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We consider the effective nonlinear susceptibility teng¢r2w;w,w) for second harmonic
generation in a nonlinear composite medium. We derive a simple expression for this susceptibility
in terms of the position-dependent tensdy and three factors that describe the local field
enhancement in a corresponding linear medium. The resulting expression can be used to calculate
the local-field enhancement df in many geometries. In the dilute limit, the general expression
reduces to a result previously derived. 1®97 American Institute of Physics.
[S0021-897€97)06621-9

INTRODUCTION

' ] ) DiZGEi‘l‘z dijkEjEj,i:X,y,Z, (1)

The nonlinear response of composite materials has been ik
of much recent interest? in part because it may exhibit \where D; (E;) is theith component of the displacement
critical behavior near a percolation threshdfiand also be-  (electrig field D (E). The linear dielectric constant(x)
cause, at finite frequencies, it may be strongly enhanced byjould take on the values® (€°) for x in regions occupied
local field effeCtSS._g A number of theories has been devel- by materiala (b) S|m||ar|y, the second-order nonlinear sus-
oped specifically forweakly nonlinearmaterial$™, espe-  ceptibility tensord; takes the formd?, or df} for x in
cially the Kerr effect, i.e., the cubic nonlinear susceptibility. regions occupied by materia or b. The finite frequency
These theories allow composite Kerr susceptibility to be calyeneralization of Eq(1) is described below.
culated in terms of the component Kerr coefficients and local  The displacementD at each pointx in V satisfies
field enhancement factors which involve only the reldied  Gauss’s law with no free charges, i.8.,D=0. We will also
ear composites. assume that the quasistatic limit is valid, so that the electric
In this Paper, we derive a similar expression for the susfie|d satisfiesV X E=0, and

ceptibility for second harmonic generati¢8HG) in a non-
linear composite. This susceptibility is qualitatively different E(x)=—-V&(x), )
from the Kerr coefficient, because it intrinsically involves where® is a scalar potential. On any interface between
two different frequencies. Our SHG expression, like the earandb materials® and the normal component Bf are con-
lier one for the Kerr coefficient, involves the nonlinear sus-tinuous, i.e.,
ceptibilities of the constituents and also local field enhance- a_ b 2 a -~ b
ments which depend only on the properties of the related ®°=®" n - D*=n- D" on oA, ©
linear random composites. In the dilute limit, our result re- where the superscripts andb label the two regions sepa-
duces to an earlier expression found by Letyal,'? but our  rated by the interface().
result is quite general and applicable to a wide range of ge- To work at finite frequencies, we assume that a mono-
ometries, as well as being amenable to various approximashromatic external applied field of the form
tions. Finally, since our result refers to a coefficient involv- _ et
) ) Eqo(t)=Epy e ' +c.c. 4
ing more than one frequency, it may be a useful prototype :
for developing expressions for other such coefficients, sucuch a field can be achieved by imposing $@a boundary
as those that describe frequency addition or subtraction. ~condition®o(x) = —Eg,-xe'“'+c.c. for x on the surface

S.
Given this applied field, the potential withi, in gen-
FORMALISM AND RESULTS eral, has the form
We consider a macroscopically mho_m_ogeneous medium, d(x)= E bo(x)e ot (5)
of volumeV enclosed by a surfac® consisting of two types n=-

of materials,a andb, with different macroscopi®-E rela-  gjnce the nonlinearity of the components inside the compos-
tions. If we include only quadratic nonlinearities, then thejis \yijl generate local potentials and fields at all harmonic
general form of this relationshiat zero frequencywould be  foquencies. Here, the subscriptlabels the different har-
monics of the fundamental frequenay. The local field in
dElectronic mail: stroud@mps.ohio-state.edu componenta andb can be expressed as
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% * To define the effective response for second harmonic
E“(x,t)=— E Voi(x)e not= 2 EZ (x)e net, generation in an inhomogeneous medium, we assume that
n=- n=-e 6 the composite behaves as a homogeneous medium with ef-
©) fective parameters. We consider a homogeneous medium
where the superscript (a=a,b) explicitly labels the fields with effective linear dielectric constarf®, which may be
for x in regiona. Similarly, the Cartesian components of the frequency dependent, and effective nonlinear susceptibility
displacemenD at x are given by an appropriate generaliza- d(f), subjected to the same boundary conditions given by Eq.
tion of Eqg. (1) which includes the higher harmonics gener-(4). The volume-averageith component of the (@) har-
ated by the nonlinear relation betweBrand E: monic of the displacemer2$”) in such a uniform media is

