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Vortex noise and fluctuation conductivity in Josephson-junction arrays
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We study the vortex number noiseSv(v) and fluctuation conductivitys1(v) in two-dimensional Josephson-
junction arrays at three different applied magnetic fields, corresponding to zero, one-half, and1

24 of a flux
quantum per plaquette (f 50, 1

2 and 1
24!. Sv ands1 are obtained by numerically solving the equations for the

coupled overdamped resistively-shunted-junction model with Langevin noise to simulate the effects of tem-
perature. In all three cases, we find thatSv(v)}v23/2 at high frequenciesv and flattens out to become
frequency independent at lowv, indicative of vortex diffusion, whiles1;v22 at sufficiently highv and;v0

at low frequencies. Both quantities show clear evidence of critical slowing down and a simplified scaling
behavior near the normal-to-superconducting transitions atf 50 and f 5

1
2, indicating that the vortex diffusion

coefficient is approaching zero and the charge-carrier relaxation time is diverging at these temperatures. At
f 5

1
24, there is no clear phase transition; instead, the vortex diffusion coefficient diminishes continuously as the

temperature is lowered towards zero. The critical slowing down ofSv(v), but not its frequency dependence, is
in agreement with recent experiments on the flux noiseSF(v) in Josephson-junction arrays, which show a 1/v
frequency dependence. We speculate about some possible reasons for the absence of a 1/v frequency regime.
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I. INTRODUCTION

Josephson-junction arrays~JJA’s! and thin-film supercon-
ductors are excellent model systems for studying vortex
namics. At zero magnetic field, such systems are believe
undergo a Kosterlitz-Thouless-Berezinskii1,2 ~KTB! transi-
tion at a temperatureTKTB . At temperatures belowTKTB the
vortices and anti-vortices are bound into pairs, wher
aboveTKTB these pairs start to unbind into unpaired vortic
Such a phase transition is expected to affect a variety
transport properties of such systems.3 Indeed, measurement
of both theI -V characteristics and the inverse kinetic indu
tance consistent with the occurrence of a KTB transit
have been reported in both thin superconducting films4 and
superconducting arrays.5 When the applied field is a rationa
fraction f of flux quanta per plaquette, i.e.,f 5p/q, wherep
andq are small mutually prime integers, there is still thoug
to be a finite-temperature phase transition at a tempera
Tc( f ),6 but of a different character: belowTc( f ) there is a
spatially ordered arrangement of vortices and antivortic
which becomes disordered atTc( f ). At some fields, the
phase transition may be accompanied, as atf 50, by the
dissociation of thermally excited vortex-antivortex pairs.

The experimental study of vortex motion involves mo
than equilibrium properties. In transport measurements,
Magnus force generated by external currents causes the
tices to move and dissipate energy. But conventional tra
port measurements, such asI -V characteristics, measure th
global response of all the vortices. If, on the other hand,
uses a superconducting quantum interference de
~SQUID! placed over one portion of the Josephson-junct
array, one can measure thelocal vortex response. One suc
response is the magnetic-flux noise generated by fluctuat
in the local number of vortices within that area.

A number of groups have studied flux noise in superc
ductors. Several measurements have been carried out in
570163-1829/98/57~10!/6036~10!/$15.00
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temperature superconducting films, includin
Bi2Sr2CaCu2O81d ~Ref. 7! and YBa2Cu3O6.95.

8 Recently,
Shaw et al.9 have done noise experiments on overdamp
JJA’s consisting of superconducting Nb islands in a Cu fil
greatly extending some earlier measurements by Le
et al.10 These experiments yield a range of behavior for
spectral functionSF(v) of the flux noise, that is, the fre
quency Fourier transform of the flux-flux correlation fun
tion. For example, YBa2Cu3O6.95 ~Ref. 8! and JJA’s~Ref. 9!
are found to haveSF(v)}v21 at ‘‘high’’ frequencies
~‘‘high,’’ in this context, meaning greater than about 10
1000 Hz!, while in Bi2Sr2CaCu2O81d ~Ref. 7! SF(v)
}v23/2 at similar frequencies.

There have also been several theoretical studies of
noise in such systems. Houlriket al.11 discussed the behavio
of flux noise from a Coulomb gas analogy, and calcula
SF(v) from a time-dependent Ginzburg-Landau model.
high frequencies, they foundSF(v)}v22. Gronbech-Jensen
et al.12 studied a JJA with a static magnetic field of1

2 flux
quantum per plaquette, using the so-called resistiv
shunted junction~RSJ! model including self-capacitance
Their primary interest, however, was to find the volta
noise at finite external currents, with disorder in the islan
positions, rather than the flux noise itself. Recently, Wag
blast and Fazio13 have studied the flux noise and scalin
behavior using anXY model with an assumed local dampin
for the phases, using a Coulomb gas analog. The local da
ing term corresponds to Ohmic resistance shunts coup
each superconducting grain to the ground. The resulting
noise was found to be white for low frequencies, and to v
asv22 at high frequencies, andv21 at intermediate frequen
cies. Very recently, Tiesingaet al.14 have used both the
coupled RSJ model and anXY model with local damping to
study flux noise numerically over a relatively limited fre
quency range. They concluded that their locally dampedXY
results did produce a 1/v flux noise with critical properties
6036 © 1998 The American Physical Society
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57 6037VORTEX NOISE AND FLUCTUATION CONDUCTIVITY . . .
near the KTB transition, and hence were closer to the exp
ment of Shawet al.9 than were the RSJ predictions.

