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We consider the effective nonlinear susceptibility tensord(22v;v,v) for second harmonic
generation in a nonlinear composite medium. We derive a simple expression for this susceptibility
in terms of the position-dependent tensord, and three factors that describe the local field
enhancement in a corresponding linear medium. The resulting expression can be used to calculate
the local-field enhancement ofd in many geometries. In the dilute limit, the general expression
reduces to a result previously derived. ©1997 American Institute of Physics.
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INTRODUCTION

The nonlinear response of composite materials has b
of much recent interest,1–3 in part because it may exhib
critical behavior near a percolation threshold,4,5 and also be-
cause, at finite frequencies, it may be strongly enhanced
local field effects.5–9 A number of theories has been deve
oped specifically forweakly nonlinearmaterials2–11, espe-
cially the Kerr effect, i.e., the cubic nonlinear susceptibili
These theories allow composite Kerr susceptibility to be c
culated in terms of the component Kerr coefficients and lo
field enhancement factors which involve only the relatedlin-
ear composites.

In this Paper, we derive a similar expression for the s
ceptibility for second harmonic generation~SHG! in a non-
linear composite. This susceptibility is qualitatively differe
from the Kerr coefficient, because it intrinsically involve
two different frequencies. Our SHG expression, like the e
lier one for the Kerr coefficient, involves the nonlinear su
ceptibilities of the constituents and also local field enhan
ments which depend only on the properties of the rela
linear random composites. In the dilute limit, our result r
duces to an earlier expression found by Levyet al.,12 but our
result is quite general and applicable to a wide range of
ometries, as well as being amenable to various approxi
tions. Finally, since our result refers to a coefficient invo
ing more than one frequency, it may be a useful prototy
for developing expressions for other such coefficients, s
as those that describe frequency addition or subtraction.

FORMALISM AND RESULTS

We consider a macroscopically inhomogeneous medi
of volumeV enclosed by a surfaceS, consisting of two types
of materials,a andb, with different macroscopicD-E rela-
tions. If we include only quadratic nonlinearities, then t
general form of this relationshipat zero frequencywould be

a!Electronic mail: stroud@mps.ohio-state.edu
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Di5eEi1(
jk

di jkEjEj ,i 5x,y,z, ~1!

where Di (Ei) is the i th component of the displacemen
~electric! field D (E). The linear dielectric constante(x)
would take on the valuesea (eb) for x in regions occupied
by materiala (b). Similarly, the second-order nonlinear su
ceptibility tensordi jk takes the formdi jk

a or di jk
b for x in

regions occupied by materiala or b. The finite frequency
generalization of Eq.~1! is described below.

The displacementD at each pointx in V satisfies
Gauss’s law with no free charges, i.e.,¹•D50. We will also
assume that the quasistatic limit is valid, so that the elec
field satisfies¹3E50, and

E~x!52¹F~x!, ~2!

whereF is a scalar potential. On any interface betweena
andb materials,F and the normal component ofD are con-
tinuous, i.e.,

Fa5Fb, n̂ • Da5n̂ • Db on ]V, ~3!

where the superscriptsa and b label the two regions sepa
rated by the interface]V.

To work at finite frequencies, we assume that a mo
chromatic external applied field of the form

E0~ t !5E0,ve2 ivt1c.c. ~4!

Such a field can be achieved by imposing onS a boundary
conditionF0(x)52E0,v•xe2 ivt1c.c. for x on the surface
S.

Given this applied field, the potential withinV, in gen-
eral, has the form

F~x!5 (
n52`

`

fn~x!e2 invt, ~5!

since the nonlinearity of the components inside the comp
ite will generate local potentials and fields at all harmon
frequencies. Here, the subscriptn labels the different har-
monics of the fundamental frequencyv. The local field in
componentsa andb can be expressed as
97/82(10)/4740/4/$10.00 © 1997 American Institute of Physics
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Ea~x,t !52 (
n52`

`

¹fn
a~x!e2 invt[ (

n52`

`

Env
a ~x!e2 invt,

~6!

where the superscripta (a5a,b) explicitly labels the fields
for x in regiona. Similarly, the Cartesian components of th
displacementD at x are given by an appropriate generaliz
tion of Eq. ~1! which includes the higher harmonics gene
ated by the nonlinear relation betweenD andE:

Di
a5 (

n52`

`

~Dnv
a ! ie

2 invt, ~7!

with

~Dnv
a ! i52env

a ~¹fn
a~x!! i1(

jk
(

m52`

`

~di jk
a !~n2m,m!

3~¹fn2m
a ! j~¹fm

a !k . ~8!

Here the subscript inenv
a indicates the frequency dependen

of the linear dielectric constant, while the superscripts
(di jk

a )(n2m,m) keep track of the different Fourier componen
involved in the frequency sum.

