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We study the vortex number noiSe(w) and fluctuation conductivity (w) in two-dimensional Josephson-
junction arrays at three different applied magnetic fields, corresponding to zero, one-haﬁ;, ahd flux
guantum per plaquettef €0, % and 2—14). S, and o, are obtained by numerically solving the equations for the
coupled overdamped resistively-shunted-junction model with Langevin noise to simulate the effects of tem-
perature. In all three cases, we find tf&(w)>xw~%? at high frequencies» and flattens out to become
frequency independent at low, indicative of vortex diffusion, whiler;~ w2 at sufficiently highw and~ °
at low frequencies. Both quantities show clear evidence of critical slowing down and a simplified scaling
behavior near the normal-to-superconducting transitioris=d andf = % indicating that the vortex diffusion
coefficient is approaching zero and the charge-carrier relaxation time is diverging at these temperatures. At
f =, there is no clear phase transition; instead, the vortex diffusion coefficient diminishes continuously as the
temperature is lowered towards zero. The critical slowing dow, &), but not its frequency dependence, is
in agreement with recent experiments on the flux n8igéw) in Josephson-junction arrays, which show a 1/
frequency dependence. We speculate about some possible reasons for the absenedreljadricy regime.
[S0163-182698)05110-9

[. INTRODUCTION temperature superconducting films, including
Bi,Sr,CaCuyOg, s (Ref. 7) and YBgCuOgos° Recently,
Josephson-junction arraydJA’s) and thin-film supercon- Shawet al? have done noise experiments on overdamped
ductors are excellent model systems for studying vortex dydJA’s consisting of superconducting Nb islands in a Cu film,
namics. At zero magnetic field, such systems are believed tgreatly extending some earlier measurements by Lerch
undergo a Kosterlitz-Thouless-BerezindRii(KTB) transi- et alX® These experiments yield a range of behavior for the
tion at a temperatur@g . At temperatures belowWyg the  spectral functionSy(w) of the flux noise, that is, the fre-
vortices and anti-vortices are bound into pairs, whereasjuency Fourier transform of the flux-flux correlation func-
aboveT g these pairs start to unbind into unpaired vortices tion. For example, YB#u;0g o5 (Ref. 8§ and JIA’S(Ref. 9
Such a phase transition is expected to affect a variety ofire found to haveSy(w)*xw ! at “high” frequencies
transport properties of such systefrindeed, measurements (“high,” in this context, meaning greater than about 10—
of both thel-V characteristics and the inverse kinetic induc-1000 H2, while in Bi,SLCaCuyOg,s (Ref. 7 Sg(w)
tance consistent with the occurrence of a KTB transition= o~ >? at similar frequencies.
have been reported in both thin superconducting filars There have also been several theoretical studies of flux
superconducting arraysWhen the applied field is a rational noise in such systems. Houlré# al! discussed the behavior
fraction f of flux quanta per plaquette, i.é.=p/q, wherep  of flux noise from a Coulomb gas analogy, and calculated
andg are small mutually prime integers, there is still thoughtSe(w) from a time-dependent Ginzburg-Landau model. At
to be a finite-temperature phase transition at a temperatutdgh frequencies, they four, ()= o~ 2. Gronbech-Jensen
T.(f).% but of a different character: beloW,(f) there is a et al!? studied a JJA with a static magnetic field bflux
spatially ordered arrangement of vortices and antivorticesjuantum per plaquette, using the so-called resistively
which becomes disordered at(f). At some fields, the shunted junction(RSJ model including self-capacitance.
phase transition may be accompanied, af-aD, by the Their primary interest, however, was to find the voltage
dissociation of thermally excited vortex-antivortex pairs.  noise at finite external currents, with disorder in the islands’
The experimental study of vortex motion involves more positions, rather than the flux noise itself. Recently, Wagen-
than equilibrium properties. In transport measurements, thblast and Fazit/ have studied the flux noise and scaling
Magnus force generated by external currents causes the vdvehavior using axXY model with an assumed local damping
tices to move and dissipate energy. But conventional trangor the phases, using a Coulomb gas analog. The local damp-
port measurements, such la¥ characteristics, measure the ing term corresponds to Ohmic resistance shunts coupling
global response of all the vortices. If, on the other hand, on@ach superconducting grain to the ground. The resulting flux
uses a superconducting quantum interference deviceoise was found to be white for low frequencies, and to vary
(SQUID) placed over one portion of the Josephson-junctionaSw‘2 at high frequencies, and ™! at intermediate frequen-
array, one can measure tloeal vortex response. One such cies. Very recently, Tiesingat al* have used both the
response is the magnetic-flux noise generated by fluctuatior®upled RSJ model and afiY model with local damping to
in the local number of vortices within that area. study flux noise numerically over a relatively limited fre-
A number of groups have studied flux noise in supercongquency range. They concluded that their locally dam}&d
ductors. Several measurements have been carried out in higésults did produce a &/ flux noise with critical properties
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near the KTB transition, and hence were closer to the experiassume thaA is due to thdtime-independentexternal mag-
ment of Shawet al? than were the RSJ predictions. netic field, and neglect any contributions to it from the in-
In this paper, we carry out extensive calculations of fluxduced fields. The voltage difference is related to the phases
noise in an array of coupled overdamped Josephson jungy the Josephson relatiol;; = (%/2e)d(6}})/dt. Finally,
tions, using Langevin noise to simulate the effects of temq _.(t) is the Langevin noise current which simulates the
perature. Our model is similar to the RSJ model discussed byffects of thermal noise between grairsndj; it is a Gauss-

