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Dimensional crossover in the effective second-harmonic generation of films of random dielectrics
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The effective nonlinear response of films of random composites consisting of a binary composite with
nonlinear particles randomly embedded in a linear host is theoretically and numerically studied. A theoretical
expression for the effective second-harmonic generation susceptibility, incorporating the thickness of the film,
is obtained by combining a modified effective-medium approximation with the general expression for the
effective second-harmonic generation susceptibility in a composite. The validity of the theoretical results is
tested against results obtained by numerical simulations on random resistor networks. Numerical results are
found to be well described by our theory. The result implies that the effective-medium approximation provides
a convenient way for the estimation of the nonlinear response in films of random dielectrics.
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[. INTRODUCTION corresponding to systems spanning from two dimensions to
three dimensions.

Nonlinear response of random composite materials has The plan of the paper is as follows. In Sec. Il, we present
been a subject of intensive research for many yiga'nge our formalism on the effective SHG susceptibility of films of
nonlinear response in such composites may be affected fypndom dielectrics. Section Il gives a description of the
several factors. For examp|e’ the response can be greaﬂ]podel Of nume”cal S|mu|at|0ns. Resu|tS Of nume”cal Simu-
enhanced by local-field effects, and the percolation effectations are compared with theoretical results in Sec. IV.
could change the character of the systemin particular,
enhancement of nonlinear optical response in random dielec-1l. EFFECTIVE-MEDIUM APPROXIMATION FOR SHG
trics may be useful for the design of novel switching devices IN FILMS
in photonics and real-time coherent optical signal processors.

A number of theoretical works have been developed speciﬁ(—:or\]N.e tpr?ns(;?z g:&i%osmqof'?glgf '?hgTO%eni?ﬁartZ?:lum
cally for weakly nonlinear composités'® An excellent re- SIsting IXtu WO types 1als.

view on the recent developments of the subject has recentIThe materialsa andb have different ma'crosco.pib-E' rela-
ons. If we only include the quadratic nonlinearities, the

been given by Shalaéf. : .
While most of the work have focused on nonlinear ef“fectsgeneral form of thé®-E relationship at zero frequency would
such as the Kerr effect, Hudt al'>'® have derived general be
expressions for the effective susceptibilities for second-
harmonic generatiotlSHG) and third-harmonic generation Di=2 &Ej+> dEE, i=xY,2 (1)
(THG) in a binary composite of random dielectrics. In the ] Ik
dilute limit, the effective SHG and THG susceptibilities ob-
tained in Refs. 15 and 16 reduce to earlier expressions foun
by Levy et all’ For many applications and materials fabri-
cation, samples in the form of thin films are essential. It is
therefore, useful to study the effective SHG in films of ran- _a - . .
dom dielectrics. In the present work, we consider films Of%j(g(frgr_rgmi(oaosr (;i?::?ni: dogcuﬂaetir?gj \Tv:tzlr':)l Zgigg:ért)hat
random dielectrics consisting of spherical particles with non-, ~ . 9 -cup y X
linear response embedded randomly in a linear host. Wg?e I!neard|eltictr|c constants of both components are 1Sotro-
study the dependence of the effective SHG on the film thick-p'c’t "E.}"I €ij B € Ig” , With 7_?] (b) for regmgs oc<:tgp|edt by |
ness and the concentration of the nonlinear component. B ateriaia (.)' N general, when a monochromatic externa
invoking a modified effective-medium approximation eld is applied, the nonlinearity of the component inside the

(EMA) to incorporate the film thickness in the estimation of composite will generate local potentials and fielo!s at all har-
the local fields, together with our previous general expres[non.IC f_requenc_les. Here, we focus on the effective SHG for
sion for SHG susceptibility, the effective SHG susceptibilitya thin f||m_ qf thicknessl.. e

including the effect of film thickness can be calculated. The For a finite frequency external applied field of the form
validity of our theory is tested against the results obtained by Eo(t)=Ege “+c.c )
numerical simulations on random nonlinear resistor networks 0 0w .