In this paper, we carry out extensive calculations of fl
noise in an array of coupled overdamped Josephson j
tions, using Langevin noise to simulate the effects of te
perature. Our model is similar to the RSJ model discussed
Tiesingaet al.,14 but we study the real part of the frequenc
dependent fluctuation conductivitys1(v) in addition to the
vortex noise, and we calculate both over a considera
wider frequency range. In addition we consider not only
unfrustrated case (f 50) but also the fully frustrated arra
( f 5 1

2 ) and the low-field case (f 5 1
24 ). As discussed furthe

below, we do not calculate the flux noise directly; inste
we compute thevortex number noise Sv(v) ~defined below!
which is presumed to be closely related to the actual m
sured quantity — the flux noise. In all three cases, our res
for the vortex number noise show a clear signature of vor
diffusion aboveTKTB , i.e.,Sv(v)}v23/2 above a cutoff fre-
quencyvv~T! which appears to approach zero nearTc( f ) for
f 50 and f 5 1

2. For f 5 1
24, there is no clear phase transitio

and the cutoff frequency appears to diminish monotonica
with decreasing temperature.

To calculate the fluctuation conductivitys1(v), we make
use of the well-known Kubo formalism, which connec
s1(v) to the Fourier transform of the current-current cor
lation function. The resultings1(v), like the vortex number
noise, shows signs of critical slowing down near the ph
transitions atTc(0) and Tc( f 5 1

2 ), and to diminish mono-
tonically with temperature forf 5 1

24. But s1(v) differs from
Sv(v) in that at high frequenciess(v);v22 rather than
v23/2.

The remainder of this paper is organized as follows. S
tion II describes the formalism and numerical methods u
to carry out these calculations. In Sec. III, we give our resu
for f 50, f 5 1

2, and f 5 1
24. Section IV discusses our result

primarily in terms of a possible scaling interpretation, a
suggests some plausible extensions. Some brief conclu
remarks follow in Sec. V.

II. FORMALISM

A. Model and method of solution

The details of the RSJ model can be found in t
literature.15 The current through a junction between two s
perconducting islandsi and j is assumed to consist of thre
contributions in parallel: a normal currentI R; i j 5Vi j /Ri j
through a resistanceRi j ; a Josephson currentI S; i j

5I c; i j sin(u ij
A); and a thermal noise currentI L; i j :

I i j 5
Vi j

Ri j
1I c; i j sin~u i j

A !1I L: i j . ~1!

Here I c; i j is the critical current,

u i j
A5u i2u j2Ai j ~2!

is the gauge-invariant phase difference across the junc
and is defined to lie in the range (2p,p#. Vi j [Vi2Vj is the
voltage difference between islandsi and j . The phase factor
Ai j 5(2p/F0)* i

jA•dl, whereA is the vector potential, and
F05hc/2e is the flux quantum. In what follows, we wil
ri-
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assume thatA is due to the~time-independent! external mag-
netic field, and neglect any contributions to it from the i
duced fields. The voltage difference is related to the pha
by the Josephson relationVi j 5(\/2e)d(u i j

A)/dt. Finally,
I L; i j (t) is the Langevin noise current which simulates t
effects of thermal noise between grainsi and j ; it is a Gauss-
ian random variable characterized by the correlation fu
tions

^I L; i j ~ t !&e50 ~3!

and

^I L; i j ~ t !I L;kl~ t8!&e5
2kBT

Ri j
d~ t2t8!d i j ;kl , ~4!

where^•••&e denotes an ensemble average.
Kirchhoff’s law of current conservation implies that

I i ;ext5(
j Þ i

I i j , ~5!

where I i ;ext is the external current fed into thei th grain. In
the present work we consider only the caseI i ;ext50. Equa-
tion ~5! combined with the explicit expression Eq.~1! for I i j ,
leads to the following set of coupled first-order nonline
differential equations in the variablesu i :

(
j

~G0! i j

\

2e
u̇ j5Di , ~6!

where (G0) i j 521/Ri j for iÞ j and (G0) i i 52( j Þ iGi j . The
inhomogeneous term is

Di5I i ;ext2(
j Þ i

I c; i j sin~u i j
A !2(

j Þ i
I L; i j . ~7!