e 14
Tiesingaet al,™ but we study the real part of the frequency- jan random variable characterized by the correlation func-
dependent fluctuation conductivity, (w) in addition to the tjons

vortex noise, and we calculate both over a considerably

wider frequency range. In addition we consider not only the (ILij(1)e=0 3

unfrustrated casefE&0) but also the fully frustrated array

(f=%) and the low-field casef& 5). As discussed further

below, we do not calculate the flux noise directly; instead, 2kgT

we compute thevortex number noise $w) (defined below (I (D1 L;kl(t’)>e:T5(t_tl)5ij;kl , (4)

which is presumed to be closely related to the actual mea- 1

sured quantity — the flux noise. In all three cases, our resultamere(. --)e denotes an ensemble average.

for the vortex number noise show a clear signature of vortex Kirchhoff's law of current conservation implies that

diffusion aboveTyrg, i.e.,S,(w)x w2 above a cutoff fre-

guencyw,(T) which appears to approach zero n&aff) for

f=0 andf=1. For f=4, there is no clear phase transition Ii;ext:;i lij 5

and the cutoff frequency appears to diminish monotonically

with decreasing temperature. wherel;.., is the external current fed into thiéh grain. In
To calculate the fluctuation conductivity, (), we make the present work we consider only the cagg.=0. Equa-

use of the well-known Kubo formalism, which connects tion (5) combined with the explicit expression Eq) for I;,

o1(w) to the Fourier transform of the current-current corre-l€ads to the following set of coupled first-order nonlinear

lation function. The resulting-; (), like the vortex number differential equations in the variables:

noise, shows signs of critical slowing down near the phase

transitions atT,(0) and T.(f=3), and to diminish mono- 2 (G )--EB:D- (6)

tonically with temperature fof = 4. But o4 (w) differs from T e Tl

. . . — 72
ff—(g/)Z) in that at high frequencies(w)~ ™~ “ rather than where Go);; = — LR, for i #] and Go)i = —3,.G;; . The

The remainder of this paper is organized as follows. Secl_nhomogeneous term is

tion Il describes the formalism and numerical methods used

to carry out these calculations. In Sec. I, we give our results Di=liex— 2 I c.ijSin( 0{?) - 2 I - ()
for f=0, f=3, andf=2. Section IV discusses our results, I7 17

primarily in terms of a possible scaling interpretation, and
suggests some plausible extensions. Some brief concludira;a
remarks follow in Sec. V.

We solve these coupled equations numerically by a stan-
rd algorithm for square lattices of several sizes, as dis-
cussed, for example, by Chureg all® We assume no exter-
nal current, and use periodic boundary conditions foNan
Il. FORMALISM =NXxN square lattice of size with no disorder, i.¢gj;

A. Model and method of solution =lc andR;;=R for all Ij a_nd either no external magnetic

. _ field (f=0) or a magnetic field of or % of a flux quantum
_ The details of the RSJ model can be found in theper plaquette (=4 or ). The time iteration is accomplished
literature™ The current through a junction between two SU-ysing a second-order Runge-Kutta procedure with time inter-
perconducting islands andj is assumed to consist of three 5|5 of orderdt=0.02r,, wherer,=%/(2eRl,) is the char-

contributions in parallel: a normal currefk;;=V;;/Rij  acteristic time of the problem. The Langevin noise is treated
through a resistanceR;;; a Josephson currenls;ij  according to the standard procedure described, for example,
=l¢;jsin(#;}); and a thermal noise curreht; : by Chunget al®
Lij :% + 1 g.ijSin( 9ﬁ)+ ILsij - (1) B. Physical observables

g If we solve these coupled equations including the as-

Herel; is the critical current, sumed Langevin dynamics, we can calculate not dimhe-
dependent quantities but also various equilibrium
9@: 0i— 0,— Ay 2) quantities*® which are computed as time averages. We begin

by describing the equilibrium quantities of interest here, then
is the gauge-invariant phase difference across the junctionthose which depend on time.
and is defined to lie in the range-(r, 7]. V;j=V;—V; is the In the following, our results are presented in the “natural
voltage difference between islandsindj. The phase factor units” of the problem. Thus, the natural unit of time g
Aij=(27-r/<1>o)f{A-dI, whereA is the vector potential, and =#/(2eRl,) and of frequencywy=1/7y. Energy and tem-
dy=hc/2e is the flux quantum. In what follows, we will perature are given in units dfl ./(2e).
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Among the equilibrium quantities of interest are the he-may be expressed as such a correlation function, using the
licity modulus tensory;; .Y which measures stiffness against Kubo formula®® In the classical limit § w<kgT), this theo-
long-wavelength twists in the phase. For examplg, is  rem gives
given by'®

1

01 @w)=———=| dtcogwt)(I,(t)J (0 14
Nvio= 24 EaypXi{ood o)) = T<<Ex> (E0?. ® 2l ) Nk Tf HDOHON- 14
wherex;; =x; —X; andE,= 2 i)\E;; IJx,Jsm(a ). To within a Here
multiplicative constanty;; is the superfluid denS|ty tensor of
the array; for the presefiwo-dimensional squayearray, it is E | sm(& (15)
a multiple of the unit tensor, and may be writtef) =y a i ¢
where g;; is the Kronecker delta.

