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Mean-field theory for arrays of Josephson-coupled wires
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Department of Physics, the Ohio State University, Columbus, Ohio 43210

~Received 10 March 1998; revised manuscript received 18 May 1998!

We describe a mean-field theory for phase transitions in a Josephson junction array consisting of two sets of
parallel wire networks, arranged at right angles and coupled together by Josephson interactions. In contrast to
earlier treatments, we include the variation of the superconducting phase along the individual wires; such
variation is always present if the wires have finite thickness and are sufficiently long. The mean-field result is
obtained by treating the individual wires exactly and the coupling between them within the mean-field ap-
proximation. For a perpendicular applied magnetic field of strengthf 5p/q flux quanta per plaquette~wherep
andq are mutually prime integers!, we find that the mean-field transition temperatureTc( f )'Tc(0)q2b with
b51/4. By contrast, a mean-field theory which neglects phase variation along the array predictsb51/2, and
gives aTc which diverges in the thermodynamic limit. The model with phase variations agrees somewhat
better with experiment on large arrays than does the approximation which neglects phase variations.
@S0163-1829~98!07138-0#
ll
f
a

e
d
m
it

-
pe
a

a
nd
n-

o
in
ne
lle

m
ie
n
a
th
il

-

e

o
e
n
rg
nd

th

v-
in
Jo-

an
es
of
n
ts a
ire
ay.
for
he
w-
ch

rger

of
on-

junc-
s

wire
I. INTRODUCTION

There has recently been considerable interest in so-ca
hybrid Josephson junction arrays.1–5 Such arrays consist o
extended superconducting objects, such as wires, which
coupled together by Josephson interactions. Because th
jects are extended, each one may be Josephson-couple
large number of other such superconductors. In the li
when the number of these couplings becomes very large,
believed1 that mean-field theory6 ~MFT! should become ex
act, since in that limit a superconducting object would ex
rience its average environment, and deviations from that
erage would become arbitrarily small.

Various experimental realizations of such arrays c
readily be imagined. For example, Tinkham a
collaborators2,3,5 have studied networks of long superco
ducting wires, arranged into two parallel sets ofN wires
each, placed at right angles to one another. In such a ge
etry ~see Fig. 1!, a Josephson junction forms at each cross
point of two perpendicular wires. Moreover, each wire in o
parallel set interacts with all the wires in the other para
set, so that, in the large-N limit, there are very many such
‘‘neighbors.’’ These workers studied both the thermodyna
ics and theIV characteristics of these networks, and carr
out mean-field calculations to account for their observatio

One problem with the standard mean-field theory is th
even for the arrays just described, it must break down in
thermodynamic limit. Whatever the wire thickness, there w
always be a wire lengthNa ~wherea is the separation be
tween junctions; see Fig. 1!, beyond which it will become
important to consider the variation of the phase of the sup
conducting order parameter along the wire.~This phase is
assumed constant along the wire in the mean-field the
described by Vinokuret al.1! Indeed, effects of such phas
variation were already observed in the original experime
by Sohnet al.2,3 In these measurements, carried out on la
(N>600) networks, the network critical current was fou
to saturate at a finite value even for very largeN. By con-
trast, in the absence of phase variation along the wire,
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critical current should vary linearly withN, at zero magnetic
field.

In an earlier paper,4 we showed that the saturation beha
ior could be accounted for by a simple dynamical model,
which the wire segments were treated as overdamped
sephson junctions with a critical current much larger th
that of the junctions connecting different wires. This giv
the wires an effective inductance per unit length
\/(2eIca), whereI c is the critical current of the Josephso
junctions used to model the wires. This model represen
simple way of including the phase variation along the w
numerically in studying the dynamical response of the arr

In this paper, we describe a simple mean-field theory
treating the static properties of a hybrid array, including t
effects of phase variation along the individual wires. Follo
ing our earlier model, we accomplish this by treating ea
wire segment as a Josephson junction with a much la

FIG. 1. Sketch of the model geometry. The network consists
two sets of parallel superconducting wires at right angles, and c
nected by Josephson junctions with coupling energyJz . The wire
segments between each junction are modeled as Josephson
tions with coupling energyJxy@Jz . The thermodynamic variable
are the phases of the superconducting order parameter at each
intersection in the two planes, denoteduk,l andck,l .
9421 © 1998 The American Physical Society
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9422 PRB 58J. KENT HARBAUGH AND D. STROUD
critical current than that of the interwire junctions. We th
treat the thermodynamic properties of the individual wir
exactly, and treat the interactions between the wires wit
MFT.

