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Magnetization Jump in a Model for Flux Lattice Melting at Low Magnetic Fields
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(Received 31 March 1997)

Using a frustratedXY model on a lattice with open-boundary conditions, we numerically study
the magnetization change near a flux lattice melting transition at low fields. In both two and thre
dimensions, we find that the melting transition is followed at a higher temperature by the onset
large dissipation associated with the zero-fieldXY transition. It is characterized by the proliferation
of vortex-antivortex pairs (in 2D) or vortex loops (in 3D). At the upper transition, there is a
sharp increase in magnetization, in qualitative agreement with recent local Hall probe experimen
[S0031-9007(97)03418-2]
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Among the most debated aspects of high-Tc supercon-
ductors is the nature of the superconducting transition i
magnetic field. It is widely believed that, in the presence
disorder, the transition may fall into the universality clas
of a vortex glass [1] or a Bose glass [2]. In addition, di
order may produce an entirely new transition characteriz
by the disappearance of the Bragg peaks of the Abrikos
lattice above a certain magnetic field [3]. But even
the absence of disorder, the phase transition is not fu
understood. At high applied fieldsH parallel toc, sev-
eral numerical studies strongly suggest that there is afirst-
order phase transition with a finite latent heat [4–6] and
corresponding magnetization discontinuity [5]. At lowe
magnetic fields, the evidence is more ambiguous. At su
fields, the thermodynamics of the field-induced vortic
should be strongly influenced by fluctuations of the zer
field XY degrees of freedom, which are far more numero
than thefield-inducedvortex degrees of freedom [7].

Experimental evidence for a first-order transitio
with a magnetization jump has been reported for bo
Bi2Sr2CaCu2O81d [8] and YBa2Cu3O72d [9]. These
measurements show that the transition is accompan
by an increase in vortex number density, suggesting
melting analogous to that of water.

In this paper, we present model calculations of th
superconducting-normal (S-N) transition in both two and
three dimensions (2D and 3D) in the absence of disord
Our results strongly suggest that, in both cases, theS-N
transitionat low Boccurs intwo distinct stages. The first
is the melting of the vortex lattice atTm, and is character-
ized by the disappearance of the Bragg peaks associ
with solid order. The second stage is driven by theXY
degrees of freedom, and occurs at temperatures aboveTm.
That zero-fieldXY transition is accompanied by the un
binding of vortex-antivortex pairs (in 2D) or proliferation
of vortex loops (in 3D) [10]. In either case, these exc
tations screen the repulsive interactions between the fie
induced vortices or vortex lines [11]. Consequently, th
density of field-induced vortices becomes larger, leadi
to an increase in the absolute magnetization as obser
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a
f

s
-
d

ov

ly

a

ch
s
-
s

h

ed

e

r.

ted

-
ld-
e
g
ed

experimentally. In 3D, this screening is accompanied
the vanishing ofgzz , the z component of the helicity
modulus, which measures the rigidity of the phase degre
of freedom in thec direction [12]. Since this occurs at a
sharp temperature, the second stage could be a true p
transition in 3D.

Our calculations are based on the widely studie
frustratedXY model on a stacked triangular lattice [4]
This model has the HamiltonianH ­ 2

P
kijl J 3

cossui 2 uj 2 Aijd, whereui is the phase of the super-
conducting order parameter at sitei, J is the isotropic
coupling energy between nearest-neighbor sites, a
Aij ­ s2pyf0d

Rj
i A ? dl accounts for any applied mag-

netic fieldB through a vector potentialA. The choice of
a triangular grid minimizes the periodic vortex pinnin
potential which is an artifact of any discrete lattice [13
We evaluate the equilibrium and dynamical propertie
of H using, respectively, a standard Monte Carlo (MC
procedure [14], and solving the coupled Josephson eq
tions with Langevin dynamics [15]. For each plaquet
p, we determine a vorticity vectornaspd sa ­ x, y, zd
from

P
p modfui 2 uj 2 Aij , 2pg ­ 2pfnaspd 2 fpg.

Here the summation runs along the bondshi, jj belonging
to the plaquette labeledp, andfp ;

P
p Aijys2pd.