It is also useful to define gortex number (r) for each is thex component of the supercurrent density; the sum runs
plaguette where represents the center of plaquette. First weover all bonds in thex direction anda is the lattice constant.
introduce the frustratiori by ®=(n+f)®,, wherenis an In the present isotropic caseyyj; is diagonal with
integer and® is the flux per plaquette due to the applied oyjj(w,T)=0(w,T)&;. The integral of expressioiil4)
magnetic field(assumed uniform Thenn(r) is an integer over all frequencies gives thategrated fluctuation conduc-

scalar defined by tivity
1 (= 1
nry="f+ o . 9 = _ —0\[2

(= zwpla@%ene © ¥o=— fo oi(0)do= g (3(=0)). (16
The summation is taken around the plaquette boundary in the . _ _
counterclockwise directiofviewed from the positive axis). The vortex number nois8,; 4(w) is defined as
With this definition, the total algebraic number of vortices
per plaquette, averaged over the entire lattice, will usually _ 1 +Tol2 i 2
equalf. The value ofn(r) is +1 or —1 when there is one  v.A(®)= _SXT“m To\ | )1y N, a()exp(—iwt)dt ),

o*}OC

vortex or one antivortex within plaquetteand O when there 17)
is no vortex. We will assume periodic boundary conditions.

Given the above definition, we can introduce several dewhereT, is the integration time, usually taken as around 5—

rived quantities. For example, we can calculate 8x 10%7,. The quantity of greatest experimental interest is
not the vortex number noise, of course, but rather the flux
N, 4= > n(r), (100  hoise itself,Sy 4(w). In the present work, we will simply
ToreA assume that these two quantities behave similarly. In actual-

ity, the flux noise should be calculated directly from the flux-
flux time-correlation function. In principle, this should in
turn be computed directly from the fluctuation currents, us-
ing Maxwell’'s equations; it will depend not only on the vor-
tex number but also on various geometry-specific quantities,
Anz=N— n(r)2—f, (1)  such as the height above the array where the SQUID is

AreA placed. Such a calculation, though more difficult, should
nonetheless be carried out in order to get the most realistic
estimates 054 (w).

where the sum runs over all plaquettes within some ared
the array. Similarly, the density of vortex-antivortex pairs is
sometimes of interest; it is defined by

whereN 4 represents the number of plaquettesdnin the
definition of Eq.(11), we chooseN 4= Ng. By subtractingf,
we remove the field-induced vortices, so that, represents
the number of thermally excited vortex-antivortex pairs. Ill. RESULTS
Also of interest is the density-density correlation function A $=0
At f=0, the overdamped Josephson array should ex-
g(r)— 2 (n(rm(r’+r)). (120 hibit a KTB transiton at a temperatureTyrg
=T.(f=0)~0.901l ./(2ekg).?° Below that temperature, the
The Corresponding Fourier transform is the vortex structurghermally excited vortices and antivortices form into bound
factor pairs, which start to dissociate aboVgg . This is reflected
in the behavior of the time-averaged mean-square vortex
_ . density An, [Eq. (11)] shown in Fig. 1. SpecificallyAn,
S(k)_N_SZ g(rjexplik-r). (13 becomes nonzero nedikrg, where the vortex-antivortex
pairs begin to unbind. This is expected, because, above
Next, we turn to the dynamical observables. Many ofTxrg, the existence of unbound pairs means that the number
these are spectral functions, that is, the Fourier transforms aff vortices and antivortices withitd is more likely to fluc-
time-correlation functions. For example, the real part of thetuate away from zero. Althoughin, is not expected to van-
xx component of the fluctuation conductivity tensar,,(w) ish sharply atTxtg, nonethelesSyrz, as estimated from
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FIG. 1. Time-averaged mean-square vortex density for the £-40 [ r-0s03s
overdamped array at zero magnetic fiefd=Q), plotted as a func- @ Le :/’ff;
tion of temperaturd for two different array sizes. + Nm3z?
- . . =7.0 : : :
the vanishing ofANU,A_, !s_close_ to its accepted value of ~30-2.0-1.0 0.0 10 2.0
0.9011./(2ekg) for an infinite lattice?° logrol)

Figure 2 shows the helicity modulug, as well as the
integral of the fluctuation conductivity, y,=(1/m)
[Zw0o1(w)dw. y and y, are calculated from Eq<8) and
(16).X8 Both are obtained as appropriate time averages of th

RSJ solutions with Langevin noisg(T) shows a character- ral units, as described in the text, and in all caséss one-fourth

iSti_C jump f_rom zero to a fi_nite value atcre ; _the expected  he area of the array. The curves(a are vertically displaced; the
universal jump, of magnitude (2)Txrg, is somewhat gashed lines have slope3/2.

broadened in our calculations by finite-size effegtsshows

a characteristic peak nedgtg where vy itself goes to zero. . )

In general, the peak ify, is less sharp than that found in Ref. NUMber noise. Our results & , are shown as a function of

18 for the 3D case. We attribute the difference primarily tofféauency 2for several temperatures in Figa)¥or a square

our use of a temperature-independent critical curtgntn a area A=/~ equal to 1/4 of the array area. Note that the

real Josephson array, is strongly temperature dependent; CUTV€S have been _vert_lcally dlspl_aced for clarity. _The same

this will greatly reduce the peak iy, for T>Tyg, leading resulj[s are shoyvn in Flg.(B), for different frequencies as a

to a much sharper peak. functlon_ of T. Fmally, Fig. 3c) shows these results for dif-
Next, we turn to the vortex number noiS ,(w), as  [erent sizes at fixed temperature.