of different thickness consisting of two different kinds of the effective SHG susceptibility can be extracted by consid-
resistors. It is found that our EMA provides a good descrip-ering the volume average of the displacement field at the

tion of numerical results for the whole range of thicknessedrequency 2» in the inhomogeneous composite medium. A

here D; (E;) is the ith component of the displacement

lectrig field D (E). For simplicity, we consider a compos-
ite in which a volume fractiorp of nonlinear materiah is
'mixed with a volume fraction % p of linear materiab, i.e.,
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general expression for the effective SHG susceptibility hasand D=3 for large thickness. To incorporate the effects of
been derived in Ref. 15. The result is that to first order in thefinite thicknesses, it is most convenient to convert the con-
SHG susceptibilityd;;, , the effective SHG susceptibility is tinuum description into a discrete version of the problem. In

given by® the discrete version, the system is considered to be a lattice
. - - consisting ofNXNXL sites, whereL is the number of lay-
(A% 200,011k = (K 2wt DimnK o, miK o0k (3 ers. For ab-dimensional hypercubic lattice, the coordination

numberz, i.e., the number of nearest neighbors, is related to
D throughD =2z/2. For a single layerl(=1) z=4 and for a
large number of layersL(— =), the system is three dimen-
sional with z=6. For a system of finite thickneds the
Epyi(X) average coordination number becomlesdependent and

where(- - -} denotes a volume average over the inhomoge
neous medium. The tensoks and KT are possible local-
field-enhancement factors of the forms

Ka2w;il (X) = Eo'zm (4)  takes the form
, |
and 1
z(L)=2(3—— . (9)
L
KT (x) Eoim(X) 5
©;mj Eowj Incorporating Eq(9) into Egs.(7) and(8) by replacing the

dimensionalityD by z(L)/2 constitute a set of equations for

with a similar expression foK,,;(x). The tensoK ,;mi(X), 4 modified EMA for the effective SHG susceptibility of films
for example, is the inducewhth Cartesian component of the ¢ random dielectrics.

electric field at positionx and frequencys when a fieldg, ,

is applied in thejth direction at the same frequency in a
linear random medium of the same spatial inhomogeneous
structure. Similar expression for the effective THG suscepti-

IIl. NUMERICAL SIMULATIONS USING RANDOM
NONLINEAR RESISTOR NETWORK

bility can also be derive_ff o _ To test the validity of the modified EMA for SHG suscep-
In a composite in which only the materialis nonlinear,  tipjlity in a film of random dielectrics, we follow the ap-
the effective SHG susceptibility takes the simple form proach in Ref. 16 and perform numerical simulations using a

random nonlinear resistor network. Such an approach has
. (6) been applied previously with success to study linear optical
Eo.20E00F00 properties and nonlinear properties such as the Kerr effect in
random composite®. 2! To model a system of finite thick-
ness, two types of bonds are placed randomly onfibxaN
M- : - XL lattice, with L running from 1 toN modeling a two-
One such approximation is the EMA. One possible eﬁecnvedimensional(ZD) system [=1) and a 3D systeml(=N),

medium approximation is to calculate the electric fields : : .
within each particle as if that particle is embedded in anre_spectlvely._ In the resistor T‘Etwork model, it is more conve-
effective medium with dielectric constaf.® In this ap- nient to d_eflne the_r_nodel in terms_ of condl_Jctance of the
proximation, Eq.(6) becomes bpnds. With _probabllltyp, the bonds in the lattice are occu-

' pied by nonlinear components characterized by the two pa-

D et ) rameters: the linear conductang® and the nonlinear sus-
2w

<E621w a7211);(u,wE';:xl)Eil)>

d®

2w,w,0

It is desirable to further develop a simple analytic approxi-
mation for the average of the local-field factors in E@).

e ceptibility d, with the latter representing the response to two
€5, t(D-1)ey, voltages at frequency. With probability (1 p), the bonds
2 are occupied by linear components characterized by a linear
conductancegP. To model a mixture of metallic and insulat-
, (7) ) - . b
ing components at finite frequencies, we tgkeandg® to be
of the forms

ngm;w,w: pdaZo);w,w(

e
De,

X i —
e&+(D-1)e

whereD is the spatial dimension and the subscriptsand

2w specify the frequency at which the local field is evalu- 1+iwRC—w?LC

ated. 9%(w)= RTToL (10)
The effective linear dielectric constant§ ande€$,, can be