Previous calculations [4] have established that there i
first-orderphase transition at high fields in thec direction
( f ; fyf0 ­ 1y6, where f is the flux per triangular
plaquette andf0 ­ hcy2e). At low fields s f ­ 1y25d
on a simple cubic lattice [14], there is an apparent doub
transition: The first stage is a melting transition, followe
at higher temperatures by a loss of phase cohere
parallel to thec axis (as measured bygzz). By contrast,
Jaglaet al. found that, forf ­ 1y6, the transitions are
separate only in the presence of quenched disorder [16

We first show that a similar double transition occur
in the stacked triangular lattice. Figure 1 showsgzzsT d,
thec-axisresistanceRcsTd, and the first-order Bragg peak
intensity IsG1, T d (inset) as a function of temperatureT
for f ­ 1y24. G1 is taken as one of the six equiva
lent shortest reciprocal lattice vectors in thea-b plane.
© 1997 The American Physical Society 4629
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FIG. 1. Helicity modulus gzz (filled circles) and c axis
resistanceRc (open circles) in units of1yt0, where t0 ­
h̄ys2eJRd. The error bars forRc show the standard deviation
when the averaging interval was varied from200t0 to 600t0
in steps of 10t0. The inset shows the integrated first-ord
Bragg intensityIsG1d of the field-induced vortices, forf ­
1y24. Error bars represent rms deviation over seven differ
configurations 7000 MC steps apart. Lines are guides
the eyes.

We use periodic boundary conditions in all three d
rections and a lattice which is a parallelepiped of s
24 3 24 3 24, i.e., 48 vortex lines. Clearly,IsG1d and
gzz go to zero atquite different temperatures, sugges
ing a double transition. The lower temperature, deno
Tm , 1.55J, corresponds to the loss of solidlike structur
order. The upper transition occurs atT, , 2.0J. The be-
havior Tm , T , T, is characterized by logarithmically
slow relaxation ofgzz to its nonzero equilibrium values
over s5 10d 3 105 MC sweeps. The small high-T tail
of gzz depends on sample thickness, and the data sh
in the figure represent asymptotic behavior up toNz ­
48. Starting from typical equilibrium configurations thu
obtained, we carried out dynamical calculations with
the resistively shunted Josephson junction model [15,1
Using periodic boundary conditions, we injected a u
form current (0.083Ic per grain) through the lowermos
x-y plane and extracted through thex-y plane in the
middle of the sample, effectively creating a periodic p
tern of alternating current flow along thez axis. The re-
sulting dissipationRc is sensitive mainly to the presenc
of net transverse vorticityand its fluctuations. We also
calculatedRab , analogous to the in-plane resistivity, aga
using a similar periodic arrangement. This exerts ashear-
ing force on two halves of the lattice and probes direc
the shear rigidity of the lattice on length scales of o
simulation box. The qualitative behavior ofRab is very
similar toRc, i.e., it displays a sharp increase atT, [17].

Figure 2 shows the top-to-bottom vorticity densit
density correlation function gtbsx, yd , knzsx, y, z ­
Nzy2dnzs0, 0, 0dl as a function ofT for f ­ 1y24. Note
the periodic lattice of peaks atTyJ ­ 1.5, the presence of
only a strong central peak atTyJ ­ 1.8, and the absence
of peaks atTyJ ­ 2.2. The strong central peak sugges
4630
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FIG. 2. Top-to-bottomvortex density-density correlation func-
tion gtbsx, yd for TyJ ­ 1.5, 1.8, and 2.2 in a 24 3 24 3
24 system withf ­ 1y24. Tm , 1.55J and T, , 2.0J. The
lower panel shows typical vortex configurations.

that atTyJ ­ 1.8 the vortex lattice has melted into aline
liquid with a finite line correlation length along the field
direction. This separation between the melting andgzz

transition is alow-field phenomenon: Atf ­ 1y6, the
IsG1d and gzz vanish atnearly the sameT within our
resolution.

To probe the vortex density change associated with th
transitions, we must abandon periodic boundary cond
tions because these enforce a fixed density in the syste
whose value is dictated by the applied field. We therefo
adoptfree transverseboundary conditions [18], while still
maintaining periodic boundary conditions in thez direc-
tion. This procedure allows the outermost surface of th
vortex ensemble to have a variable position.