We solve these coupled equations numerically by a s
dard algorithm for square lattices of several sizes, as
cussed, for example, by Chunget al.15 We assume no exter
nal current, and use periodic boundary conditions for anNs
5N3N square lattice of size with no disorder, i.e.,I c; i j
5I c andRi j 5R for all i , j , and either no external magnet
field ( f 50) or a magnetic field of12 or 1

24 of a flux quantum
per plaquette (f 5 1

2 or 1
24!. The time iteration is accomplishe

using a second-order Runge-Kutta procedure with time in
vals of orderdt50.02t0, wheret05\/(2eRIc) is the char-
acteristic time of the problem. The Langevin noise is trea
according to the standard procedure described, for exam
by Chunget al.15

B. Physical observables

If we solve these coupled equations including the
sumed Langevin dynamics, we can calculate not onlytime-
dependent quantities, but also various equilibrium
quantities,16 which are computed as time averages. We be
by describing the equilibrium quantities of interest here, th
those which depend on time.

In the following, our results are presented in the ‘‘natu
units’’ of the problem. Thus, the natural unit of time ist0
5\/(2eRIc) and of frequency,v051/t0. Energy and tem-
perature are given in units of\I c /(2e).
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6038 57ING-JYE HWANG AND D. STROUD
Among the equilibrium quantities of interest are the h
licity modulus tensorg i j ,17 which measures stiffness again
long-wavelength twists in the phase. For example,gxx is
given by18

Nsgxx5(̂
i j &

EJ; i j xi j
2 ^cos~u i j

A !&2
1

kBT
~^Ex

2&2^Ex&
2!, ~8!

wherexi j 5xi2xj andEx5(^ i j &EJ; i j xi j sin(u ij
A). To within a

multiplicative constant,g i j is the superfluid density tensor o
the array; for the present~two-dimensional square! array, it is
a multiple of the unit tensor, and may be writteng i j 5gd i j
whered i j is the Kronecker delta.

It is also useful to define avortex number n(r ) for each
plaquette wherer represents the center of plaquette. First
introduce the frustrationf by F5(n1 f )F0, wheren is an
integer andF is the flux per plaquette due to the applie
magnetic field~assumed uniform!. Then n(r ) is an integer
scalar defined by

n~r !5 f 1
1

2p (
plaquette

u i j
A . ~9!

The summation is taken around the plaquette boundary in
counterclockwise direction~viewed from the positivez axis!.
With this definition, the total algebraic number of vortic
per plaquette, averaged over the entire lattice, will usu
equal f . The value ofn(r ) is 11 or 21 when there is one
vortex or one antivortex within plaquetter , and 0 when there
is no vortex. We will assume periodic boundary condition

Given the above definition, we can introduce several
rived quantities. For example, we can calculate

Nv,A5 (
rPA

n~r !, ~10!

where the sum runs over all plaquettes within some areaA of
the array. Similarly, the density of vortex-antivortex pairs
sometimes of interest; it is defined by

Dnz5
1

NA
(
rPA

n~r !22 f , ~11!

whereNA represents the number of plaquettes inA. In the
definition of Eq.~11!, we chooseNA5Ns . By subtractingf ,
we remove the field-induced vortices, so thatDnz represents
the number of thermally excited vortex-antivortex pai
Also of interest is the density-density correlation function

g~r !5
1

Nsf
2(

r8
^n~r 8!n~r 81r !&. ~12!

The corresponding Fourier transform is the vortex struct
factor

S~k!5
1

Ns
(

r
g~r !exp~ ik•r !. ~13!

Next, we turn to the dynamical observables. Many
these are spectral functions, that is, the Fourier transform
time-correlation functions. For example, the real part of
xx component of the fluctuation conductivity tensors1,xx(v)
-

e

he

y

.
-

.

e
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e

may be expressed as such a correlation function, using
Kubo formula.19 In the classical limit (\v!kBT), this theo-
rem gives

s1,xx~v!5
1

NskBTE0

`

dt cos~vt !^Jx~ t !Jx~0!&. ~14!

Here

Jx5
1

a2(̂i j &
I csin~u i j

A ! ~15!

is thex component of the supercurrent density; the sum r
over all bonds in thex direction anda is the lattice constant
In the present isotropic case,s1,i j is diagonal with
s1,i j (v,T)[s1(v,T)d i j . The integral of expression~14!
over all frequencies gives theintegrated fluctuation conduc
tivity

g2[
1

pE0

`

s1~v!dv5
1

NskBT
^uJx~ t50!u2&. ~16!

The vortex number noiseSv;A(v) is defined as

Sv,A~v!5
1

Ns
3 lim

T0→`

1

T0
K U E

2T0/2

1T0/2

Nv,A~ t !exp~2 ivt !dtU2L ,

~17!

whereT0 is the integration time, usually taken as around
83103t0. The quantity of greatest experimental interest
not the vortex number noise, of course, but rather the fl
noise itself,SF,A(v). In the present work, we will simply
assume that these two quantities behave similarly. In act
ity, the flux noise should be calculated directly from the flu
flux time-correlation function. In principle, this should i
turn be computed directly from the fluctuation currents, u
ing Maxwell’s equations; it will depend not only on the vo
tex number but also on various geometry-specific quantit
such as the height above the array where the SQUID
placed. Such a calculation, though more difficult, shou
nonetheless be carried out in order to get the most real
estimates ofSF(v).