defined in Eq.(17). We must be careful in calculating this All these curves show certain S|m|Iar|t!es. At low frequen-

quantity with periodic boundary conditions, becaugg ,  C1€S: Sv,.4 becomes roughly frequency independent, but at

would be identically zero if4 were the entire array area. For Elgh frequeﬂClesSU(_w) é‘.’ﬁ > a bde;]pe%ienr(]:e which IIS
a smallerA, N, does fluctuate in time, giving rise to vortex nown to characterize difiusive behav r_.T_e spectra
function thus clearly shows the characteristic signature of

vortex diffusion at temperatures aboVgg .
‘ 10 The frequencyw,(T) characterizing the crossover be-
f=0 ] tween frequency independent and *? behavior is plotted
in the inset of Fig. 4. It gives strong indications afitical
slowing down That is,w,(T) seems to approach zero &s
approached g from either side. This behavior can be in-
terpreted in terms of the vortex diffusion coefficient, using
the approximate relatiéh D~ /2w, which connects th®
to the vortex noise spectrum in a fixed avéa This relation
combined with the apparent critical slowing down suggests
that the effective vortex diffusion coefficiel@—0 asT
—TkrB -
0.0 The plots forS, 4(w) for different temperatures can all be
0.0 1.0 2.0 collapsed onto a single curve &, 4(w,T)/S, 4(0,T) with
T respect tow/ w, as shown in the main part of Fig. 4. This is
further striking evidence of critical slowing down near a con-
FIG. 2. Helicity modulusy [Eq. (8)] and integrated fluctuation tinuous phase transition, and is discussed further in the next
conductivity y, [Eq. (16)] for an overdamped array at zero mag- section.
netic field and two different array sizes, as calculated from time- Figure §a) showso(w,T), as calculated directly from
averaged solutions to RSJ equations with Langevin noise. the fluctuation-dissipation theorem, E(i4),*° for several

FIG. 3. Vortex number nois8, 4(w) [Eq.(17)] at zero applied
magnetic field {=0), plotted(a) versus frequency» for several
temperatured’; (b) versus temperature at sevesgl and(c) versus

ifferent Ny at fixed temperature. All quantities are plotted in natu-

1.0 e

slope = 2/~w

0.5 r

0.0

V- SO, Syl
+T7 0#‘0604#
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FIG. 4. S, s(w,T)/S, 4(0,T) versus w/w, for f=0, where FIG. 6. 01(®,T)/o51(0,T) plotted as a function ob/w,(T) for

w,(T) is the crossover frequency. Inset: Crossover frequencyf=0. Inset: Crossover frequencw,(T) between frequency-
w,(T) between frequency-independent amd 2 behavior in  independent aneb~2 behavior ino(w,T).
S, Alw,T).
w® andw ™2 behavior. Like the results fd,. 4 in Fig. 4, the
different temperatures at=0. For a fixed temperature, data collapse shown here is further evidence of critical slow-
o1(w) flattens out at low frequencies and falls off at high ing down nearT 5. The crossover between the two limits
frequencies approximately as 2. The slight upward con- occurs at a frequency,(T) shown in the inset of Fig. 6
vexity at high frequency hereand for the noise calculation which, like w,(T) is strikingly temperature-dependerdp-
described aboveis an artifact of the fast-Fourier transform proaching zero neaf=Ty1g.
used to evaluate these quantities. Figul® Showso(w,T)
at several fixedo's. At the lowest frequencynominally w
=0, but actually an average over sevanat 0.08), there is a
strong peak atT~Tkrg. For the other frequencieg&all At f=1, a square Josephson junction array is believed to
greater thanwg), no peak is discernable nedgrg, indicat- undergo a continuous phase transition at a temperature
ing that the influence of the transition is suppressed at sucii,(f=3)~0.45:l/2e.?2 Below this transition, the array is
high frequencies. By comparing these results with those ofharacterized by a checkerboard arrangement of vortices and
Fig. 2, we see that the peak i is dominated by thédow-  antivortices, while above it, the vortices are distributed with
frequencyregime of o¢(w), i.e., w<wq. Finally, Fig. 5c) no long-range ordé® The disordering which occurs at
showso,(w,T) plotted as a function of» at a fixed tem- T(f=3) is simultaneously accompanied by dissociation of
perature and several lattice sizdsg. thermally excited vortex-antivortex pairs. This dissociation is
Figure 6 showsr;(w,T)/o1(0,T) plotted as a function of similar to that which occurs at the KTB transition &t 0,
wlw,(T), wherew,(T) is the crossover frequency between but in contrast to that transition, it is characterized by an
apparentlynonuniversaljump in the helicity modulusy(T).
() We have evaluated botl(T) and the structure factor

