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Anomalous relaxation in the XY gauge glass
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To study relaxation dynamics of the two-dimensioXd gauge glass, we integrate directly the equations of
motion and investigate the energy function. As usual, it decays exponentially at high temperatures; at low but
nonzero temperatures, it is found to exhibit an algebraic relaxation. We compute the relaxatianasre
function of the temperatur@ and find that the rapid increase efat low temperatures is well described by
T~(T—Tg)’b with T4=0.22+0.02 andb=0.76+0.05, which strongly suggests a finite-temperature glass
transition. The decay of vorticity is also examined and explained in terms of a simple heuristic model, which
attributes the fast relaxation at high temperatures to annihilation of unpinned vortices.
[S0163-182607)00334-2

Recently, dynamics of the physical systems which have In this work, we study dynamics of the 2RY gauge
many metastable states has drawn much intéfésh gen-  glass in the absence of an external current and investigate the
eral, such systems show very slow relaxation at low tempergsossible glass order at finite temperatures. For this purpose,
tures, where energy barriers separating metastable states avé consider an array of resistively shunted Josephson junc-
sufficiently high compared with the thermal energy. Thé  tions with random magnetic bond angles, whose equations of
gauge glass, which has attracted much attention in relation t&\otion are derived from the current conservation condition
the vortex-glass phase of strongly disordered@t €ach node. Via numerical integration, we compute the en-
superconductordjs a well-known example of the strongly €rgy function and the vorticity function, and find, as ex-
disordered system with a complex energy landscape. SuchRgcted that both quantities decay exponentially at high tem-

gauge-glass model is of particular interest in two dimensiongPeratures. In contrast, at low temperatures they are found to

with regard to the possible glass order at finite temperature?Xh'b't algebraic relaxation: Such striking difference in the

Although it is known that the two-dimension&2D) XY decay behaviors according to the temperafustrongly sug-

model with random bond angles does not display a finite_gests a dynamical glass transition at a finite temperaftyre

. o . The behavior of the energy function allows us to estimate the
tempera_ture Koste_rlltz-ThouIes$K'|") transition in the relaxation time 7, giving the temperature dependence
strong-disorder regime corresponding to the gauge ﬁlass,rw T-T)™® with T,=0.22:002 and b=0.76
th(_are has been controversy_as to the vglue of the glass traf-o o5 V\g/hereas- is appagrently independent of the system
sition temperatur& g : Numerical calculations of the current- ;o 4t sufficiently high temperaturd$T,), it increases
voltage (V) chara}cteristicﬁs have suggested a zero- strikingly with the system size ag approgcheﬁ'g, mani-
temperature transition. However, the temperature ranggssting its divergent behavior at=T, in the thermodynamic
probed in Ref. 6 is not sufficient in view of Ref. 7, where the |imit. we also present a simple heuristic model to explain the
IV characteristics appear to indicate a glass transition ajecay of the vorticity function, and argue that unpinned vor-
lower temperaturd ;=~0.15. Further, the analytical result of tices play an important role in the relaxation behavior.
the vanishing glass-order parameter at finite temperdtures We begin with anLxL square array of resistively
does not exclude the possibility of an algebrgiassorder,  shunted Josephson junctions with periodic boundary condi-
characterized by the algebraic decay of ¢ghesscorrelation  tions in both directions. The net current from graito grain
function (see Ref. 9 for the definitign This is the counter- | is written as the sum of the Josephson current, the normal
part of the usual algebraic ord@nd the associated KT tran- current, and the thermal noise current:
sition) in the 2D pureXY model, where the Mermin-Wagner
theorem® does not forbid the existence of such a quasi-long-
range order, i.e., the algebraic decay of the spin-spin corre- , ij
lation function. Recently, a similar point has been made on lij=1csin(éi — ¢ — Ajj) + ﬁ"'rij ' @
the nature of two-dimensional disordered lattié@herefore,
we believe that the question on the finite-temperature glass
transition is not completely settled. Indeed the possibility ofwhere ¢; is the phase of the superconducting order param-
algebraic glass order at low temperatures has been suggesei@r at grain, I is the critical current of the junctiony/;; is
in Ref. 12, where it has also been shown that the numericdhe potential difference across the junction, a@Rdis the
calculation of the defect-wall enerfiydoes not rule out the shunt resistance. The thermal noise curéptat tempera-
existence of an algebraic glass order at finite temperaturesture T is assumed to satisfy
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(Iij(t+ 1) L(t))=
where () denotes the ensemble average. To describe the
gauge-glass model, the magnetic bond ani¢'s are taken
to be quenched random variables distributed uniformly in the
interval (— 7, 7]. The potential is related to the phase via the
Josephson relatiord(¢; — ¢;)/dt=2eV,; /. This, together
with the current conservation at each site, allows us to write
Eq. (1) in the form of a set oN(=L?) coupled equations:

