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‘ ‘ the cavity modé! It is convenient to introduce the notation
1.9;1\V5 Ejja;j\Vhc?(2Q), whereV is the cavity volume.
Finally, we need to discuss suitable boundary conditions
Nl for this linear array. Letb; denote the time-averaged voltage
‘ ‘ across thgth junction. For our assumed form of the capaci-
tive energy ®;5 q(n;)/C;, where(- - -) denotes a quantum-
statistical average. We will impose a constant-voltage
boundary condition, by requiring thdt5 EJN5 1®; across the
|||||| linear array should take on a specified value. Héreepre-
sents the total, time-averaged voltage across the linear array.
FIG. 1. Schematic of the geometry used in our calculations]t is most convenient to impose the constant-voltage bound-
consisting of an underdamped array of Josephson junctions couplegy condition by using the method of Lagrange multipliers,
to a resonant cavity and subjected to an applied voltegeThe  3dding to the Hamiltonian a term MEJNS xJ

array consists oN1 1 grains, represented by the dots, coupled5 ,uEN qn. /C;, where the constant will be determined
together by Josephson junctions, represented by the cross 5 1517177 210

Nearest-neighbor grainsandjl 1 are connected by a Josephson T?fr\:/))e/ igact;%gﬁ.these assumptions. we can finally write
junction, and the cavity is assumed to support a single resonant P ' y

. . ,
photonic mode. For the specific calculations carried out in this pafan explicit expression foH', the operator whose ground

per, we assume a one-dimensional array, as shown, and a speciﬁEate we seek:
form for the capacitive energy, as discussed in the text.

N
H'5 H1 x>, qn;/C;
51

HS5 Hj1 Hcl Hppod Hin (1)

HereH ;52 ENS 1Ejjcos¢; is the Josephson coupling en- 1 " 2
ergy, whereg; isjthe géuge-i]nvariant phase difference across 570 a'al 2 1 j521 (2 E,jcosg;l Ecjn;
the jth junction, E;;5 71;/q, the critical current of thgth
Josephson junction is;, andg5 2|e| is the magnitude of a hg; _
Cooper pair charged ¢ is the capacitive energy of the array, 1 ugn;/Cjl Tl(az a)sing; |. €)
which we assume can be written in the forid¢ v
5 30 1Ec;n?, whereE(;5 g%/(2C;), the capacitance of the
jth junction isC;, andn; is the difference in the number of B. Mean-field approximation
Cooper pairs on the two grains connected byjthgunction. The eigenstates ¢4’ are many-body wave functions, de-

The field energy may be written asgn5 7 (a'al 1/2),  pending on the phase variables andn;, and the photon

where () is the frequency of the cavity resonant ma@s-  coordinatesa and a. We will estimate the ground-state

sumed to be the only mode supported by the cavépda’  \ave function and energy using a mean-field approximation.

anda are the usual photon creation and annihilation operaTq define this approximation, we expreds in the form

tors, satisfying the commutation relatiofis,a’]5 1;[a,a]

5[a’,a’]5 0. We assume that the number operatprand H'5 Hpnasd Honol Hints (4

phase ¢, have commutation relationgn;,exp6 i¢)]5 \ )

6 exp( i¢;) S, which implies thai; can be represented as Where Hpnasd 25 1(2 Ejjcosgyl Eginil uany/Cy),  and

2i0l(d¢;). Hind i(A/\V)(a2 a")S}y ,g;sing;. The mean-field ap-
The crucial term in the Hamiltonian for phase locking is proximation consists of writi

the interaction termH,;,,. We write this in the formH;,,

5 (1/c) fJ-Ad3x, whereJ is the Josephson current density, _h . ) N

A is the vector potential corresponding to the electric field of Hine~1 \/_V (a2 a >‘521 gjsing;1 (a2 a’)

the cavity modec is the speed of light, and the integral is '

carried out over the cavity volume. Sindeis comprised of N N

the Josephson currentg;sin¢; passing through the junc- 3 Z gj(sing;)2 (a2 aUE gj(sing;)|. (5

tions, we may write this last term asH, 151 151

5 305 ,EjjA; sing;:

N

With this approximationH’ is decomposed into a sum of
one-body terms, each of which depends only on the photon
variables or on the phase variables of one junction, plus a
constant term. The eigenstatestof, in this approximation,
are of the form W (a,a’{#;})5 pnof@. a5 1¢i( ),
where the integral is across tith junction, i.e., between the where o and they;’s are one-body wave functions.

jth and (1 1)th superconducting graitsee Fig. 1% The That part ofH’ which depends on photon variables may
phase factorA; may be expressed in terms of the creationbe written Hr’,hoﬁ Hphod i(h1V)(a2 a’()E}\‘5 19j(sin¢y),

and annihilation operators for the photon quantdiassy  where (sin¢;) denotes a quantum-mechanical expectation
A5 iVAhc?(2Q) (a2 aT)aJ— , Whereq; is a suitable coupling value with respect toy;(¢;). With the definition \;

constant depending on the polarization and electric field 0b (exp(d#))), Hpn takes the form

q j11
A5 %J] A-ds, 2)
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Hii ()5 Ejihi( ), (16)
whereH; is given by expressiolil5), can be transformed
into Mathieu’s equation by a suitable change of variables.