B.f=1

C

40 : S(Q) for Q=(m/a,w/a) as a function of temperature, by
0.0 Fommmme 20 710 solving the Langevin equations of motion. As expected,
T a0 N S(Q) (Fig. 7) vanishes fairly smoothly neaf=T.(f=3),
5 80 ;T;% while y(T) (Fig. 8 falls continuously to zero near that tem-
57,_12‘0 “:.-% perature, suggestive of a continuous phase transition. The
- eo m integrated quct_uation conductivity,(T), also shown in Fig.
_20'0 L oer-or 8, shows a noticeable peak nda(f=3), as atf =0. Also at
 30-20-10 00 1.0 20 ' _ . that temperature, the quantityn, (Fig. 7) behaves in a man-
logrof®] r ner suggesting a vortex-antivortex unbinding transition. All
© these phenomena occur near the same temperature, suggest-
2.0 N ing that there is only a single phase transition. While this
\\fs’;‘;e:_zo behavior has long been known from Monte Carlo studies, the
N ‘ present work shows that the same single transition also mani-

fests itself in dynamical simulations.
Another aspect of vortex lattice melting can be observed

logm[al(w)]
5

F 7=0.9035

Lo N.-82 in Fig. 9. This figure shows that the Bragg peak in the struc-
s Ne=16 ture factor changes from &-function character forT

+ No—322
-6.0 -

<T.(f=%) to a broad, liquidlike peak fof >T(3).

The phase transition is once again reflected in the vortex
number noiseS, 4(w) (Fig. 10. For all temperaturesS, . 4

FIG. 5. (8)—(c). Same as Figs.(8—3(c), but for oy (). Dashed ~ o~ > at high frequencies and flattens out to varyegisat
lines in (a) and(c) have slopes-2. low frequencies. The crossover between the two behaviors

-3.0-2.0-1.0 0.0 1.0 20
logio[w]
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K L | "N
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FIG. 7. Left scale: structure factd®(Q,T) versusT for Q
=(m/a,w/a) at f=%. Right scale: Time-averaged mean-square

vortex densityAn, as a function of temperature fér= %

occurs at a frequency,(T) which once again vanishes as
T—T.(f=3) from either side. This critical slowing is sug-
gested in Fig. 1@ and is made even clearer in the inset of ]
Fig. 11, where we plot the crossover frequency as a function FIG. 9. P?rspectlve plot of the vortex-vortex structure factor
of temperature. The main part of Fig. 11 shows, aé=a0, S(q) for =2 at several temperatures _gbove and belolw the
that the noise curves for different temperatures can be cofPereonducting-normal - phase transition ~ neaf(f=73)
lapsed into a single plot o, 4(w,T) as a function of =0.45)/ks, as a function ofj=(q,,q,) in a 3232 array.
wl/w,(T). This collapse is suggestive of scaling behaviorsmall values, the density of field-induced vortices is quite
which is discussed further below. low, suggesting that any freezing of these vortices into an

The real part of the fluctuation conductivity, (w) [Figs.  ordered configuration will occur at a much lower tempera-
12(a) and 12b)] also reflects both the phase transition andture than atf = 3.2 At temperatures well above this lofv-
the critical slowing down. As at=0, o1(w,T) is roughly  freezing, one expects the field-induced vortices to form a
frequency independent at low frequencies, and falls off asiquidlike state with no long-range order. The flux noise
w2 at high frequencies, consistent with Drude behaviorshould reflect this structure, or lack of it: one might expect
The crossover from low-frequency to high-frequency behavbehavior characteristic of independent diffusion by indi-
ior occurs at a frequency,(T) which approaches zero as vidual vortices.

T—T.(3) from either side(cf. inset of Fig. 13, and the o) ®)

conductivity curves for different temperatures can be col- 5.0 107 -
lapsed onto a single plot as does the vortex n@isain part Lo [ Sepemre =09 107 0
of |:|g 13)_ — Tk N 103 k
3 o | T o 5
1 4 S ——— IEAT 50
C.f=z SR S B
: S P s=i2 107§ .
At small values off, the behavior of an overdamped array =~ -19.0 [ n,-s22 T=0.3 - f,‘fﬁz
is expected to differ from that a@=0 andf=1. At these s LT 102 3 :
-30-20-1.0 00 1.0 20 0.0 1.0 2.0
1.0 T T 1.0 logro{w] 7
(c)
-1.0
3
~5 T=0.45
>0.5 0.5 & 240 Ton-g
) & Nem162
2 v Ny=322
slope=-1.5
-7.0 ! . !
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FIG. 10. (a) Vortex number nois&, 4(w,T), plotted as a func-
T tion of w for various temperatureb at f = % Curves are vertically
displaced for clarity(b) Same aga) but plotted versus temperature
for fixed w andnot displaced verticallyfc) versus differenNg at

FIG. 8. Helicity modulusy(T) and integrated fluctuation con- fixed temperature. Dashed lines have slop@/2

ductivity y,(T) for f=3.
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FIG. 11. Scaling plot 08, 4(w,T)/S, 4(0,T) versusw/w,(T), FIG. 13. Scaling plot ofo;(w,T)/o1(0,T) versus w/w,(T),

where ,(T) is a crossover frequency between frequency-where w (T) (inseb is the crossover frequency betweed and
independent ané %2 behavior. Insetw, as a function of tempera- -2 pehavior.

ture.