The remainder of this paper is organized as follows. In
next section, we describe the MFT in the presence of s
phase variation along the wires. The following section giv
our results using this MFT, after which we discuss the res
and compare them to experiment and to the predictions
other models.

II. MEAN-FIELD THEORY WITH PHASE VARIATION
ALONG WIRES

A. Zero magnetic field

Our basic model for the wire network is shown in Fig.
There are two sets of parallel wires, equally spaced,
arranged at right angles. Wherever two wires cross, a Jos
son junction is assumed to form, with coupling energyJz .
We model the wire segment between adjacent junctions
Josephson junction with a larger coupling constantJxy . The
critical currentsI c;xy andI c;z are related to the coupling con
stants byI c;xy52eJxy /\; I c;z52eJz /\.

We denote the two layers of wires as I and II. They a
taken as parallel to thexy-plane, with wires in layer I and
layer II parallel to thex-axis andy-axis respectively. The
coordinates of points in plane I or plane II where the wir
cross are (x,y)5(ka,la), wherea is the lattice constant, an
k and l are ~positive or negative! integers.

We describe the network by the classical Hamiltonian

H52Jxy(
k,l

cos~uk,l2uk11,l !2Jxy(
k,l

cos~ck,l2ck,l 11!

2Jz(
k,l

cos~uk,l2ck,l !. ~1!

Here uk,l and ck,l are the phases of the superconduct
order parameters at the wire intersections. We writeJxy
5lJz , where, in general, we expectl@1. The appropriate
order parameters can then be introduced as

huk,l
[^exp~ iuk,l !&5

E dG exp~ iuk,l ! exp~2bH!

E dG exp~2bH!

,

hck,l
[^exp~ ick,l !&, ~2!

whereb51/kBT and

E dG[)
k,l

E
2p

1p

~duk,l /2p!E
2p

1p

~dck,l /2p!.

In zero magnetic field, the order parameters will all be
real and identical, so thathuk,l

5^cosuk,l&5hck,l
[h. We treat

the interactions along each wire exactly, while treating th
between wires within MFT. To obtain the MFT,H appearing
in Eq. ~2! is replaced by

Hm f5Hxy1Hz , ~3!

where
s
in
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Hxy52Jxy(
k

cos~uk,l2uk11,l !, ~4!

while Hz is obtained by making the replacement cos(uk8,l
2ck8,l)→h cosuk8,l whereck8,l is the phase of any point in
layer II which is connected to thel th wire in layer I by a
Josephson junction:

Hz52Jzh(
k8

cosuk8,l . ~5!

The MFT is then specified by the equation

h'
E dG8cosuk,l exp~2bHm f!

E dG8exp~2bHm f!

, ~6!

where*dG8[)k8*2p
p (duk8,l /2p).

To find the transition temperatureTc , we assume that the
order parameter uhu!1, and expand the exponentia
exp(2bHz) to first order inh. The result is

h'

E dG8cosuk,lexp~2bHxy!S 11bJzh(
k8

cosuk8,l D
E dG8exp~2bHxy!S 11bJzh(

k8
cosuk8,l D .

~7!

The term of orderh0 on the right-hand side vanishes. Th
surviving integral@i.e., the coefficient ofh on the right-hand
side of Eq. ~7!# can be evaluated exactly by writin
cosuk,l cosuk8,l5

1
2@cos(uk,l2uk8,l)1cos(uk,l1uk8,l )#, and noting

that the average of the second of these terms vanishes ex
for the HamiltonianHxy . After some algebra, we may finall
reexpress the self-consistency condition as

h5
h

2
bJzRe (

j 52`

1` F E
2p

1p

dw eiwebJxycosw

E
2p

1p

dwebJxycosw G u j u

. ~8!

The quantity in brackets is simply a ratio of Bessel functio
which we denote

L~bJxy![I 1~bJxy!/I 0~bJxy!. ~9!

The sum over j is the geometric series( j 52`
1` L u j u

5(11L)/(12L), and the self-consistency condition final
takes the form

15
1

2
bJzS 11L~bJxy!

12L~bJxy!
D , ~10!

where we have used the fact thatL is real if bJxy is real. The
value of b which solves this equation givesTc within this
MFT at zero magnetic field.

As an illustration, we consider the limitJxy@Jz . In this
regime, we expect thatkBTc!Jxy , so that the exponen
bJxy@1 andL(bJxy);exp(21/2bJxy). kBTc is then the
inverse of the value ofb which satisfies Eq.~10!, namely,
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kBTc;A2JzJxy. ~11!