L [d _
2 | gi( g Fsinei= = Ay =0, ()

)7/ —

where the summation is over the nearest neighboiisawfd
we have introduced the dimensionless parameter

=( ﬁ|c )llzhzi A

Ti=\ 2ekgT) T, g @
and rescaled timé in units of #/(2eRl;). It is of interest
here to note that Eq3) describes théntrinsic dynamics of
the system, based on the current conservation rule. This is in t
contrast to existing studies of dynamical behaviors, where
phenomenological Langevin relaxational dynamics or

FIG. 1. Relaxation of the energy function at temperatues

Glauber dynamics has been adopted, starting from the equj-_

librium Hamiltonian!~3

0.1 and(b) T=0.6. The system size is ¥616 and the data have
been averaged over more thar® Eamples with different disorder

To study dynamical behaviors, we integrate directly the qnsigurations and initial conditions, and error bars correspond to

equations of motion, given by E3) with L=8, 12, 16, and

two standard deviations. I@) the solid line represents the algebraic

24. In particular, we use random initial conditions with the gecayE(t) — E2~t 3 with E®%= —0.767, while the solid line in

time stepAt=0.05, and compute the energy functiiiit),
the autocorrelation functio@(t), and the vorticity function

v(t):

(b) corresponds té&(t) — E*%~exp(—t/19) with E®%=0.593. As the
temperature is decreased, the decay behavior changes from the ex-
ponential to the algebraic.

hlJ2ekg) of a 16X 16 array at temperaturéa) T=0.1 and

1
E(t)zﬁ<2cos{¢i<t>—¢j<t>—Aij]>, (5)

1o
C(t)E< ‘ NZ el[#i()-¢i(0)]

1
u(t)zﬁgp 2 "Lhit) = i) - Ayl

defined to satisfifE(0)=1 andE(t—=)=0. Since a system
e\‘yith a complicated free-energy landscape in general pos-
sesses various scales of the relaxation tifnee write the
,gnergy function in the forAd-1°

2> which corresponds to 21 time steps. In particular Fig.
nential relaxatiorE(t) — E€%~exp(-t/19) in Fig. 1b). This
wheres; ;, is the summation over nearest-neighboring pairs{€mperaturelq lower than 0.6. To determing,; more pre-
counter-clockwise direction over the bonds surrounding ~ E(t)—E®*
sensitive to the disorder configuration, one realizatiodpf
the vorticity functionv(t) in Eq. (7) measures the average
vortices. In the limitt—o, we expectE(t) anduv(t) should Et)= fwdT,P(T/)e—t/T', )
0

of the temperaturésee below. whereP(7') describes the distribution of the relaxation time.

an (b) T=0.6. At T=0.1 it is observed thaE(t) does not
achieve its equilibrium value within the time rante 10°,
(6) 1(a) shows that fort=200 E(t) fits well with the algebraic
decayE(t) — E®%~t~ %30 which is in contrast with the expo-
>, (7) qualitative change in the relaxation behavior may suggest a
finite-temperature glass-transition with the glass-transition
() denotes the average over both the initial conditions an&iSely, we investigate the normalized energy function
disorder configurations. The summatia® is taken in the
plaquettep, and the phase differeneg — ¢; — A;; is defined E(D)= —E(t= 0)— E¢ ®
modulo 2. Since the numerical results are found to be in-
is used in most cases. The autocorrelation function in(&q.
measures the time correlation of the glass order paramet
chirality on each plaquette regardless of the sign, and is e
pected to be proportional to the average number density of
approach the equilibrium valu&s*™® andv 9 respectively, at
a given temperatur€, while C(t) approaches N regardless
We first summarize the relaxation behavior of the energyThis gives the average relaxation timas the integral of the
function E(t). Figure 1 shows the decay &f(t) (in units of  energy function:
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FIG. 2. Relaxation timer versus the temperatuie— Ty in the _
log-log scale for system sized =12, 16, and 24 with FIG. 3. Relaxation of the normalized energy functirat tem-