N The fluctuation conductivityo;(w) shows even more
In order to check this picture, we have calculated bothyyjing hehavior. It still has the Drude form, and exhibits the
Sy (@, T) andoy(w,T) for a representative small field: — g5me gata collapse as at the other fields, but the crossover
=2 The calculated vortex number noise and conductivitiegrequencyw, , while monotonically decreasing with decreas-
are plotted in F!gs. 14 Fhroqgh 17 for a>_2424 array, which ing temperature, seems to show a plateau ndar
therefore contains 24 field-induced vortices. =0.7h1J2e. We believe that this is a residue of the zero-
The behavior differs strikingly in several ways from the je|q x v transition near these temperatures, but broadened by
other two fieldsS, , still shows clear evidence of diffusive 1o finite magnetic field. Likewise, we speculate that the

behavior, varying as° at low frequencies and™*?athigh  \inimum in o1(w,T) itself nearkgT=0.%1./2¢ is also re-
frequencies, and the plots for different temperatures still coli5ia to the zero-field transition.

lapse as af=0 andf=3. The diffusion coefficienD in-

ferred from these plots, however, does not show obvious

critical slowing down at any finite temperature. Instead, it IV. DISCUSSION
seems to decrease monotonically with temperature. We have
attempted to fit this behavior to various analytical forms,
such as exponentially activated, but without success: the ac- We now discuss our numerical results for0 andf=3
tivation energy so obtained is temperature dependent. in terms of a possible scaling interpretation. In the case of
vortex number noise, a natural starting point is the scaling
hypothesis suggested by Shaival® for the vortex density-

A. Possibility of scaling for f=0 and f=%

(@)

4.0 [ wopen—20 (1-08) density correlation function:
0.0
é O ) Lo [t Ix=y L
S, =80 <pu(xat)pu(y1t )>:§ Fl ’ v g ] (18)
s T & ¢
9 -12.0
-16.0 Here 7(~1/w,) is a characteristic time, which diverges near
-20.0 . L _ H
50 20-1000 10 20 0o o o T.(), and Shavx_/et al. suggest thas=4. In terms of this
Jogrol®] r correlation function, the vortex number noiSg. 4(w) can
also be expressed as a scaling function which, after some
© 50 - algebra, takes the form
AN RV

2 [ r=0.45 (2) 10!
5,-2.0 }o w82 5.0 10° ¥ @
So & Ne=162 — - slope= 1.5 (T=1.0) 10-' |
2 + Ny=322 _ Tk 20 10'§ 0
slope=-2.0 3 ~70 % o107 & 5
(‘,]s . “_‘Q\ = 10-4 0
~6.0 2 50 —X Wig-s E
~30-2.0-10 00 10 20 & 1078 §
- f=1/24 _7 f=1/24
logro[w] -19.0 | ez r-0.2 1077 § e
aT=02 107% k .
FIG. 12. Fluctuation conductivity;(w,T) for f=3 plotted (a) m230 DU 10 '
! -3.0-20-1.0 00 1.0 20 1.0 0.0 1.0 20 30 4.0

versus frequency for variousT and(b) versusT for severak; (c) togso] r
versusT. Curves in(a) are vertically displaced for clarity. Dashed
lines have slope-2. FIG. 14. Same as Fig. 10 but fé= 214
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_T 473?:' L TO 19 e r 1 E
SU,A(w)_Ff o1 | (19 — i 5 0 :
g 20 0.01 E
whereF is another scaling function. According to a standard a 0.001 =+
dynamical scaling assumptiiwe expect that~ £ near T 00 b 0
T., wherez is a dynamical critical exponent. ;}5 -
We now discuss how well these assumptions agree with = L s o
our numerical results. If we assume that the integration time go-2~0 r 1{;_?42
To> 7, the last argument oF is very large and can be ig- - i A;:M T=0.4-3.0
nored. Precisely af=T,, we can replacé by L. With these —4.0 L .
two assumptionsiE can be rewritten in terms of a single -3.0-20-1.0 0.0 1.0 2.0
argument and logro[®/ ]
S, A(®)~L2"*"5G(wl?), (20) FIG. 15. Same as Fig. 11 but for= .

whereG is another scaling function. The predictions of this =1, In the limit —0, our data suggests that(w,T.,L)
equation can be compared to the results of Fids) @nd 515 withL, roughly asL® but with considerable uncer-
10(c). Both figures suggest th&, ,(w=0) is roughly size  ainty 5o thata~1.5 andz’ ~0.75. ForT#T(f), we have

indepe_ndent fo_r largé&. This im_plies thaiz”?‘»— 2 orz=: not succeeded in fitting ,= 1/7 to the expected scaling form
assumings=4, in agreement with the experimental estimate g . . - .
w,~ &%, possibly because of insufficient numerical data.

; 32
g[)ti ihﬂav;:et ?L)Ttvz‘i‘g‘irgl,‘;;'(:ﬁgX)there gilsa_rgleza:l/v; Figures 4, 6, 11, and 13 do suggest that our numerical
A ' 2 data obey a kind of scaling. For example, in each case, as

usings=4, z=2. This is a much stronger size dependence . - -
9 . : 9 P noted earlier, all the data for a given size collapse onto a
than is seen in our numerical results.

The same scaling hypothesis leads to the prediction thaﬁmgIe plot "of S, 4()/S, 4(0) versus w/w,, or of .
the crossover frequency,~¢ 2 for temperatures near o1(w)/01(0) versusw/w,. But we have not succeeded in

o _— obtaining a further collapse of the data onto the more specific
.Tc(f)' Forf=0, we expec'gf_~exp(_b/ T-T(0), whergp scaling forms described in this section. It is possible that a

better collapse might be obtained with larger-scale numerical

—1 i it ic i i
f=1 remains a matter of debat@it is likely that £ will have simulations.

a power-law dependence(T)~|T—T.(f)|~”, and hence

that w,~|T—T(3)|"? nearT,(3). We have not obtained a B.f=24

good fit of our numerical data to these forms for eittier 1 . o

~0 or f=1, possibly because the data is not sufficient to At =3, our numerical results show no clear indication
21 . . L

definitively prove or disprove the expected scaling form. In aof a phase transition at finite temperatures; m;tgad .they are

finite aread, the scaling form suggests tha, will never consistent with vortices whose diffusion coefficient is con-

become smaller than a size-dependent valié, which tinuously diminishing asl' decreases. This behavior agrees

should be observed a(f). Once again, our numerical data with other numerical studies which suggest that the vortex
. ' ; ; 25
is not sufficient to provide a definitive test for this prediction, freezing temperature for smalllis well below 0.%1/2e.