The problem of findingD and E everywhere insideV
can thus be divided into an infinite number of coupled pro
lems corresponding to the different Fourier compone
exp(2invt). The condition that the displacement be dive
gence free implies that forx belonging to regiona we must
have

¹•Dnv
a 50 for a5a,b, all n. ~9!

With the help of Eq.~8!, Eq. ~9! becomes

2env
a ¹2fn

a~x!1(
i jk

(
m52`

`

~di jk
a !~n2m,m!

]

]xi
S ]

]xj
fn2m

a D
3S ]

]xk
fm

a D50 ~a5a,b, all n!. ~10!

Eq. ~10! is the generalization of Laplace’s equatio
¹2f(x)50 which includes the possibility of harmonic ge
eration due to the presence of nonlinear materials. From
~3! the boundary conditions for each Fourier component
come

fn
a5fn

b ,n̂•Dnv
a 5n̂•Dnv

b , on ]V, all n. ~11!

Eq. ~10! for the Fourier components of the potential, togeth
with the boundary conditions given by Eq.~11! on ]V and
the externally imposed applied field, mathematically defi
the problem of composites containing materials with q
dratically nonlinear susceptibilities, including all effects
harmonic generation and bistability.

The coupled set of Eqs.~10! is, in general, difficult to
solve. In weakly nonlinear composites, however, this se
equations may reasonably be truncated to include only a
lowest harmonics. The neglected higher harmonics then
volve higher powers of the nonlinear susceptibility. Ev
these truncated equations can be solved exactly in only a
cases, such as layered structures and dilute composite
spherical nonlinear inclusions in a linear host.12
J. Appl. Phys., Vol. 82, No. 10, 15 November 1997
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To define the effective response for second harmo
generation in an inhomogeneous medium, we assume
the composite behaves as a homogeneous medium with
fective parameters. We consider a homogeneous med
with effective linear dielectric constante (e), which may be
frequency dependent, and effective nonlinear susceptib
di jk

(e) , subjected to the same boundary conditions given by
~4!. The volume-averagedi th component of the (2v) har-
monic of the displacementD2v

(u) in such a uniform media is

1

VE ~D2v
~u!! id

3x5
1

VE e2v
~e!~E2! id

3x

1(
jk

(
m52`

`

~di jk
~e!!~22m,m!

1

V

3E ~E22m! j~Em!kd
3x. ~12!

Since the medium is homogeneous, the field inside it is u
form and equal toE0,ve2 ivt1c.c. It follows immediately
that the first term on the right side of Eq.~12! vanishes, and
only them51 term survives in the summation. In particula
if we choose a coordinate system such thatE0,vi ẑ, then

1

VE ~D2v
~u!! id

3x5~dizz
~e!!~1,1!~E0,v!z

2 . ~13!

Thus the effective nonlinear susceptibility for SHG can
defined through the volume average^•••& of D2v(x) in an
inhomogeneousmedium:

~dizz
~e!!~1,1!5

1

V~E0,v!z
2E ~D2v~x!! id

3x

[
1

~E0,v!z
2 ^~D2v~x!! i&. ~14!

This general relationship between the effective SHG s
ceptibility and the spatial average ofD2v(x) forms the basis
for developing approximations for a weakly nonlinear co
posite. ~Note that the quantity we calld(e)(1,1) is usually
called d(e)(22v;v,v) in standard textbooks in nonlinea
optics,13 with the frequencies involved in the process expl
itly stated.! In what follows, we express the effective SH
susceptibility in terms of electric fields for certain equivale
linear problems.

It follows from Eq. ~8! that, to first order in (di jk
a )(1,1),

D2v,i5e2v
a E2v,i1(

jk
~di jk

a !~1,1!Ev, jEv,k , ~15!

wheree2v
a is the position-dependent linear dielectric functio

at frequency 2v. The spatial average of the first term in E
~15! can be written as

^e2vE2v,i&5^de2vE2v,i&, ~16!

wherede2v(x)5e2v(x)2e2v
e , e2v

e being the effective linear
dielectric function at frequency 2v. Here we have used
^E2v,i&50, which follows since this average equals the a
plied field at frequency 2v, which is zero.

Using ¹•D2v50 and Eqs.~15! and ~16!, we have
4741P. M. Hui and D. Stroud
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2“•~e2v
e E2v!5“•~de2vE2v1dEvEv!, ~17!

where d is a shorthand for the tensordi jk . Since
E2v52¹f2v(x), it follows that

f2v~x!52E G2v~x,x8!“8•~de2v~x8!E2v~x8!

1d~x8!Ev~x8!Ev~x8!!d3x8. ~18!

Here G2v(x,x8) is an electrostatic Green’s functio
satisfying7,14

e2v
e ¹2G2v~x,x8!52d~x2x8! ~19!

in volumeV with the boundary conditionG(x,x8)50 for x8
on the surfaceS.

Integrating the right-hand side of Eq.~18! by parts, and
taking the negative gradient of both sides, we obtain an
tegral equation for the Fourier components ofE:

E2v~x!5E G 2v~x,x8!~de2v~x8!E2v~x8!