III. RESULTS

A. f 50

At f 50, the overdamped Josephson array should
hibit a KTB transition at a temperatureTKTB
[Tc( f 50);0.90\I c /(2ekB).20 Below that temperature, the
thermally excited vortices and antivortices form into bou
pairs, which start to dissociate aboveTKTB . This is reflected
in the behavior of the time-averaged mean-square vo
density Dnz @Eq. ~11!# shown in Fig. 1. Specifically,Dnz
becomes nonzero nearTKTB , where the vortex-antivortex
pairs begin to unbind. This is expected, because, ab
TKTB , the existence of unbound pairs means that the num
of vortices and antivortices withinA is more likely to fluc-
tuate away from zero. AlthoughDnz is not expected to van
ish sharply atTKTB , nonethelessTKTB , as estimated from
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57 6039VORTEX NOISE AND FLUCTUATION CONDUCTIVITY . . .
the vanishing ofDNv,A , is close to its accepted value o
0.90\I c /(2ekB) for an infinite lattice.20

Figure 2 shows the helicity modulusg, as well as the
integral of the fluctuation conductivity, g25~1/p!
*2`

` s1(v)dv. g and g2 are calculated from Eqs.~8! and
~16!.18 Both are obtained as appropriate time averages of
RSJ solutions with Langevin noise.g(T) shows a character
istic jump from zero to a finite value atTKTB ; the expected
universal jump, of magnitude (2/p)TKTB , is somewhat
broadened in our calculations by finite-size effects.g2 shows
a characteristic peak nearTKTB whereg itself goes to zero.
In general, the peak ing2 is less sharp than that found in Re
18 for the 3D case. We attribute the difference primarily
our use of a temperature-independent critical currentI c . In a
real Josephson array,I c is strongly temperature dependen
this will greatly reduce the peak ing2 for T.TKTB , leading
to a much sharper peak.

Next, we turn to the vortex number noiseSv,A(v), as
defined in Eq.~17!. We must be careful in calculating thi
quantity with periodic boundary conditions, becauseNv,A
would be identically zero ifA were the entire array area. Fo
a smallerA, Nv does fluctuate in time, giving rise to vorte

FIG. 1. Time-averaged mean-square vortex densityDnz for the
overdamped array at zero magnetic field (f 50), plotted as a func-
tion of temperatureT for two different array sizes.

FIG. 2. Helicity modulusg @Eq. ~8!# and integrated fluctuation
conductivity g2 @Eq. ~16!# for an overdamped array at zero ma
netic field and two different array sizes, as calculated from tim
averaged solutions to RSJ equations with Langevin noise.
e

number noise. Our results forSv,A are shown as a function o
frequency for several temperatures in Fig. 3~a! for a square
areaA[l 2 equal to 1/4 of the array area. Note that t
curves have been vertically displaced for clarity. The sa
results are shown in Fig. 3~b!, for different frequencies as a
function of T. Finally, Fig. 3~c! shows these results for dif
ferent sizes at fixed temperature.

All these curves show certain similarities. At low freque
cies, Sv,A becomes roughly frequency independent, but
high frequenciesSv(v);v23/2, a dependence which i
known to characterize diffusive behavior.21 The spectral
function thus clearly shows the characteristic signature
vortex diffusion at temperatures aboveTKTB .

The frequencyvv(T) characterizing the crossover be
tween frequency independent andv23/2 behavior is plotted
in the inset of Fig. 4. It gives strong indications ofcritical
slowing down. That is,vv(T) seems to approach zero asT
approachesTKTB from either side. This behavior can be in
terpreted in terms of the vortex diffusion coefficient, usi
the approximate relation21 D'l 2vv which connects theD
to the vortex noise spectrum in a fixed areal 2. This relation
combined with the apparent critical slowing down sugge
that the effective vortex diffusion coefficientD→0 as T
→TKTB .

The plots forSv,A(v) for different temperatures can all b
collapsed onto a single curve ofSv,A(v,T)/Sv.A(0,T) with
respect tov/vv as shown in the main part of Fig. 4. This
further striking evidence of critical slowing down near a co
tinuous phase transition, and is discussed further in the n
section.