; ; independent vortices, one might expect an exponentially
though the data clearly suggests, for any size considered, thgpr_ In e o .
o, never vanishes, even &t=T,(f). This qualitative result activated diffusion coefficienD <exp(~E,/ksT) with E, a

would be in agreement with the scaling hypothesis. suitable activation energy, presumably that_ required to excite
It seems reasonable to describe the conductivity"l vortex between one plaquettg and an ad!acenff‘b‘mﬂmle
oq(w,T,L) using a similar scaling approach. The properW.e have not b.e.en a_ble to (_)btam a goo.d fit to .th|s form, the
scaling function should take the form diffusion coefficient is certainly decreasing rapidly at law
Similarly, the characteristic frequency for the conductivity,
L ., 1S decreasing quickly at low, indicating that the relax-
oT,=|, (22 ation time for scattering charge carriers is growing at low
3 temperatures.
wherea is a suitable exponent ar®la scaling function to be ~ Our results foro; (w, T) for this field show some structure
determined. Once again, we expeze'egz', wherez’ is a  near the zero-field transition temperatfrrééf:O).'Most no-
critical exponent possibly differing from. At T=T,(f), we tably, w,(T) shows a pronounced inflection point near this

must replace by L, and the above equation can be rewrittent€Mperature. We believe that at these low fields(T) is
as largely determined by «1g for T>Tyrg, but for lower tem-

peratures,w, is sensitive to the finite density of field-
induced vortices and decreases more slowly towards zero
than at high temperatures.

o1(w,T,L)=£2S

o1(w,T¢,L)=LS(wl?), (22)

where'S is another scaling function. _
At large x, our numerical data indicate th&(x)~x?2, C. Absence of 14 flux noise

and also thatr;(w,T.,L) is independent of.. These two Our results differ from the 1J behavior seen experimen-

conditions together imply thaa=2z', for both f=0 andf tally for Sp(w) in overdamped Josephson arragser sev-
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eral decades of frequency, although we do see indications of
similar scaling behavior. In this subsection, we suggest sev-
eral possible reasons why this observed behavior is absent

FIG. 17. Same as Fig. 13, but for= 2.

from our calculations. the second of theséntrinsic 1kw noise in the individual
One possibility is that we are not using the most appli-junctions is the most plausible.
cable dynamical equations for the array. Tiesiegal. have In passing, we note again that measurements in

already pointed out that a model incorporating local, rathelY Ba,CsOg o5° have also shown a similar d/frequency re-
than RSJ dynamics can produce a Mortex number noise gime, but studies of very thin films of
over a limited frequency range. In the present context, such Bi,Sr,CaCyOg, s (Ref. 7) show a 16°? behavior similar to
local dynamics would correspond to having each grain resisthat found here, but in the 100 Hz—10 KHz frequency re-
tively shunted to the same ground, with no shunt resistancegime; this behavior is also interpreted as evidence for vortex
between the grains. One difficulty with such a local dynam-diffusion. Our results show clear evidence of such diffusive
ics, when applied to an array of Josephson junctions, is thdtehavior in a numerical model for the dynamics of a Joseph-
it does not produce the giant, and fractional giant Shapirson array; the diffusing objects in our calculations, as pre-
steps which are observed in arrays of overdamped Josephsenmably in the BiSL,CaCyOg, s films, are the thermally
junctions?’ and which are correctly predicted by the coupledexcited vortices and antivortices, and the field-induced vor-
RSJ modef® A possible way out of this difficulty would be tices. The frequencies where we find diffusive behavior ap-
to include both sources of damping, i.e., both shunt resis-pear, however, to lie well above the diffusive regime in
tances between grains afmuch largey resistive shunt® Bi,Sr,CaCuyOg, 5.
to a ground plane. This could conceivably be a reasonable
model for the actual experimental geometry, and would
probably (for large enougtRy) produce the observed Sha- V. CONCLUSIONS
piro steps. We have not, however, carried out a numerical In conclusion, we have calculated both the vortex number
test of the noise produced by this model. noise S,(w) and the frequency-dependent conductivity
Another possible explanation is that the observed 1/ oi(w) in an overdamped Josephson-junction array at three
noise actually originates from properties of the individualdifferent applied magnetic fields corresponding to3pand
junctions. It is well established that some Josephson tunne}; of a flux quantum per plaquette. In all three cask$w)
junctions exhibit low-frequency &/ voltage noise in the shows a cleaw ™32 behavior, characteristic of vortex diffu-
presence of an applied current above the critical cuffent. sion, at high frequencies, and is frequency independent at
This noise is attributed to thermal fluctuations in the junctionlow frequencies. The latter has a Drude behavior, varying as
critical currentl ., which arise from the temperature depen-1/w? at high frequencies ana® at low frequencies. Both
dence ofl.. Such critical current fluctuations are not in- quantities show clear evidence of critical slowing dofva.,
cluded in our model; if they were, they would undoubtedlya vortex diffusion coefficient which goes to zero, and a
lead to similar, possibly 1/, fluctuations in the flux through charge-carrier relaxation time which divergewar the su-
a portion of the array. We believe that suglfluctuations to  perconducting transitions &t=0 andf = 3, and there is some
be a very plausible source of the observed flux noise, evidence of scaling behavior in both quantities. The absence
because they occur at the very low frequen¢lies1000 Hz  of a clear 1b regime is somewhat surprising; we have sug-
where the 1b flux noise is actually observed. By contrast, gested several possible explanations, but a decisive explana-
the characteristic frequency of the vortex fluctuations calcution for this dependence remains to be determined.
lated here, and in the local damping models, &sR2./%
~1 MHz. Even ta_1king into account the critical slowing ACKNOWLEDGMENTS
down we observe in our model, it seems that the dynamics
may be too fast to be appropriate for the 1-1000 Hz regime. We are very grateful for the assistance and advice of Dr.
Finally, we note again that we are computing the vortexSeungoh Ryu during the early stages of this work. Valuable
number noise, rather than the flux noise itself. While the twaconversations with Professor T. R. Lemberger are very much
undoubtedly differ, it seems unlikely that the difference appreciated. This work was supported by NSF Grant No.
could lead to a X behavior ofSy, which is absent frong, . DMR94-02131. This computation was carried out on SP2 of
Thus, of the three explanations suggested here, we feel thttte Ohio Supercomputer Center.