1d~x8!Ev~x8!Ev~x8!!d3x8. ~20!

HereG is a matrix Green’s function defined in dyadic not
tion by

G 5“8“8G. ~21!

Eq. ~20! can be regarded as the position representatio
the equation

E2v5G 2v~de2vE2v1dEvEv!. ~22!

This relation can also be viewed as a condensed ope
notation, in that the right-hand side involves not only a m
trix multiplication but also an integration overx8. Eq. ~22!
may be solved formally forE2v giving

E2v5~12G 2vde2v!21G 2vdEvEv . ~23!

Using Eqs.~16! and ~23!, the entire quantity in Eq.~15! of
which we need the spatial average may be written as

de2vE2v1dEvEv5~12de2vG 2v!21dEvEv . ~24!

In order to get the effective SHG tensor, we now wr
Ev(x) as the solution of an integral equation analogous
Eq. ~20!:7,14

Ev~x!5E0,v1E G v~x,x8!dev~x8!Ev~x8!d3x8. ~25!

This may again be solved formally forEv to yield

Ev5~12G vdev!21E0,v , ~26!

whereE0,v is the applied field at frequencyv.
Reverting back explicitly to component notation, w

write the spatial average ofD2v,i as

^D2v,i&5^@~12de2vG 2v!21# i l dl mn

3@~12G vdev!21#m j

3@~12G vdev!21#nk&E0,v, jE0,v,k , ~27!

where an integration overx8 and a summation over repeate
indices are implied. From this equation, we can finally d
4742 J. Appl. Phys., Vol. 82, No. 10, 15 November 1997
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bility. Our result is more concisely expressed by introduci
the operators

K 5~12deG !21 ~28!

and

K T5~12G de!21, ~29!

each specified at a particular frequency. Then it follows fro
Eq. ~14! that

di jk
~e!~1,1!5^K 2v; i l dl mnK v,m j

T
K v,nk

T &. ~30!

Eq. ~30! is the central result of the present work. It gives
general expression for the effective susceptibility for SHG
a random composite, in terms of certain enhancement fac
which are expressed as the tensorsK andK T.

Finally, we express Eq.~30! in terms of quantities tha
can be calculated explicitly. From Eq.~26!, we have

K v,m j
T ~x!5

1

E0,v, j
Ev,m~x!, ~31!

with a similar expression forK v,nk
T (x). That is, this quantity

is the inducedmth Cartesian component of electric field
position x and frequencyv when a fieldE0,v is applied in
the j th direction at the same frequency in thelinear random
medium. Similarly

K 2v,i l ~x!5
1

E0,2v,i
E2v,l ~x!, ~32!

using the same notation, and we are here referring to
samelinear random medium at frequency 2v.

DISCUSSION

Eqs. ~30!–~32! represent an explicit and general pr
scription for calculating the effective second-harmonic s
ceptibility. The expression involves knowledge of~i! the
second-harmonic susceptibility of each component of
random composite and~ii ! the fields in the relatedlinear
random medium at frequenciesv and 2v. The SHG suscep-
tibilities of the components can have arbitrary tensorial sy
metry.

Our principal result, Eq.~30!, while fully general, cannot
be evaluated exactly for most random composites. Howe
in some special cases, an exact result is possible. On
case is a system consisting of a volume fractionp (p!1) of
spheres with linear dielectric functionea and SHG suscepti-
bility di jk

a(1,1) randomly embedded in a linear host mediu
with dielectric functioneb. In this case the interaction be
tween the spheres can be ignored, and the spheres tre
independently. ThenK v,m j

T is simply the well-known local
field factor given by 3ev

b dm j /(ev
a 12ev

b ). A similar expres-
sion holds forK 2v . Hence, the effective SHG susceptibilit
is

di jk
~e!~1,1!5pdi jk

a~1,1!S 3e2v
b

e2v
a 12e2v

b D S 3ev
b

ev
a 12ev

b D 2

. ~33!
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A similar expression has previously been obtained by Le
et al.12 for this dilute limit. It is gratifying that this expres
sion emerges as a special case of our general result.

In a nondilute composite in which the components
not necessarily have spherical shapes, various approx
tions are necessary to evaluate the general expression. N
theless, the general expression, since it only involves p
erties of thelinear medium~at two different frequencies! and
the nonlinear susceptibilities of the components, should
treatable by a range of analytical approximations, or poss
by numerical techniques.

In summary, we have developed a general expression
the second harmonic susceptibility of a random compo
medium, in the limit of weak nonlinearity. The resultin
form expresses this susceptibility in terms of the SHG s
ceptibilities of the individual composites and thelinear prop-
erties of the composite at two different frequencies. Our
sult reduces to previous forms in the dilute limit, but
considerably more general. It should therefore be usefu
estimating the~possibly large! enhancement of SHG susce
tibilities in random composites arising from local field e
fects.
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