evaluated from the usual EMA for linear random compositesand

by

g°(w)=iwC. (11
Pa

a=a,b

e*—€®
m) =0, ®  The nonlinear susceptibilitg of materiala is assumed to be
independent of frequency, for simplicity. This choice gif
wherep, is the volume fraction of thesth component and and g° has been widely used in studying the frequency re-
the summation is over the different components in the comsponse in random composites>* because the ratig®/g®
posite. For a thin film of thicknesk, the behavior of the has the same form as the Drude dielectric function of a metal
system lies somewhere betweBn=2 for small thickness with the plasma frequency,=1/LC and relaxation time
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r=L/R. In what follows, the parameters are chosen to be 0.5
C=1, L=1, andR=0.1, corresponding to a plasma fre- g
quencyw,=1. . A L[4
The effective response of the random nonlinear resistor 5 v L5
. . . . . 9 0.3} Theory L=1
network can be studied by direct numerical simulatiths. s | HP ®\ 0 Theory L=2
[ R 7 o N : N WAoo, Theory L=4

Using the Kirchhoff's law, the voltage at each node can be
solved. Although the applied voltage imposed on the nonlin-
ear network is taken to consist only of a component at fre- 0.0 jdl
guencyw, the voltage at each node inside the network has
components at frequencies and 2w. So, solving Kirch-
hoff's law leads to solving two equations!(®>=0 and
>1(2©)=0 at each node simultaneously, where the summa-
tion is over all the bonds connected to the node under con-
sideration and () and1(?®) are the components of the cur-
rent corresponding to the frequeneyand 2w, respectively.
These two equations at each node must be solved self-
consistently for the voltages at frequenciesand 2w, and

the effective SHG can be then extracted. In what follows, we
use a lattice of size 2020X L, with an applied voltage set

to unity. By varying the layer thickneds dimensional cross-
over of the effective SHG response from 2D to 3D can be
studied.

Theory L=6

IV. RESULTS AND DISCUSSION

Numerical simulations allow for the extraction of the ef-
fective linear and nonlinear response of the inhomogeneous
system for different concentrations of the nonlinear compo-
nent and for different film thicknesses. Results from numeri-
cal simulations can then be compared with those calculated
via the modified EMA so as to establish the validity of the
approximation. Figures 1 and 2 show the effective linear
responsa.; and effective SHG responsk,/d of the ran-
dom nonlinear network as a function of frequeneyfor
three values§=0.1,0.5,0.9) of the concentratign In each
panel of the figures, the symbols give the simulation results 4y
and the lines give the EMA results. The symbols represent an
average over 50 independent runs corresponding to different
configurations of the random network. The EMA results are
obtained by using Eq$7)—(9), with the dielectric constants
replaced by the conductances. Four different layer thick-
nesses are studied for each value of the concentration.

In the dilute case §=0.1), the concentration is lower
than the percolation threshold regardless of the thickness,
i.e., p<p. for both p,; (2D) andp, (3D) in the bond perco-
lation problem. In this case, isolated nonlinear bofwsm-
ponenta) are surrounded by the insulating bon@d®mpo-
nentb). In the continuum case, the situation corresponds to . ) .
the one in which isolated disker spheresof componenta 0.0 05 1.0 1.5 2.0
are embedded in a background of comporefthe structure o

observed inges; corresponds to the so-called surface- o _

plasmon resonance structure. The surface-plasmon resonancet!C- 1. The effective linear respongg;; as a function ofw.

peak shifts to lower frequency as the layer thickness in- he three p‘"’fnels correspondge-0.1, 0.5, and 0.9. In each panel,

creases. The shift is related to the change in the resonanfgults for thicknest=1, 2, 4, and 6 are shown. The symbols are

frequency fromm /\/§ for an isolated sphere in 3argeL) results of numerical simulations and the curves are theoretical re-
p Lo sults based on the EMA.

to wp/\/i for an isolated disk in 2DL(=1). The real and

imaginary parts of the nonlinear response normalized to theesonance frequency. The modified EMA captures the fea-

SHG coefficient of the nonlinear componemyt/d show a tures reasonably well, with a better agreement for large val-

corresponding resonance structure near the surface-plasmaas ofL. It is reasonable in that the EMA, being a mean-field

