading to the observed integer giant steps.

Fractional giant Shapiro steps (fgSs’s) were first
observed by Benz et al. [1]. For an applied mag-
netic field B perpendicular to an N x N array, they
found voltage plateaus at (V') = Nhw/(2eq), where
the applied flux per plaquette is f= @/®, = p/q,
p and g being integers which are relatively prime.
Although they observed fractional steps only for
g =2 and 3, larger-order ¢’s were also reported
later.

The Benz et al. explanation for the fgSs’s pre-
sumes that the ground state of a Josephson array is
a vortex lattice. If f= p/q, the ground state is usu-
ally a g x g unit cell with vortices of “charge” p/q
and p/q — 1, such that the vortex lattice is charge-
neutral. For example, if p=1 and g =3, the
ground state is a 3 x 3 cell with 6 vortices of charge
1 and 3 of charge —3%; see Fig. 1. When a current is
applied to such a vortex lattice, parallel to an array
axis, the Magnus force drives the vortex lattice
perpendicular to the current. The moving vortex
lattice tends to lock into minima of the “egg-carton
potential” of the lattice of Josephson junctions. On
the fractional steps, the lattice travels n unit cells
per cycle of the AC field. Thus, the lattice has
a velocity naw/(2m), where a is the lattice constant.
If /= p/q, this velocity corresponds to a voltage
drop of 2n(pN/q)nhw/(2n-2e) = (p/q) nNhw/(2e)
(with n integer).

The steps can also be understood via the coupled
network of overdamped Josephson junctions:

. Vi;
Iij=I.sin(0; — 0; — Ay) + R—J + I 4(0), (5
ij
h o,
Vij zz—eeij, (6)
2n [
Ay=—| A-dx 7
i ¢0J-l ’ ( )
Zlij = Ii:exl- (8)
i

Here I,.., is the external current fed into grain i
and I,.;; is a Langevin noise current which simu-
lates the effects of temperature. Iy ;;(¢) has correla-
tion functions {I.;;(f)>. =0, and {Ip;; ()1 n
(). = (2kgT/R;j)6(t — ') 6,510, where R;; is the
shunt resistance in the ijth junction, I.;; is its criti-
cal current, and the subscript ¢ denotes an average
with respect to a canonical ensembile.

The equations can be integrated numerically,
choosing the noise voltages from a Gaussian ran-
dom distribution, to give the phases 6;(¢}) and,
hence, the time-dependent voltages [2]. If the cal-
culations are carried out with free transverse
boundary conditions, as in the experiment, one
obtains most of the steps which are observed ex-
perimentally (cf. Fig. 2). The calculations also give
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Fig. 2. (V), versus Ipc for an N x N network of overdamped
RSJs, at various transverse magnetic fields f = Ba*/®@,. In all
cases Ioc =1, and v= /21 =0.1v,. “gm” denotes golden
mean, f= (/5 — 1)/2; vo = 2¢RI./h. After Ref. [2]

additional “anomalous” half-integer steps at volt-
ages 2nNhw/(2e) in an N x N array, with n half-
integer, which occur even at f = p/q with ¢ not an
even integer. For example, such anomalous steps
are observed at f=% and %. These steps occur in
addition to those predicted by Ref. [1] and indicate
that the picture of a moving vortex lattice needs to
be supplemented.

Are Shapiro steps in arrays stable against dis-
order? Disorder (e.g. in critical currents) is inevi-
table in a realistic array; so stability against
disorder is crucial to the observation of such steps.
Lee et al. [2] carried out simulations on N x N
arrays with moderate disorder in the critical cur-
rents, and found, indeed, that the steps remain
stable against moderate disorder, although the
widths tend to be reduced. The same calculations
show that the steps are maintained in the presence
of temperature noise, up to a magnetic-field-depen-
dent temperature where the steps melt.