Figure 5~a! showss1(v,T), as calculated directly from
the fluctuation-dissipation theorem, Eq.~14!,19 for several
-

FIG. 3. Vortex number noiseSv,A(v) @Eq. ~17!# at zero applied
magnetic field (f 50), plotted~a! versus frequencyv for several
temperaturesT; ~b! versus temperature at severalv; and~c! versus
differentNs at fixed temperature. All quantities are plotted in nat
ral units, as described in the text, and in all cases,A is one-fourth
the area of the array. The curves in~a! are vertically displaced; the
dashed lines have slope23/2.
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6040 57ING-JYE HWANG AND D. STROUD
different temperatures atf 50. For a fixed temperature
s1(v) flattens out at low frequencies and falls off at hig
frequencies approximately asv22. The slight upward con-
vexity at high frequency here~and for the noise calculation
described above! is an artifact of the fast-Fourier transform
used to evaluate these quantities. Figure 5~b! showss1(v,T)
at several fixedv ’s. At the lowest frequency~nominally v
50, but actually an average over severalv,0.08), there is a
strong peak atT'TKTB . For the other frequencies~all
greater thanv0), no peak is discernable nearTKTB , indicat-
ing that the influence of the transition is suppressed at s
high frequencies. By comparing these results with those
Fig. 2, we see that the peak ing2 is dominated by thelow-
frequencyregime ofs1(v), i.e., v,v0. Finally, Fig. 5~c!
showss1(v,T) plotted as a function ofv at a fixed tem-
perature and several lattice sizesNs .

Figure 6 showss1(v,T)/s1(0,T) plotted as a function of
v/vs(T), wherevs(T) is the crossover frequency betwee

FIG. 4. Sv,A(v,T)/Sv,A(0,T) versus v/vv for f 50, where
vv(T) is the crossover frequency. Inset: Crossover freque
vv(T) between frequency-independent andv23/2 behavior in
Sv,A(v,T).

FIG. 5. ~a!–~c!. Same as Figs. 3~a!–3~c!, but fors1(v). Dashed
lines in ~a! and ~c! have slopes22.
ch
of

v0 andv22 behavior. Like the results forSv;A in Fig. 4, the
data collapse shown here is further evidence of critical slo
ing down nearTKTB . The crossover between the two limi
occurs at a frequencyvs(T) shown in the inset of Fig. 6
which, like vv(T) is strikingly temperature-dependent, ap-
proaching zero nearT5TKTB .

B. f 5 1
2

At f 5 1
2, a square Josephson junction array is believed

undergo a continuous phase transition at a tempera
Tc( f 5 1

2 );0.45\I c/2e.22 Below this transition, the array is
characterized by a checkerboard arrangement of vortices
antivortices, while above it, the vortices are distributed w
no long-range order.22 The disordering which occurs a
Tc( f 5 1

2 ) is simultaneously accompanied by dissociation
thermally excited vortex-antivortex pairs. This dissociation
similar to that which occurs at the KTB transition atf 50,
but in contrast to that transition, it is characterized by
apparentlynonuniversaljump in the helicity modulusg(T).

We have evaluated bothg(T) and the structure facto
S(Q) for Q5(p/a,p/a) as a function of temperature, b
solving the Langevin equations of motion. As expecte
S(Q) ~Fig. 7! vanishes fairly smoothly nearT5Tc( f 5 1

2 ),
while g(T) ~Fig. 8! falls continuously to zero near that tem
perature, suggestive of a continuous phase transition.
integrated fluctuation conductivityg2(T), also shown in Fig.
8, shows a noticeable peak nearTc( f 5 1

2 ), as atf 50. Also at
that temperature, the quantityDnz ~Fig. 7! behaves in a man
ner suggesting a vortex-antivortex unbinding transition.
these phenomena occur near the same temperature, sug
ing that there is only a single phase transition. While t
behavior has long been known from Monte Carlo studies,
present work shows that the same single transition also m
fests itself in dynamical simulations.

Another aspect of vortex lattice melting can be observ
in Fig. 9. This figure shows that the Bragg peak in the str
ture factor changes from ad-function character forT

,Tc( f 5 1
2 ) to a broad, liquidlike peak forT.Tc(

1
2 ).

The phase transition is once again reflected in the vo
number noiseSv,A(v) ~Fig. 10!. For all temperatures,Sv;A
;v23/2 at high frequencies and flattens out to vary asv0 at
low frequencies. The crossover between the two behav

y
FIG. 6. s1(v,T)/s1(0,T) plotted as a function ofv/vs(T) for

f 50. Inset: Crossover frequencyvs(T) between frequency-
independent andv22 behavior ins1(v,T).
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occurs at a frequencyvv(T) which once again vanishes a
T→Tc( f 5 1

2 ) from either side. This critical slowing is sug
gested in Fig. 10~a! and is made even clearer in the inset
Fig. 11, where we plot the crossover frequency as a func
of temperature. The main part of Fig. 11 shows, as atf 50,
that the noise curves for different temperatures can be
lapsed into a single plot ofSv,A(v,T) as a function of
v/vv(T). This collapse is suggestive of scaling behav
which is discussed further below.