57 VORTEX NOISE AND FLUCTUATION CONDUCTIVITY . ..

*Electronic address: hwang@pacific.mps.ohio-state.edu
Electronic address: stroud@ohstpy.mps.ohio-state.edu
1J. M. Kosterlitz and D. J. Thouless, J. Phys5C1181(1973.

2V. L. Berezinskii, Zh.'EE(sp. Teor. Fiz59, 207(1970 [Sov. Phys.

JETP32, 493(1971)].

3v. Ambegaokaret al, Phys. Rev. B1, 1806(1980; S. Doniach
and B. A. Huberman, Phys. Rev. Lef2, 1169(1979; P. Min-
nhagen, Rev. Mod. Phy§9, 1001(1987).

‘M. R. Beasleyet al, Phys. Rev. Lett42, 1165 (1979; A. F.
Hebard and A. T. Fioryibid. 44, 291 (1980.

5D. J. Resnicket al,, Phys. Rev. Lett47, 1542 (1981; D. W.

Abrahamet al, Phys. Rev26, 5268(1982; R. F. Voss and R.

A. Webb, Phys. Rev. R5, 3446(1982.

SW. Y. Shih, C. Ebner, and D. Stroud, Phys. Rev.3B, 134
(1984.

C.T. Rogerset al, Phys. Rev. Lett69, 160(1992.

8M. J. Ferrariet al, Phys. Rev. Lett67, 1346(199J.

9T. J. Shawet al, Phys. Rev. Lett76, 2551(1996.

10ph, Lerchet al, Helv. Phys. Acte55, 389(1992.

113, Houlrik et al, Phys. Rev. B50, 3953(1994.

12N. Grfnbech-Jenseat al, Phys. Rev. B46, 11 149(1992.

18K -H. Wagenblast and R. Fazio, cond-mat/96111ihpub-
lished.

1p_H. E. Tiesingaet al, Phys. Rev. Lett78, 519(1997.

5See, e.g., S. R. Shenoy, J. Phys1& 5163(1985; K. K. Mon
and S. Teitel, Phys. Rev. Le@2, 673(1989; J. S. Chunget al,

6045

Phys. Rev. B40, 6570(1989; D. Dominguez and J. V. Jostnt.
J. Mod. Phys. B3, 3749(1994.

165ee, e.g., G. ParisStatistical Field Theory(Addison-Wesley,
New York, 1988, Chap. 19.

7M. E. Fisher, M. N. Barber, and D. Jasnow, Phys. Re®,A111
(1973.

18C. Ebner and D. Stroud, Phys. Rev.2B, 5053(1983.

19gee, e.g., R. K. Pathri&gtatistical MechanicgButterworth, Ox-
ford, 19995, p. 477; or L. D. Landau and E. M. Lifshit&tatis-
tical Physics: Part I[(Pergamon, New York, 1980Chap. 12.

20G. Ramirez-Santiago and J. V. Jpdthys. Rev. Lett68, 1224
(1992; Phys. Rev. B49, 9567(1994).

2IR. F. Voss and J. Clarke, Phys. Rev1B, 556 (1976.

223, Teitel and C. Jayaprakash, Phys. Re278598 (1983.

233ee, for example, B. I. Halperin and P. Hohenberg, Rev. Mod.
Phys.49, 435(1977).

24gee, for example, C. Denniston and C. Tang, Phys. Rev. T@tt.
451 (1997).

255, Teitel and C. Jayaprakash, Phys. Rev. [54£.1999(1983.

26C. J. Lobb, D. W. Abraham, and M. Tinkham, Phys. Rev2B
150(1983.

273, Benz, M. Rzchowski, M. Tinkham, and C. J. Lobb, Phys. Rev.
Lett. 64, 693 (1990.

28K. H. Lee and D. Stroud, Phys. Rev.4, 5280(1991).

293, Clarke and G. Hawkins, Phys. Rev.1B, 2826(1976.