Re(g,,)
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08 indicates that the composite behaves effectively as a con-
0.4l g ducting (metallic system. The greater the thickness, the
e larger is Re@q¢). It is because the value pf=0.5 becomes
—— Theory L=1 increasingly larger thamp, asL increases, and the system
Theoryl=2 — shows increasingly dominating metallic character. The effec-
Theory L=4 i .
Theory L=6 tive SHG response shows a broader structure with an en-
hancedd./d compared with the dilute concentration case.
The enhancement in the SHG response comes about from the
enhancement in the local field applying on the nonlinear
component when the system has more better conducting non-
linear component. The modified EMA, again, gives results in
reasonable agreement with simulation results, indicating that
00 05 10 15 20 incorporating a thickness-dependent coordination number
o into EMA can be used to estimate the effective SHG re-
sponse in random dielectric systems.

For high concentrationg=0.9) of the nonlinear compo-
nent, the systems shows metallic behavior in the linear re-
sponse, as shown in Fig. 1. The behavior of the effective
SHG susceptibility basically follows that of the case pf
=0.5, with the appearance of a small resonance structure at
low frequency. The structure is due to the isolated insulating
component in an otherwise metallic background.

In both our numerical and EMA results, the SHG compos-
ite susceptibility is enhanced only relatively weakly over that
of the pure SHG material. By contrast, processes such as
Kerr nonlinearity are greatly enhanced in composite
media®—>""132223\e believe this weak enhancement may
occur because E@6) involves the linear fields atvo differ-
ent frequenciesThus, the enhancement will be smaller than
when all the field-enhancement factors are resonant at the
samefrequency. The enhancement is further weakened by
randomness when both components are present in high con-
centrations, which causes the field-enhancement factors to be
broadened over a range of frequencies. At very low concen-
trations, despite the two frequencies, other studies have
shown that the SHG enhancement is still large.

Also, our calculations assume that only the metallic com-
ponent has a nonzero SHG susceptibility. We have done a
few test EMA calculations in 2D, and find a somewhat larger
enhancement, when only the nonmetallic component is non-
. ) . linear, with Im(dc¢;/d) and Refl.;/d) reaching magnitudes
oo 05 10 15 20 as large as 4 or 5.

® Expression(6) for the effective SHG susceptibility treats
the composite asl@omogeneous medium with effective prop-
three panels correspond @=0.1, 0.5, and 0.9. In each panel, erties as is reasonable if the inhomogeneities are small com-

results for thicknesk=1, 2, 4, and 6 are shown. The symbols are pared to a wavelength. Since the medium is effectively ho-

results of numerical simulations and the curves are theoretical remoge”eOUS' the SHG_ emission will be in _the form of a
sults based on the EMA. collimated beam. Besides this beam, there is another SHG

contribution, resulting from scattering from the inhomogene-

approximation' is expected to work better in h|gh Spatia| d|_|t|es This Contribution, which has a broad angular distribu-
mensions in which fluctuation effects are smaller. We alsdion, depends on particle size, unlike that calculated here. It
note that the simulation results indicate that the system pickBas been seen in experiments on inhomogeneous metal-
up three-dimensional character readily for not-so-large layetnsulator fims3* and may be large near the percolation
thicknesses. threshold.

For p=0.5, which is the percolation threshold for an in-
finite 2D system and higher thgm.(3D), the numerical re-
sults for Refje¢1) with L=1 show a broad structure with the
values at low frequencies tend to be enhanced. [Fa2, We have studied the dependence of the effective SHG
large Refq¢s), relative to the dilute case, at low frequenciesresponse in a random dielectric system as a function of the

4 poa
[l vl
o
B0

0.0} oo

Re(d, /d)

-04¢

-0.8¢

Im(d,_ /d)

Re(d, /d)

Im(d_/d)

Re(d, /d)

Im(d_/d)

FIG. 2. The effective SHG response as a functionwofThe

V. SUMMARY
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concentration of the nonlinear constituent and the systertinear SHG response may be associated with the poorer con-
thickness. A modified EMA, based on a previous expressiomuctor of the two constituents. In this case, the contrast in the
of the effective SHG derived by the authors coupled with alinear dielectric constants between the two constituents may
thickness-dependent coordination number, is proposed fgroduce an enhanced local field in the poorer conducting
the effective SHG response. Numerical simulations on a rancomponent and thus drive a greater SHG enhancement. In-
dom network consisting of a mixture of nonlinear and lineardeed, some preliminary calculations, using the EMA, do give
conductances allow extraction of the effective linear andise to this increased enhancement.