If we do not requireJxy@Jz , the mean-field equation~10!
cannot be solved in closed form, in general, but it reduce
an easily solved transcendental equation. The solution to
equation givesbcJxy as a function of the dimensionless va
ablel[Jxy /Jz , and hencekBTc[1/bc .

B. Finite magnetic field

At finite field, the order parameters~2! are all different, in
general, and closed-form expression forTc is not obtainable
even whenJxy /Jz@1. Instead,Tc is an eigenvalue of a cer
tain matrix of large dimension which must be diagonaliz
numerically. In the presence of a magnetic field perpend
lar to the layers, the Hamiltonian~1! may be expressed:

H52Jxy(
k,l

cos~uk,l2uk11,l !2Jxy(
k,l

cos~ck,l2ck,l 11!

2Jz(
k,l

cos~uk,l2ck,l2Ak,l !, ~12!

whereAk,l52pBa2kl/F0 . In the first two sums, the sum
are carried out over pairs of bonds in thexy-plane, while in
the third, it is evaluated over the weaker junctions in t
z-direction, as before.B denotes the magnetic field andF0
5hc/2e is the flux quantum. We have chosen a conveni
gauge7 to insure that the flux through any given plaque
perpendicular to thez-direction isBa2.

The order parameters of Eq.~2! are evaluated using
mean-fieldHm f;u given by

Hm f;u5Hm f;u;xy1Hm f;u;z , ~13!

Hm f;u;xy52Jxy (
n52`

1`

cos~uk1n,l2uk1n11,l !,

Hm f;u;z5K 2Jz (
n52`

1`

cos~uk1n,l2ck1n,l2Ak1n,l !L
c

.

Here, the notation̂•••&c means that the quantities in brac
ets are to be averaged over the variablesc i , j . Similarly, the
variableshck,l

are to be evaluated using, instead ofH, the

corresponding mean-fieldHm f;c .
As in the zero-field case, the transition temperatureTc is

obtained as a function of the frustrationf [Ba2/F0 by lin-
earizing the mean-field equations. This procedure result
the following set of coupled linear equations for the variab
huk,l

andhck,l
:

huk,l
5

1

2
bJz (

n52`

1`

hck1n,l
exp~ iAk1n,l !F I 1~bJxy!

I 0~bJxy!
G unu

,

~14!

hck,l
5

1

2
bJz (

m52`

1`

huk,l 1m
exp~2 iAk,l 1m!F I 1~bJxy!

I 0~bJxy!
G umu

.

Equivalently, these equations may be expressed as equa
for the variablesx[bJxy and l5Jxy /Jz . This system of
to
is

-

e

t

in
s

ons

equations can be separated into two sets involving thehuk,l
’s

andhck,l
’s separately. The result of this separation is

huk,l
5F x

2l G2

(
n,m

huk1n,l 1m
e2 i2p f ~k1n!mL~x! unu1umu,

~15!

hck,l
5F x

2l G2

(
n,m

hck1n,l 1m
ei2p f n~ l 1m!L~x! unu1umu. ~16!

In general, this is an infinite set of coupled equations.
however,f is a rational fraction~i.e., f 5p/q wherep andq
are integers with no common factors!, then it is reasonable to
assume thathuk,l

and hck,l
each have periodq in both

indices—that is, that the order parameter is periodic withi
q3q unit cell as in more conventional Josephson junct
arrays. This assumption is plausible in the present case
cause the exponential factor in the mean-field equations
the required periodicity. Then there are exactlyq2 mean-field
equations for the set of variableshuk,l

. This set ofq2 equa-

tions with q2 unknowns can be represented as the linear
mogeneous matrix equationhu

W5C(x)hu
W , where C is a

q23q2 matrix. The critical value ofb is determined by the
value ofx such that the largest eigenvalue ofC(x) is equal
to unity. There is an equal number of equations for t
hck,l

’s, which give the same information aboutTc( f ). While
these equations can be solved numerically for any value
Jxy /Jz , the approximation is best whenJxy@Jz , as at
f 50.

III. RESULTS

We have applied this MFT numerically to arrays at bo
finite and zero magnetic field. For an applied magnetic fi
f 5p/q flux quanta per plaquette, withp andq integers with
no common divisors, one solves the set ofq2 equations in-
volving only the variableshuk,l

@Eq. ~15!#.

For realx, the eigenvalues$an,k% of C(x) have the form
an,k5uanuexp(2pik/q), where n51,2, . . . ,q and k
50,1, . . . ,q21. The eigenvalues haveq distinct magnitudes
uanu, each magnitude beingq-fold degenerate. These eigen
values are all transcendental functions ofx, but can be
readily determined numerically. To find them, we vary p
rameterx until the largest eigenvalue ofC(x) is within 1029

of unity. Thexc so determined gives the critical temperatu
kBTc5Jxy /xc . We calculateTc in this way for a range of
values off andl.