For a given frequency, the widths of the Shapiro
steps in an array oscillate as a function of AC
amplitude (see Fig. 3 for an illustration of this
behavior). In a single junction, the amplitude vari-
ation can be described in terms of a Bessel function
dependence [3]. In an array, such a dependence is
not exact, but can be derived approximately [4],
using the assumption that the array moves as
a periodically repeating phase pattern. The analyti-
cal predictions of their model agree well with our
numerical “experiment”.
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Fig. 3. Widths AI, of Shapiro steps in an N x N array as a func-
tion of amplitude, for fixed AC frequency v = 0.1vg, at of f=1;
After Ref. [7].
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Fig. 4. Spectral intensity Sy(w) for several harmonics of the AC
fundamental at f = %; After Ref. [7]. Full lines simply connect
calculated points. Other parameters same as in the previous
figure.

The same numerical approach can also be used
to calculate the spectral function Sy(w) for the
voltages on the steps. As shown in Fig. 4, it is
typically found that Sy consists of a series of delta
functions at harmonics of the AC frequency (occa-
sionally with anomalous subharmonics). This be-
havior is of practical importance because it is one of
the bases for “superradiant” behavior of arrays, in
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which the intensity of power emitted at certain
characteristic frequencies varies as the square of the
number of junctions involved. The delta-function
behavior is typically seen experimentally [5].

3. Shapiro steps in ladder arrays

In an effort to understand the anomalous half-
integer steps sometimes seen in square arrays, we
have also studied Shapiro steps in ladder steps.
A ladder array consists of an N x2 network of
Josephson junctions, or equivalently, an N x 1 ar-
ray of square plaquettes. Current can be injected
either parallel or perpendicular to the ladder edges.

In the parallel case [6], only integer and half-
integer giant Shapiro steps appear (KV), =
nNhw/2e with n integer or half-integer), but these
steps are typically stable over a broad range of
f (see Fig. 5). The integer steps typically have their
maximum widths at = 0, and their minimum (but
distinctly nonzero) width at f = 3. The half-integer
steps have maximum width at f=4 and (for an
ordered array) a zero width at f=0. In a long
ladder, there is usually a minimum f = 0.2 at which
the half-integer steps first appear. For a suitable
arrangement of unequal Josephson critical currents
on the rungs and edges of the ladder, half-integer
steps may appear even at zero field. The occurrence
of integer and half-integer steps over a broad field
range, and the calculated field dependence of the
widths, agree well with experiment [6].

The occurrence of half-integer steps at zero field
is well established in 2D arrays [7], where it is
usually attributed to screening magnetic fields
rather than disorder [8]. The zero-field steps in
ladders and arrays remain incompletely under-
stood.

Hwang et al. [9] have recently calculated the
behavior of Shapiro steps for perpendicular current
injection in a ladder, using periodic “ring” bound-
ary conditions. Surprisingly, at fields below a criti-
cal penetration field f¥ , there are only integer
steps satisfying (V> = hw/(2e). At higher fields,
there are “microsteps” satisfying (V> = hw/(2eN),
where N is the length of the ladder. The IV charac-
teristics corresponding to this behavior are shown
in Fig. 6 for several values of f. Apparently, vortices
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Fig. 5. Widths AI,(f) of Shapiro steps in a long (N x 2, with
N = 40) ladder array, plotted as a function of f for n = 0,% and
1 at v = 0.1v,, with current injected parallel to ladder edges, as
calculated in Ref. [6].
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Fig. 6. IV characteristic in a 40x2 array with I,c =1,
v = 0.1vy, current injected perpendicular to ladder edge, and
several values of f. After Ref. [9]. For f> 4/40, the integer
Shapiro steps are replaced by “microsteps” corresponding to
motion of individual vortices in the ladder (see inset). Curves
horizontally displaced to right by one unit.

(but not flux) are excluded below f¥ . Hence, the
ground state at these fields closely resembles the
zero-field ground state, with corresponding zero-
field steps. For f > f¥ |, individual vortices appear
in the ground state. The microsteps results from the
locking of their velocities at an integer number of
plaquettes per AC field cycle.

4. Conclusions

We have given a brief survey of Shapiro steps in
arrays of overdamped resistivity shunted junctions,
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as calculated numerically in various geometries.
The numerical results agree remarkably well with
experiment, indicating that this model is an ad-
equate description of such arrays. Some anomalous
behavior in the steps, notably the occurrence of
unexpected fractional steps at zero magnetic field,
remains incompletely explained: it is probably due
either to screening from locally induced magnetic
fields, or to unusual many-junction patterns in
large networks.
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