%)

_ 1 1
Di= X (Df,)ie "™, (7) v f (Dh)idx=g f e5u(E2)id
with S ene—mm L

3 2 g

(Dfo)i=— Eﬁw(V¢>ﬁ(X))i+Ek m;w () mm
| X f (EZ—m)j(Em)kd3X. (12

X(V )i (V i ® o S
Lo oo Since the medium is homogeneous, the field inside it is uni-
Here the subscript i\p,, indicates the frequency dependencetym and equal toE, e '“i+c.c. It follows immediately
of the linear dielectric constan.t, while the. superscripts it the first term on the right side of EQ.2) vanishes, and
()"~ ™™ keep track of the different Fourier components only them=1 term survives in the summation. In particular,

involved in the frequency sum. . . A
The problem of findingd and E everywhere inside/ if we choose a coordinate system such tBgj,|z, then

can thus be divided into an infinite number of coupled prob- 1
lems corresponding to the different Fourier components VJ' (D
exp(—inwt). The condition that the displacement be diver-
gence free implies that for belonging to regiore we must

0)id3x=(di$) MY(Eq,)2. (13)

Thus the effective nonlinear susceptibility for SHG can be
defined through the volume average -) of D,,(x) in an

have ) :
inhomogeneoumedium:
V.D;,=0 for a=a,b, all n. 9 .
With the help of Eq(8), Eq. (9) becomes (di(f;)(l'l)z—zf (D, (X))id%
- V(EO,w)Z
Jd [ o
_e_awv2 iy 4 d_O{ (nm,m)_(_ ai ) 1
VIR T 2 T Gl g e = (Do 0. e
P (EO,w)Z
X qur”,‘] =0 (a=a,b, alln). (10 This general relationship between the effective SHG sus-
k

ceptibility and the spatial average b5, (x) forms the basis
Eq. (10) is the generalization of Laplace’'s equation for developing approximations for a weakly nonlinear com-
V2¢(x)=0 which includes the possibility of harmonic gen- posite. (Note that the quantity we cal®™Y is usually
eration due to the presence of nonlinear materials. From Eqalled d®(—2w;w, ) in standard textbooks in nonlinear
(3) the boundary conditions for each Fourier component beeptics!® with the frequencies involved in the process explic-

come itly stated) In what follows, we express the effective SHG
a b~ a ~ b susceptibility in terms of electric fields for certain equivalent
¢én=¢n,n-Dy,=n-Dy,, ondQ, alln. (1D Jinear problems.

Eq. (10) for the Fourier components of the potential, together It follows from Eq. (8) that, to first order in @0,

with the boundary conditions given by E(L1) on ¢Q and

the externally imposed applied field, mathematically define  Dza,i= €5,E2u.i+ (df ) YE, iEu ks (15

the problem of composites containing materials with qua- Ik

dratically nonlinear susceptibilities, including all effects of whereej,, is the position-dependent linear dielectric function

harmonic generation and bistability. at frequency 2. The spatial average of the first term in Eq.
The coupled set of Eqg10) is, in general, difficult to (15) can be written as

solve. In weakly nonlinear composites, however, this set of _

equations may reasonably be truncated to include only a few (€20B20,1) =(0€20E20,1), (16)

lowest harmonics. The neglected higher harmonics then inwherede,,,(X) = €,,(X) — €5, . €5,, being the effective linear

volve higher powers of the nonlinear susceptibility. Evendielectric function at frequency «2 Here we have used

these truncated equations can be solved exactly in only a fe{E,,, ;)=0, which follows since this average equals the ap-

cases, such as layered structures and dilute composites jplied field at frequency &, which is zero.

spherical nonlinear inclusions in a linear h&st. UsingV-D,,=0 and Egs(15) and(16), we have
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—V-(e,Ep,)=V-(5€y,Ez,+dE,E,), (17) duce an explicit expression for the effective SHG suscepti-

. ) bility. Our result is more concisely expressed by introducing
where d is a shorthand for the tensod;j. Since ihe operators

Es,=—Vésy,(X), it follows that

H=(1-6e%) ! (29
¢2w(X):—f Gou(X,X") V- (8€2,(X")Ez,(X') and
+d(X")VE (X" )E,(x")d3x". (18 HT=(1-%8e) 1, (29
Here G,,(x,x’) is an electrostatic Green's function each specified at a particular frequency. Then it follows from
satisfyind'* Eq. (14) that
€5,V %G, (X,X') == 8(x—X") (19 A\ Y = (T 20 A pmn Tty i T k) (30)

in volumeV with the boundary conditioB(x,x")=0 for x’
on the surface.