T4=0.22+0.02. Whereags is independent of. at high tempera-  peraturéT=0.6. Itis evident thaE(t) is independent of the system
tures, it strongly depends dn as the temperature is lowered. The size. Typical errors are quite small, of the order of 10
rapid increase of fits well with the form (T—T,) %% which is

represented by the solid line. InsetversusT in the log-log scale. . )
The dotted line is the result of the least-squares fit to the forerIa'[Ion length £(T) for the 2D XY gauge-glass model

T~°¢, displaying the incompatibility with the zero-temperature glassShOWed that_g(T) diverges atTg_ 0.22+ 0'_01' \_NhIC_h IS
transition. consistent with the value obtained dynamically in this work.

Here the divergent behavior of the correlation length can be
o o manifested by characteristic finite-size effects in the numeri-
TEJ' dr'P(7") 7’ =f dt'E(t). (10 cal study performed on a system of finite size: Suppose that
0 0 the correlation lengti¢ diverges aiT like é~(T—Tg) "
with the appropriate exponemt In the high-temperature re-
gime, the system size is in general much larger thef and

The obtained behavior af is shown in Fig. 2 for various g . . ;
the system is expected not to display appreciable size depen-

sizesL=12, 16, and 24° It is evident that at high tempera- _
tures (T=0.5), 7 is independent of. within error bars. At dence. Neay, on the other hand, we haw=L, which

low temperatures, on the other hamdncreases with.. This ~ 1€@ds 1o strong finite-size effects. .
increase becomes more pronounced as the temperature is 10 €xamine such behavior, we compute the normalized
lowered, suggesting divergent behaviorofn the thermo- energy functiorE(t) at T=0.6 and aff =0.25 and show the
dynamic limit asT approached ;=~0.22 from above. Such a results in Figs. 3 and 4, respectively. At high temperatures

rapid increase of the average relaxation timd as lowered  (T=0.6) Fig. 3 shows that the decay B{t) does not de-

is very well described by the form pend on the system size. In contrast, at low temperatures
(T=0.25) the relaxation becomes slower as the size is in-
creased, as displayed in Fig. 4. This size dependence be-
comes more distinct as the temperature approaches
T,~0.22" These different size-dependent behaviors of

with the glass-transition temperatufg=0.22+0.02 and the E(t) according to the temperature are certainly consistent
exponentb=0.76+0.05, which is represented by the solid with the divergence of the correlation length B§~0.22,
line in Fig. 2. The dotted line in Fig. 2 is the result of the bestwhich indeed supports that both the correlation length in
fit to the form 7~T7¢, i.e., with T,=0: It suggests that the equilibrium and the average relaxation time in dynamics di-
behavior ofr is incompatible with the zero-temperature glassverge at thesametransition temperaturé ;=~0.22. This es-
transition. timation is somewhat higher than the vallig~0.15 esti-
This method of estimating the transition temperature frommated from thdV characteristicé.The very slow relaxation
the average relaxation time has been used in the study of tha low temperatures makes it difficult to reach the stationary
three-dimensional Ising spin-glass mofelvhere both the state in numerical simulations, and presumably causes the
correlation length in equilibrium and the average relaxationdiscrepancy in determiningy .
time in dynamics have been shown to diverge at shme We next investigate the autocorrelation function defined
transition temperature. Indeed a very recent study of the coin Eq. (6), which can be cast in the form:

T~(T—=Ty) P (11
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FIG. 4. Relaxation of the normalized energy functBrat tem-
peratureT =0.25 for sizega) L=8, (b) L=12, and(c) L=16. As
the system size is increased, the relaxation becomes slower.

1
C<t>=<@2j coi¢ij(t>—¢ij<0>]>
1 1
=N+m<§; [cospij(t)cos;; (0)
+sin¢ij(t)sin¢i;(0)]>, (12

with ¢;(t)=¢i(t) — ¢;(t). At t=0, we have the autocorre-
lation function C(t=0)=1/N+(1/N?>)N(N—1)=1. For
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FIG. 5. Relaxation of the autocorrelation functi@xt) at tem-
peraturesT=0.1 and 0.6 for 1&16 array (N=256). Since
C(t)—1/N ast—o, C(t)—1/N is plotted as a function of time

t—oo, we expect that;;(t) and ¢;;(0) become independent
of each other:

(cospj(t)cospi;(0))—(cosp;;(t))(cosp;;(0)), (13

which, combined with(cos#;(0))=0 upon averaging over
initial configurations, reveals th&t(t—«)=1/N at any tem-
perature. The autocorrelation function obtained numerically
at temperature3=0.1 and 0.6 is plotted in Fig. 5, which
shows that approach dE(t) to the asymptotic value for
T<Tg is qualitatively different from that fol >T,.