SHG response. It is found that the modified EMA gives re-
sults that are in reasonable agreement with the numerical
simulation results. The system picks up three-dimensional
character for moderate film thicknesses. The results show This work was supported in part by a grant from the Re-
that the modified EMA can be used as an effective tool forsearch Grants Council of the Hong Kong SAR Government
estimating the effective SHG response in random dielectrithrough Grant No. CUHK4129/98P. One of (B.S) ac-
systems. The approximation can be applied to other systenisiowledges support from the National Science Foundation
consisting of nonlinear components. For example, the nonthrough Grant No. DMR01-04987.

ACKNOWLEDGMENTS

V.M. Shalaev, Phys. Re272, 61 (1996; D.J. Bergman and D. Boyd and J.E. Sipe, J. Opt. Soc. Am.1R, 297 (1994).
Stroud, Solid State Phyd6, 147(1992; C. Flytzanis, F. Hache, #V.M. ShalaevNonlinear Optics of Random Media: Fractal Com-
M.C. Klein, and P. Roussignol, iRrogress in Opticsedited by posites and Metal-Dielectric FilmgSpringer, New York, 2000
E. Wolf (North-Holland, Amsterdam, 1991Vol. 29, p. 322. see alscProperties of Nanostructured Random Medidited by
2D. Stroud and Van E. Wood, J. Opt. Soc. Am6B778(1989. V. M. Shalaev(Springer, New York, 2002

SA.E. Neeves and M.H. Birnboim, J. Opt. Soc. Am. @ 787 15p M. Hui and D. Stroud, J. Appl. Phy82, 4740(1997).
(1989; Y.Q. Li, C.C. Sung, R. Inguva, and C.M. Bowdehid. 16p M. Hui, P. Cheung, and D. Stroud, J. Appl. Phgd, 3451
6, 814(1989; J.W. Haus, N. Kalyaniwalla, R. Inguva, M. Bloe- (1998.

4 Ten and C.M. Bowdenibid. 6, 797 (1989). 0. Levy, D.J. Bergman, and D.G. Stroud, Phys. ReG2=3184
P.M. Hui, Phys. Rev. Bt1, 1673(1990; 49, 15 344(1994. (1995

°D. Stroud and P.M. Hui, Phys. Rev. &, 8719(1988. 18x. Zhang and D. Stroud, Phys. Rev.52, 2131(1995.

6
A. Aharony, Phys. Rev. Let68, 2726(1987. 19 .
7J.W. Haus, R. Inguva, and C.M. Bowden, Phys. Red0A5729 Pa/légl-lsuh W.M.V. Wan, and K.H. Chung, Phys. Rev5R, 15 867

(1989. 20
80 Levy and D.J. Bergman, Phys. Rev4B, 7189(1992. 21R.S. Koss and D. Stroud, Phys. Rev3B 9004 (1987).
X.C. Zeng, P.M. Hui, and D. Stroud, Phys. Rev.3, 1063

9V.M. Shalaev, E.Y. Poliakov, and V.A. Markel, Phys. Rev5B,

2437(1996, and references therein. - (1989. _

10y C. Zeng, D.J. Bergman, P.M. Hui, and D. Stroud, Phys. Rev. B~ H- M&, R. Xiao, and P. Sheng, J. Opt. Soc. Am.18, 1022
38, 10 970(1988. (1998.

11p M. Hui, J. Appl. Phys68, 3009(1990. Z3A K. Sarychev and V.M. Shalaev, Phys. R&35, 275(2000.

12R. Levy-Nathansohn and D.J. Bergman, J. Appl. PRs.4263  2*M. Breit, V.A. Podolskiy, S. Grsillon, G. von Plessen, J. Feld-
(1995. mann, J.C. Rivoal, P. Gadenne, A.K. Sarychev, and V.M.

13J.E. Sipe and R.W. Boyd, Phys. Rev.48, 1614 (1992; R.W. Shalaev, Phys. Rev. B4, 125106(2001).

014202-5