Integrating the right-hand side of E(L8) by parts, and
taking the negative gradient of both sides, we obtain an in
tegral equation for the Fourier componentstof

Eq. (30) is the central result of the present work. It gives a
general expression for the effective susceptibility for SHG in
a random composite, in terms of certain enhancement factors
which are expressed as the tensatsand. %",

Finally, we express Eq.30) in terms of quantities that

can be calculated explicitly. From E6), we have
EZw(X):j '(Jé/Zw(XIX’)(662w(X’)E2w(X’)

1
T gy —
+d(X,)Ew(X,)Ew(XI))d3X,. (20) "7Kw,m](x) EO,w,j Ea),m(x)1 (31)
Here ¢ is a matrix Green's function defined in dyadic nota- with a similar expression fo%’l‘nk(x)_ That is, this quantity
tion by is the inducednth Cartesian component of electric field at

C=V'V'G. (21) positionx and frequencyw when a fieldg,, is applied in
the jth direction at the same frequency in tleear random
Eq. (20) can be regarded as the position representation ofedjum. Similarly
the equation
1
EZw: f/(Zw( 562(»E2w+ dEo)Ew) (22) '%)Zw,i/(x) = ?EZw,/(X)y (32)
) Wl
This relation can also be viewed as a condensed operator . h , q h forri h
notation, in that the right-hand side involves not only a ma_usmgllt € samg notanc(;jp, an ]:/ve are here referring to the
trix multiplication but also an integration over. Eq. (22) samelinear random medium at frequency.
may be solved formally foE,,, giving

Eo=(1- 3,0€5,) " %5,dE,E,. (23  DISCUSSION
Using Egs.(16) and (23), the entire quantity in Eq(15) of 'Egs. (30—(32) represent an explicit and general pre-
which we need the spatial average may be written as scription for calculating the effective second-harmonic sus-
o ceptibility. The expression involves knowledge 6§ the
d€y,Er,tAE E,=(1— d€5,55,)  "dE,E,,. (24 second-harmonic susceptibility of each component of the

In order to get the effective SHG tensor, we now write 'andom composite andi) the fields in the relatedinear
E,(X) as the solution of an integral equation analogous td@ndom medium at frequenciesand 2w. The SHG suscep-

Eq. (20):"* tibilities of the components can have arbitrary tensorial sym-
metry.
Ew(x):EOw_Ff Z (X ) Se, (X VE,(x')d3'.  (25) Our principal result, Eq30), while fully gene.ral, cannot
’ be evaluated exactly for most random composites. However,

in some special cases, an exact result is possible. On such
‘ . case is a system consisting of a volume fractiofp<<1) of
E,=(1-2,6€,) Eow, (26)  spheres with linear dielectric functias? and SHG suscepti-

whereE,,, is the applied field at frequenay. bility d3{"" randomly eernbedded in a linear host medium

Reverting back explicitly to component notation, we with dielectric functione®. In this case the interaction be-
write the spatial average @,,,; as tween the spheres can be ignored, and the spheres treated
w,

independently. Therz " mj 1S simply the well-known local

This may again be solved formally fé&t, to yield

(D20,i)=([(1~ €2, % 24) i/ d/mn field factor given by 3%5,7”-/(62-‘1- 2€°). A similar expres-
X[(1= %, 0e,) o sion holds for75,, . Hence, the effective SHG susceptibility
“ 0w9€y mj .
is
X[(1= %, 6€,) 1ndEow,iEowk: (27) ) b2
. . . 362&) 36(1)

where an integration over and a summation over repeated  d{f)"Y=pdiit?| — . — (33
indices are implied. From this equation, we can finally de- €,1 263,/ \ €,12¢,
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