We finally study the decay of the vorticity function
v(t), and propose a heuristic model to understand the nature
of the transition in terms of annihilation of vortices and an-
tivortices. The vortices present in the system may be classi-
fied into three types with regard to their origins: quenched
vortices induced by the random bond andigpe |), ther-
mally generated vorticegype Il), and vortices introduced by
the random initial conditiongtype lll). It is plausible to as-
sume that the numbers of vortices and antivortices are equal
for each type. Since vortices of type Il annihilate as time
goes on, only vortices of types | and Il exist in equilibrium;
thermal vortices(of type Il) exist at nonzero temperatures
(T>0)2 It is further assumed that vortices of type Il anni-
hilate with antivortices of the same type wmnpinnedantivor-
tices of types | and Il. Since a vortex and an antivortex
attract each other, and annihilate when they meet, we sup-
pose that a vortex-antivortex pair with the size., the dis-
tance between the vortex and the antivoytsmaller than

annihilates after time . To obtain the transient behavior of
the vorticity function, we consider a vortex configuration
consisting ofn antivortices of type Ill andhy unpinned an-
tivortices of types | and Il. The average distarcbetween
the randomly positioned antivortices is given by
a~S/m(n+ng), whereS is the total area. We now con-
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sider a single vortex of type Il added at a random position.

The probability P of the distance between this additional 1.70
vortex and the nearest antivortex being smaller tharay be
written asP~ 7l%/a~ (m?12/S)(n+ngy), which leads to the
decay rate fon vortices of type Il v(t) 1.60
dn w22
e~ 1.68
T 05 n(n+ngp). (14

Note here thah, has been assumed to take its equilibrium
value and the fluctuations of, have been neglected. Thus
Eq. (14) is valid for t greater than the “equilibration” time
to of ny beyond whichng(t) reaches its equilibrium value
ng. It is straightforward to obtain the solution of E(L4):
n(t)=(ny/2) [cothit+c,) —1], where c;=nym?l%/2t S
andc,=(1/2)IN1+ng/n(t)]—c,t. The decrease of the vor-
tices of type Il results in the relaxation of the vorticity func-
tion. Thereforen is proportional tov —v®9 and the vorticity
function is expected to exhibit the behavior

v(t)—v®%~[cothc t+c,)—1], (15

again fort is larger thart,,.

We compute numerically the vorticity function, and ex-
hibit the results in Fig. 6 foa) T=0.1 and(b) T=0.6. At FIG. 6. Relaxation of the vorticity function at temperatutas
high temperaturesl(=0.6), Fig. b) shows that the numeri- T=0.1 and(b) T=0.6. The system size and other conditions are the
cal data indeed fit very well with Eq15) with ¢;~0.035 same as those in Fig. 1. Ifa) the solid line represents
andc,~0.087, even for rather smalil(=1). On the other v(t)—1.678-t~%*, while the solid line in(b) corresponds to
hand, at low temperatures, the equilibration titgegrows v (t) —1.702-coth(0.035+0.087)-1 [see Eq(15)]. Note the dif-
large and is expected to be larger than the observationttime ference in the vertical scale.
thus making Eq9.14) and(15) invalid. In this case the decay
of the vorticity function is described by an algebraic functionhas also been shown to relax very slowly. The relaxation
rather than Eq(15). In Fig. 6a), the vorticity function at  time 7 has been computed and shown to follow
T=0.1is shown to be well described by the algebraic func-TN(T_Tg)—o.m with T,=0.22+0.02. Such divergence of
tion v (t) —v®~t 041 We have also measured the averagehe relaxation time in turn implies the divergence of the cor-
relaxation timer,,, of the normalized vorticity function, de-  q|ation length, or slowly(e.g., algebraicallydecaying spa-
fined similarly to Eq.(8),_ and f(_)u_nd that it is also divergent tial correlations'? Finally, the relaxation of the vorticity
nearT,, again supporting a finite-temperature glass ransit nction has been shown to be closely related to diffusion of

tion. : .
. . . npinned vortices.
In summary, we have investigated dynamics of a two-u pinned vortices
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