Our numerical results forTc( f ) are shown in Figs. 2 and
3. Figure 2 shows the MFT critical temperaturekBTc( f )/Jxy
for various frustrationf plotted as a function of the couplin
ratio l. Numerically, to an excellent approximation,Tc(p/q)
is independent ofp; it depends only onq. Presumably, this
behavior is implied by the self-consistent equations~15!, al-
though we have not been able to show it analytically. T
equations also imply thatTc( f ) is periodic in f with period
unity.

For l@1, we find numerically to an excellent approxim
tion that
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kBTc~l, f !;Jxy~l/2!21/2q21/4. ~17!

This behavior is shown in Fig. 3, which showsTc(l, f ) ver-
susf for l51000@similar behavior is found for anyl@1; in
this plot we interpretf 50 as corresponding toq51]. A
corollary to Eq.~17! is thatTc( f ) vanishes for irrationalf . A
similar result is believed to hold for conventional tw
dimensional Josephson junction arrays on a square latt9

but in these conventional arrays, the result emerges f
Monte Carlo ~i.e., numerically exact! solutions for Tc( f )
whereas in the present case, it appears in a version of M

In the conventional mean-field theory for these wire
rays ~which assumes that each wire is described by a sin
constant phase!,3 Tc( f )}NJzq

21/2, whereN is the number of
wires. The present MFT with phase variation along the w
differs from the conventional one in that it gives a fini
Tc( f ) in the thermodynamic limit (N→`). The conven-
tional MFT is, however, well-behaved in the physica
achievable finite-N regime, where it agrees well with sui
ably designed experiments.5

The variationTc( f 5p/q);q21/4 implies thatTc( f ) is an
everywhere discontinuous function off . This behavior is, of
course, a consequence of MFT and might disappear
more exact Monte Carlo calculation. But it does have a p
sible interpretation. As noted, the unit cell of the order

FIG. 2. Mean-field transition temperaturekBTc( f ), in units of
the coupling constantJxy , plotted as a function ofl5Jxy /Jz for
various values off 5p/q, wherep andq are mutually prime inte-
gers.Tc( f ) depends only onq and is independent ofp.

FIG. 3. Mean-field transition temperatureTc( f )/Tc(0), as a
function of f for l51000. In this regime, an excellent approxim
tion for Tc( f ) is kBTc( f )/Tc(0);(2/l)1/2q21/4, wheref 5p/q. The
dashed curve is a plot ofq21/4.
e,
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state atf 5p/q should have dimensionsq3q. As q becomes
larger, the energy required to disrupt the ordered state sh
become smaller, approaching zero in the large-q ~irrational!
limit, suggesting a very smallTc( f ) in this limit.

Figure 4 shows a plot of the calculatedTc( f ) for several
values of f 5p/q, as measured by Sohnet al.,2 and as cal-
culated within conventional MFT,3 and within the presen
MFT. In all three cases, we normalizeTc( f ) by its zero-field
value Tc(0). Evidently, the inclusion of phase variatio
along the wires improves the agreement between calcula
and experiment. This improvement is expected, since the
periments are carried out in wire networks containing 6
wires in each layer~i.e., 6002 junctions! and in a regime
where the phase variation along a wire should be signific
within the dimensions of the array.

We have also carried out a few Monte Carlo~MC! calcu-
lations of the properties of an array atf 50 described by the
Hamiltonian ~1! in our geometry. Specifically, we hav
evaluated the specific heat

CV5
1

N2kBT2
~^H 2&2^H&2!, ~18!

where ^•••& denotes a canonical average, and the helic
modulus11 gxx , which is a measure of the superfluid dens
of the array. It takes the form12

g5lK (̂
i j &

cosu i j L 2
lJxy

kBT F K S (̂
i j &

sinu i j D 2L
2K (̂

i j &
sinu i j L 2G . ~19!

Here (^ i j & denotes a sum over nearest-neighbor bonds
plane I, andu i j is a nearest-neighbor phase difference. T
MC calculations are carried out using a conventional al
rithm, with 2N2 phases for anN3N array and periodic
boundary conditions. Typically, the arrays are allowed
evolve on the order of.108 Metropolis steps after reachin

FIG. 4. Triangles: measured ratio of transition temperatu
Tc( f )/Tc(0) for a network of two sets of 600 parallel, equal
spaced, superconducting wires, arranged at right angles, as rep
by Sohnet al. ~Ref. 3!. Empty circles: predictions of MFT includ-
ing phase variations along each wire for the same ratio~taken from
Fig. 3!. Filled circles: predictions of MFT with constant phase o
each wire, i.e.,Tc( f )/Tc(0)5q21/2.
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equilibrium from two different initial conditions. We con
sider 10310 arrays and several values ofl.