The real part of the fluctuation conductivitys1(v) @Figs.
12~a! and 12~b!# also reflects both the phase transition a
the critical slowing down. As atf 50, s1(v,T) is roughly
frequency independent at low frequencies, and falls off
v22 at high frequencies, consistent with Drude behav
The crossover from low-frequency to high-frequency beh
ior occurs at a frequencyvs(T) which approaches zero a

T→Tc(
1
2 ) from either side~cf. inset of Fig. 13!, and the

conductivity curves for different temperatures can be c
lapsed onto a single plot as does the vortex noise~main part
of Fig. 13!.

C. f 5 1
24

At small values off , the behavior of an overdamped arra
is expected to differ from that atf 50 and f 5 1

2. At these

FIG. 7. Left scale: structure factorS(Q,T) versusT for Q
5(p/a,p/a) at f 5

1
2. Right scale: Time-averaged mean-squa

vortex densityDnz as a function of temperature forf 5
1
2.

FIG. 8. Helicity modulusg(T) and integrated fluctuation con
ductivity g2(T) for f 5

1
2 .
f
n

l-

r

s
.
-

l-

small values, the density of field-induced vortices is quit
low, suggesting that any freezing of these vortices into a
ordered configuration will occur at a much lower tempera
ture than atf 5 1

2.
22 At temperatures well above this low-f

freezing, one expects the field-induced vortices to form
liquidlike state with no long-range order. The flux noise
should reflect this structure, or lack of it: one might expec
behavior characteristic of independent diffusion by ind
vidual vortices.

FIG. 9. Perspective plot of the vortex-vortex structure facto
S(q) for f 5

1
2 at several temperatures above and below th

superconducting-normal phase transition nearTc( f 5
1
2 )

50.45J/kB , as a function ofq5(qx ,qy) in a 32332 array.

FIG. 10. ~a! Vortex number noiseSv,A(v,T), plotted as a func-
tion of v for various temperaturesT at f 5

1
2. Curves are vertically

displaced for clarity.~b! Same as~a! but plotted versus temperature
for fixed v andnot displaced vertically;~c! versus differentNs at
fixed temperature. Dashed lines have slope23/2.
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In order to check this picture, we have calculated b
Sv,A(v,T) and s1(v,T) for a representative small field:f
5 1

24. The calculated vortex number noise and conductivit
are plotted in Figs. 14 through 17 for a 24324 array, which
therefore contains 24 field-induced vortices.

The behavior differs strikingly in several ways from th
other two fields.Sv,A still shows clear evidence of diffusiv
behavior, varying asv0 at low frequencies andv23/2 at high
frequencies, and the plots for different temperatures still c
lapse as atf 50 and f 5 1

2. The diffusion coefficientD in-
ferred from these plots, however, does not show obvi
critical slowing down at any finite temperature. Instead
seems to decrease monotonically with temperature. We h
attempted to fit this behavior to various analytical form
such as exponentially activated, but without success: the
tivation energy so obtained is temperature dependent.

FIG. 11. Scaling plot ofSv,A(v,T)/Sv,A(0,T) versusv/vv(T),
where vv(T) is a crossover frequency between frequen
independent andv23/2 behavior. Inset:vv as a function of tempera
ture.

FIG. 12. Fluctuation conductivitys1(v,T) for f 5
1
2 plotted ~a!

versus frequencyv for variousT and~b! versusT for severalv; ~c!
versusT. Curves in~a! are vertically displaced for clarity. Dashe
lines have slope22.
h

s

l-

s
t
ve
,
c-

The fluctuation conductivitys1(v) shows even more
striking behavior. It still has the Drude form, and exhibits t
same data collapse as at the other fields, but the cross
frequencyvs , while monotonically decreasing with decrea
ing temperature, seems to show a plateau nearT
50.7\I c/2e. We believe that this is a residue of the zer
field XY transition near these temperatures, but broadene
the finite magnetic field. Likewise, we speculate that t
minimum in s1(v,T) itself nearkBT50.9\I c/2e is also re-
lated to the zero-field transition.

IV. DISCUSSION

A. Possibility of scaling for f 50 and f 5 1
2

We now discuss our numerical results forf 50 and f 5 1
2

in terms of a possible scaling interpretation. In the case
vortex number noise, a natural starting point is the scal
hypothesis suggested by Shawet al.9 for the vortex density-
density correlation function:

^rv~x,t !rv~y,t8!&5j2sF1S t2t8

t
,
ux2yu

j
,
L

j D . ~18!

Heret(;1/vv) is a characteristic time, which diverges ne
Tc( f ), and Shawet al. suggest thats54. In terms of this
correlation function, the vortex number noiseSv;A(v) can
also be expressed as a scaling function which, after so
algebra, takes the form

-
FIG. 13. Scaling plot ofs1(v,T)/s1(0,T) versusv/vs(T),

where vs(T) ~inset! is the crossover frequency betweenv0 and
v22 behavior.