We first discuss our results in 2D, consideringf ­
1y24 on a triangular grid of different sizes withN ­
26, 52, 78, and 100. One might think of taking the
“magnetization” Mz as the average net vortex density
n ;

R
nzsrddryA, wherenzsrd is the local vortex density

andA is the total area. However,Mz defined in this way
suffers from spurious boundary effects, arising from th
depletion of vortices near the boundaries in the lattic
phase. This surface effect [19] vanishes for large sampl
as1y

p
A. Instead, we look at thelocal Voronoi cell area

Ai, i.e., the area of the generalized Wigner-Seitz ce
for vortex i [6]. A local vortex density at a pointR
in the simulation box may then be defined asnsRd ­P

i dsR [ AidyAi , where dsR [ Aid gives 1 if the
point R lies in the Voronoi cell associated with vortexi.
Next, the local magnetizationMz which we equate with
the bulk average densityknl is calculated fromknl ­P

ri[C
1

Ai
as the average of the inverse Voronoi are

for vortices lying within a measurement areaC suitably
distant from the sample boundary.

For T $ 0.5J, there are, besides the field-induced
vortices, numerous thermally induced vortex-antivorte
dipole pairs, which must be eliminated before this pro
cedure is applied. To do this, we pair each antivorte
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with the nearest vortex, and remove them from the cou
Since most such dipole pairs are much smaller th
1y

p
knl, this criterion is justified.

For f ­ 1y24 the 2D melting transition occurs nea
T2D

m ­ 0.09J, as determined by the vanishing of th
Bragg peakIsG1d. The zero-fieldXY (i.e., in 2D, the
Kosterlitz-Thouless) transition occurs at aboutT0

KT ­
1.6J. Superconductivity in 2D is destroyed atT 2D

m .
As shown in Fig. 3,knlyn0 (where n0 ;

p
3 fy4 is the

nominal density) displays a sizable increase acrossT0
KT.

This increase is independent of system size (chec
up to 100 3 100 grains). As further evidence that th
boundaries are not producing this increase, we note
we obtain the same results forknl for different choices of
measurement areas,C1 andC2.

The upper panel of Fig. 3 shows that the local dens
fluctuates progressively more asT increases: NearTm,
the rms width of the local bond length fluctuation is abo
0.15, a value close to the Lindemann number. The incre
in density at high temperatures arises mainly from
increase in the frequency of short bonds, which oc
throughout the sampleas is clear from the panel. W
have also observed atTm a sharp jump in the densit
of topological lattice defects, such as disclinations. I
these defects are predominantly of a particular type suc
lattice vacancies, we would expect a corresponding ju
in vortex density. However, we do not observe a siza
increase inMz at Tm within our resolution of about 2%.

As the vortex liquid is further heated, the vortex dens
increasesto a value well above that of the solid. Th
increase is due to the excitation of vortex-antivortex pa

FIG. 3. Upper panel: local density distributionnsRd, plotted
as a function of distanceR from the center of the plane
for TyJ ­ 0.08, 1.05, and 2.05. Lower panel: normalized
bulk vortex density vsT for three different sample sizes a
f ­ 1y24. Right panel: results of Delaunay triangulation f
field-inducedvortices atTyJ ­ 1.05. For the results in the left
panel, averages were taken over vortices within two differ
bounded areas,C1 andC2.
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characteristic of thef ­ 0 Kosterlitz-Thouless transition.
The excited pairs screen the repulsion between the fie
induced vortices, lowering the effective chemical potent
for field-induced vortices and making the system mo
compressible.