Our MC results are shown in Figs. 5 and 6. In the limit
large l, CV approaches the independent wire limit, i.
CV

wire5x22x@ I 1(x)/I 0(x)#2†x@ I 1(x)/I 0(x)#‡2. For small
l, the wire network should behave like a conventional tw
dimensional array, sinceu i , j and c i j should lock together
and behave as a single variable in this limit. Indeed,CV in
this limit is characteristic of a conventional Kosterlit
Thouless~KT! transition,8 with kBTc;0.90Jxy .10 Our calcu-
latedCV’s differ from the independent-wire limit because
the finite wire length in our MC simulations.

The critical temperatureTc is signaled by the vanishing o
the helicity modulusgxx . For largel, gxx appears to vanish
continuously with temperature, but in the opposite lim
there is a discontinuous jump from a finite value to zero
Tc , characteristic of a KT transition and of the expect
universal magnitude. The behavior ofgxx at largel is due to
the finite size of the sample. In the limitN→`, gxx would,
for l5`, approach zero at all positiveT, as expected for
independent wires.

IV. DISCUSSION

We briefly compare the present results with our ear
work on dynamical properties of arrays.4 In that work ~car-
ried out only at f 50), the array critical currentI c

array was
also found to be affected by finitel; specifically,
I c

array/I c;xy;l21/2, wherel was defined as the ratio of junc
tion critical currentsI c;xy /I c;z ~equivalent to the coupling
constant ratiol in this paper!. Thus,I c

array behaves, for large
l, just like Tc( f 50), and for the same reason. In the a

FIG. 5. Specific heatCV of a network of two sets of 10 paralle
equally spaced, superconducting wires arranged at right angles
scribed by the Hamiltonian~1!, and calculated by Monte Carlo
simulations with periodic boundary conditions.l5Jxy /Jz . Dashed
line indicates the exactCV for a single very long wire.
M
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,
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sence of phase variation along a wire, a given point on
wire interacts with all the wires in the other layer. Wit
phase variation present, that point only interacts with a fin
number of wires on the other array. The number of su
wires is determined by a ‘‘Josephson screening lengt
which increases asl becomes larger.

We now estimate this screening length, which we den
z, and use it to estimate the validity limits of theq21/4 law as
l becomes smaller. The root-mean-square~rms! phase dif-
ferencedu1(T) between adjacent nodes in thexy-plane at
temperatureT is of order (2kBT/Jxy)

1/2. The rms phase dif-
ference acrossn such nodes is of orderdun;du1An. z is
the distance in thexy-plane such thatdun;1. At T5Tc
;(2JxyJz)

1/2, this screening length is given byn
;Jxy /(JxyJz)

1/25Al, or z'aAl.
The q21/4 rule should be valid ifz is large compared to

the linear dimension of the (q3q) flux lattice unit cell, i.e.,
Al@q. Thus, the larger theq, the larger the value ofl
which would be required for this rule to hold. Indeed, Fig.
shows that the log-log plot ofTc( f ) deviates from linearity at
a larger value ofl for large q than for smallq, consistent
with the argument just given.

The present model is not restricted to the specific prob
considered here. It could be applied to other problems
which strongly coupled objects interact weakly with oth
such objects. One such system might be systems of 1D
chains weakly coupled with other such chains. If the 1
problem can be solved exactly, the exact solution could
used as an input to the mean-field problem in higher dim
sions.
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originally written A5Bxŷ. Then only the second sum inH



e

9426 PRB 58J. KENT HARBAUGH AND D. STROUD
would involve A; its summand will read cos(ck,l8 2ck,l 118
22pBka2/F0). Form ~12! is then obtained by making th
change of variablesck,l8 5ck,l22pBkla2/F0 .

8J. M. Kosterlitz and D. J. Thouless, J. Phys. C66, 1181~1973!.
9S. Teitel and C. Jayaprakash, Phys. Rev. B27, 598~1983!; Phys.

Rev. Lett.51, 1999~1983!.
10See, for example, G. Ramirez-Santiago and J. V. Jose´, Phys. Rev.
Lett. 68, 1224~1992!.

11M. E. Fisher, M. N. Barber, and D. Jasnow, Phys. Rev. A8, 1111
~1973!.

12See, e.g., C. Ebner and D. Stroud, Phys. Rev. B28, 5053
~1983!.