FIG. 14. Same as Fig. 10 but forf 5
1
24.
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Sv,A~v!5
t

L2
j42sF̃ S vt,

L

j
,
T0

t D , ~19!

whereF̃ is another scaling function. According to a standa
dynamical scaling assumption,23 we expect thatt;jz near
Tc , wherez is a dynamical critical exponent.

We now discuss how well these assumptions agree w
our numerical results. If we assume that the integration t
T0@t, the last argument ofF̃ is very large and can be ig
nored. Precisely atT5Tc , we can replacej by L. With these
two assumptions,F̃ can be rewritten in terms of a singl
argument and

Sv,A~v!;L21z2sG~vLz!, ~20!

whereG is another scaling function. The predictions of th
equation can be compared to the results of Figs. 3~c! and
10~c!. Both figures suggest thatSv,A(v50) is roughly size
independent for largeL. This implies thatz;s22 or z52
assumings54, in agreement with the experimental estima
of Shawet al. However, usingG(x);x23/2 at largev, we
obtain Sv;A(v);L22s2(1/2)zv23/2, where 22s2 1

2 z;23
using s54, z52. This is a much stronger size dependen
than is seen in our numerical results.

The same scaling hypothesis leads to the prediction
the crossover frequencyvv;j2z for temperatures nea
Tc( f ). For f 50, we expectj;exp„b/AT2Tc(0)…, whereb
is a constant. While the universality class of the transition
f 5 1

2 remains a matter of debate,24 it is likely that j will have
a power-law dependence,j(T);uT2Tc( f )u2n, and hence

that vv;uT2Tc(
1
2 )unz, nearTc(

1
2 ). We have not obtained a

good fit of our numerical data to these forms for eitherf
50 or f 5 1

2, possibly because the data is not sufficient
definitively prove or disprove the expected scaling form. I
finite areaA, the scaling form suggests thatvv will never
become smaller than a size-dependent valueL2z, which
should be observed atTc( f ). Once again, our numerical da
is not sufficient to provide a definitive test for this predictio
though the data clearly suggests, for any size considered,
vv never vanishes, even atT5Tc( f ). This qualitative result
would be in agreement with the scaling hypothesis.

It seems reasonable to describe the conducti
s1(v,T,L) using a similar scaling approach. The prop
scaling function should take the form

s1~v,T,L !5jaSS vt,
L

j D , ~21!

wherea is a suitable exponent andS a scaling function to be
determined. Once again, we expectt;jz8, where z8 is a
critical exponent possibly differing fromz. At T5Tc( f ), we
must replacej by L, and the above equation can be rewritt
as

s1~v,Tc ,L !5LaS̃~vLz8!, ~22!

where S̃ is another scaling function.
At large x, our numerical data indicate thatS̃(x);x22,

and also thats1(v,Tc ,L) is independent ofL. These two
conditions together imply thata52z8, for both f 50 and f
th
e

e

at

t

a

,
hat

y
r

5 1
2. In the limit v→0, our data suggests thats1(v,Tc ,L)

varies withL, roughly asL1.5 but with considerable uncer
tainty, so thata;1.5 andz8;0.75. ForTÞTc( f ), we have
not succeeded in fittingvs[1/t to the expected scaling form
vs;j2z8, possibly because of insufficient numerical data

Figures 4, 6, 11, and 13 do suggest that our numer
data obey a kind of scaling. For example, in each case
noted earlier, all the data for a given size collapse ont
single plot of Sv,A(v)/Sv,A(0) versus v/vv , or of
s1(v)/s1(0) versusv/vs . But we have not succeeded i
obtaining a further collapse of the data onto the more spec
scaling forms described in this section. It is possible tha
better collapse might be obtained with larger-scale numer
simulations.

B. f 5 1
24

At f 5 1
24, our numerical results show no clear indicatio

of a phase transition at finite temperatures; instead they
consistent with vortices whose diffusion coefficient is co
tinuously diminishing asT decreases. This behavior agre
with other numerical studies which suggest that the vor
freezing temperature for smallf is well below 0.1\I c/2e.25

For independent vortices, one might expect an exponenti
activated diffusion coefficient,D}exp(2Ea /kBT) with Ea a
suitable activation energy, presumably that required to ex
a vortex between one plaquette and an adjacent one.26 While
we have not been able to obtain a good fit to this form,
diffusion coefficient is certainly decreasing rapidly at lowT.
Similarly, the characteristic frequency for the conductivi
vs , is decreasing quickly at lowT, indicating that the relax-
ation time for scattering charge carriers is growing at lo
temperatures.

Our results fors1(v,T) for this field show some structur
near the zero-field transition temperatureTc( f 50). Most no-
tably, vs(T) shows a pronounced inflection point near th
temperature. We believe that at these low fields,vs(T) is
largely determined byTKTB for T.TKTB , but for lower tem-
peratures,vs is sensitive to the finite density of field
induced vortices and decreases more slowly towards z
than at high temperatures.