Figure 4 shows the corresponding behavior in 3D,
f ­ 1y24 and1y6. Once againnyn0 , 1 below the zero-
field 3D XY transition atTXY , increasing markedly near
TyJ , 2.0 for f ­ 1y24 and near1.15J for f ­ 1y6.
Forf ­ 1y6, this increase occurs over a temperature ran
nT , 0.05J, just at the first-order phase transition, whe
both lattice order and phase coherence parallel to
field are destroyed (Tm , T, for f ­ 1y6). The relative
change in vortex density,dnyn0, is less than 7% forf ­
1y6. The entropy as calculated from

RT CyTdT displays
a corresponding jumpnS , 0.11kB per grain (or0.3kB

per vortex) as shown in the upper panel.
For f ­ 1y24, the change innyn0 is spread over a

wider temperature rangesnT , 0.7Jd, and the midpoint
of the increase innyn0 falls at T,. The overall field
changedByB , 15%. The entropy does not show a
recognizable jump nearTm. For this open-boundary
system,Tm , 1.35J, about10% below the valueTm ,
1.55J found with periodic boundary conditions. A
f ­ 1y6, the two transitions are indistinguishably clos
and any possible change associated with melting
overshadowed by the largerincreasein n due to screening
by vortex loops atT, for this dense system. Thus, forf ­
1y24, there is a phase betweenTm andT, with no lattice
order, but yet with a diamagnetic moment almost as lar
as in the vortex lattice phase. At high temperatures,
vortex density rises substantiallyabovethe solid phase.

This overall increase inMz is consistent with experi-
ments, but the rise is associated not with the melting its
but rather with the disappearance of phase coherenc
the z direction sgzz ! 0d, which is also accompanied by
dramatic changes in the transport coefficients,Rc andRab .
In 3D, this increase is associated with the proliferation

FIG. 4. Entropy S (upper panel) and normalized vortex
density (lower panel) forf ­ 1y24 and 1y6 in 24 3 24 3
12 system with open-boundary conditions. The error ba
denote the rms deviations from layer to layer.
4631
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vortex loops caused by the 3DXY fluctuations. The loops
screen the repulsion between vortex lines, allowing the
to come closer together and the net vortex density to
crease. In 3D, the screening also encourages collision
fusion of field-induced vortex lines [20], causing them t
lose the longitudinal phase coherence atT,.

The rise inMz for f ­ 1y24 in our model would ac-
tually occur over a very narrow temperature range in t
real superconductor. This is becauseJ in YBa2Cu3O72d

is strongly temperature dependent nearTc with J ~
df

2
0

16p3lsTd2 . Using the simple mean-field form for the
temperature dependence oflsT d and material parame-
ters for YBa2Cu3O72d, we estimatenT ; fT, 2 Tmg ,

150 mK for f ­ 1y24, andnT , 10 mK for f ­ 1y6.
Thus the rise inMz, in fact, could occur over a very
narrow temperature range in high-Tc materials, in good
agreement with experiments [8,9].

Finally, we consider whether the upper transition in 3
might be a true, second phase transition, and not jus
crossover. Numerically, there are several results sugg
ing a separate phase transition atT,. First, gzz ! 0 at
T, . Tm [14,17,21], and dissipation is due to extensiv
flux line cutting sets which are both parallel and perpe
dicular to the field atT, . Tm [17]. An analysis of vortex
configurations also reveals thatinfiniteclusters of colliding
vortex lines and loops first appear atT, [17], reminiscent of
a percolation transition. Recent numerical simulations u
ing the London vortex loop model suggest a similar pha
transition, separate from the melting transition [22,23].

Tešanovićhas considered the low-field regime of th
mixed state [7]. By a singular gauge transformatio
introducing fictitious antivortices, the original problem i
transformed into one in which the new-order parame
experiences no applied field but a fluctuating gauge fie
The XY -type transition of this new-order parameter (th
so-called “F transition”) is a possible candidate for th
transition atT, for f # 1y24. We emphasize that an
increase inMz at T, results from the onset of screenin
by the background vortex loop plasma. It appears th
a similar transition between a superfluid and metal
state exists in 2D quantum bosons interacting with stro
transverse gauge fluctuations [23,24].

In conclusion, we have calculated the change in mag
tization and other properties of the flux lattice in a mod
high-Tc superconductor near and above the melting tran
tion at relatively low fields[25]. The transition proceeds
in two stages, a lower melting transition being followe
by a broader transition or crossover associated with
proliferation of vortex loops in 3D, or vortex-antivortex
pairs in 2D [26]. The magnetization increases sharply
this second stage, in good agreement with recent exp
mental data.

This work was supported by DOE Grant No. DE-FG02
90 ER45427 through the MISCON, and by NSF Gra
No. DMR94-02131.
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