C. Absence of 1/v flux noise

Our results differ from the 1/v behavior seen experimen
tally for SF(v) in overdamped Josephson arrays9 over sev-

FIG. 15. Same as Fig. 11 but forf 5
1
24.
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6044 57ING-JYE HWANG AND D. STROUD
eral decades of frequency, although we do see indication
similar scaling behavior. In this subsection, we suggest s
eral possible reasons why this observed behavior is ab
from our calculations.

One possibility is that we are not using the most app
cable dynamical equations for the array. Tiesingaet al. have
already pointed out that a model incorporating local, rat
than RSJ dynamics can produce a 1/v vortex number noise
over a limited frequency range. In the present context, su
local dynamics would correspond to having each grain re
tively shunted to the same ground, with no shunt resistan
between the grains. One difficulty with such a local dyna
ics, when applied to an array of Josephson junctions, is
it does not produce the giant, and fractional giant Shap
steps which are observed in arrays of overdamped Josep
junctions,27 and which are correctly predicted by the coupl
RSJ model.28 A possible way out of this difficulty would be
to include both sources of damping, i.e., both shunt res
tances between grains and~much larger! resistive shuntsRg
to a ground plane. This could conceivably be a reasona
model for the actual experimental geometry, and wo
probably ~for large enoughRg) produce the observed Sha
piro steps. We have not, however, carried out a numer
test of the noise produced by this model.

Another possible explanation is that the observed 1v
noise actually originates from properties of the individu
junctions. It is well established that some Josephson tun
junctions exhibit low-frequency 1/v voltage noise in the
presence of an applied current above the critical curren29

This noise is attributed to thermal fluctuations in the junct
critical currentI c , which arise from the temperature depe
dence ofI c . Such critical current fluctuations are not in
cluded in our model; if they were, they would undoubted
lead to similar, possibly 1/v, fluctuations in the flux through
a portion of the array. We believe that suchI c fluctuations to
be a very plausible source of the observed 1/v flux noise,
because they occur at the very low frequencies~1–1000 Hz!
where the 1/v flux noise is actually observed. By contras
the characteristic frequency of the vortex fluctuations cal
lated here, and in the local damping models, is 2eRIc /\
;1 MHz. Even taking into account the critical slowin
down we observe in our model, it seems that the dynam
may be too fast to be appropriate for the 1–1000 Hz regi

Finally, we note again that we are computing the vor
number noise, rather than the flux noise itself. While the t
undoubtedly differ, it seems unlikely that the differen
could lead to a 1/v behavior ofSF which is absent fromSv .
Thus, of the three explanations suggested here, we feel

FIG. 16. Same as Fig. 12, but forf 5
1
24.
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the second of these~intrinsic 1/v noise in the individual
junctions! is the most plausible.

In passing, we note again that measurements
YBa2Cu3O6.95,

8 have also shown a similar 1/v frequency re-
gime, but studies of very thin films o
Bi2Sr2CaCu2O81d ~Ref. 7! show a 1/v3/2 behavior similar to
that found here, but in the 100 Hz–10 KHz frequency
gime; this behavior is also interpreted as evidence for vor
diffusion. Our results show clear evidence of such diffus
behavior in a numerical model for the dynamics of a Jose
son array; the diffusing objects in our calculations, as p
sumably in the Bi2Sr2CaCu2O81d films, are the thermally
excited vortices and antivortices, and the field-induced v
tices. The frequencies where we find diffusive behavior
pear, however, to lie well above the diffusive regime
Bi2Sr2CaCu2O81d .7

V. CONCLUSIONS

In conclusion, we have calculated both the vortex num
noise Sv(v) and the frequency-dependent conductiv
s1(v) in an overdamped Josephson-junction array at th
different applied magnetic fields corresponding to 0,1

2, and
1
24 of a flux quantum per plaquette. In all three cases,Sv(v)
shows a clearv23/2 behavior, characteristic of vortex diffu
sion, at high frequencies, and is frequency independen
low frequencies. The latter has a Drude behavior, varying
1/v2 at high frequencies andv0 at low frequencies. Both
quantities show clear evidence of critical slowing down~i.e.,
a vortex diffusion coefficient which goes to zero, and
charge-carrier relaxation time which diverges! near the su-
perconducting transitions atf 50 andf 5 1

2, and there is some
evidence of scaling behavior in both quantities. The abse
of a clear 1/v regime is somewhat surprising; we have su
gested several possible explanations, but a decisive expl
tion for this dependence remains to be determined.

ACKNOWLEDGMENTS

We are very grateful for the assistance and advice of
Seungoh Ryu during the early stages of this work. Valua
conversations with Professor T. R. Lemberger are very m
appreciated. This work was supported by NSF Grant N
DMR94-02131. This computation was carried out on SP2
the Ohio Supercomputer Center.

FIG. 17. Same as Fig. 13, but forf 5
1
24.
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