whereX ;5 (\;2 \})/(2i)5 (sing). This is the Hamiltonian  Specifically, if we use the representation52 id/(d¢;),
of a displacedharmonic oscillator; its ground-state energy and we also make the change of variables(¢;)
eigenvalueE oo is readily found by completing the square g exp@n_¢j)uj(¢j), then Eq.(16) takes the form

to obtain

' T 1 h 2
HinoB AQ| b'b1 5|2 v 7%, (7)

whereb's a'1 i} ,g;X;/(2V), and we have defined

N

_ J%u;
(Ej1 n?)u;52 E,;jCOL b2 hgj)U;2 EcjaTsz‘. (17)
j
Since ¢; and ¢;1 2 represent the same physical state, the
physically significant eigenstate/;(#;) should satisfy
(1 2m)5 ¢i(;) or, equivalently,

Uj(¢;1 2m)5 exp(2 2min)u;( ;). (18)

(Note thatb andb™ have the same commutation relations asThus, the solutions to Eq17) are Mathieu functions satis-

aanda', i.e.,[b,b"]5 1)
The resulting ground-state energy}ebf)hOt is

1 b,
Ephot;0® EﬁQZ av” 9)

Similarly in the ground state, sindd')5 0,

(a")52 iL

oW’

Also, the total energy stored in the photon field is

(10

1\ a0 1
Ephod ﬁQ<aTa1 —>5 —1 — 7 (1)

2 2 Qv

where we use Eq(10) and the fact thatb™0)5 0 in the
ground state.

The wave function);(¢;) is an eigenstate of the effective

single-particle Schidinger equatiorH; ;5 E;y;, where

1
H;52 E,jcos¢;l 2_cj(q2”1'21 2u9n;)

hO:
119 sing;(a2 a'),

W

12

and(a2 a')5 2i »/(Q V). Using this expression and com-

pleting the square, we can write

2 "2 2ﬁgi :
H;5 Ecj(n;2 n)“2 E¢jn“2 ersmg{:jz Ejjcosd;,
(13
where we have writtem52 m/q. (Note that with our defi-

nition of u, it does not have the dimension of enejgy-
troducing the notation

EZ.;5 E51 Efyj
where we define Eim;j_S 2fi ng;/(QLV)
5 tarf *(Ejn; /Ej;), we obtain

(14)
and ¢,

H;52 E,cod¢;2 ¢.j)1 Ec[(n;2 n)22 n?]. (15

The Schrdinger equation

fying the boundary conditio18).
The total ground-state energy of the coupled system takes
the form

N

EtoS 1521 Ej.0ol Epnotol Eq, (19

whereE;. is the lowest eigenvalue of the ScHinger equa-

tion (16). Note that theE;.o’s are also functions of thﬁj’s,

but only through the variabley. E4 is a “double-counting
correction” which compensates for the fact that the interac-
tion energy is included in botk ..o and theE;.q's; it is
given by the negative of the expectation value of the last
term on the right-hand side of EL2), i.e.,

h e 2h 7?
Eg52 |\/—v<a2 a >j521 gj(sin¢;)5 v (20
Hence, the total ground-state energy is
N
Eal(m)5 2 Ejiol Epnosol Eg
N
5 jsEl Ej.o(7)1 %th %7;2. (21)

The actual ground-state energy is found from this expression
by minimizing E,,; with respect to the variable, holding «

(or n) fixed.

C. Approximate minimization

We begin by considering the casé 0, for which an
approximate minimization oE,y(#) can be done analyti-
cally as follows. First, one must evaluate the energigsg,
which are the ground-state eigenvalues Bff¢;( ;)

5 Ej¢i(¢)- Forn5 0,E,o has the approximate valtie

2

E®..
. ~ a’J
Ej.o~2 2Ee, (22
for E,.;! Ec; and
Ej;o’\’z Ea;j (23)
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for E,.j@Ec;. A function which interpolates smoothly be-
tween these limits is
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Ej.o approacheg E, as in the case5 0. The generaliza-
tion of the formula(25) to the case+#0 is readily shown to

be
Ej.o~Ecj2 VEG1 EL;. (24)
L . o ’ . % N 27g; ) 2
Substituting this expression into E1), we obtain E 7)5 =c 771 >, Eg;2 \/Eéjl E21 2,
h " 2hg; |2 (3D)
Eal(m5 gy 7’1 2 |Eci2 \/Eéjl E3j1 (—gj) nZJ- - -
v 51 v WhEreECJ-S Ecj(12 4n?). To determiney for a given value
(25 of n, and of theE's, E;j's, andg;’s, one minimizes this
Settingd E,,,/d %5 0, we obtain the condition energy with respect tg, as described above.
In practice, at any value af, and for any given distribu-
2% E gJ? 26 tion of the parameterg;,C,;, and E;;, one can easily
7 Va2 — . (26)  evaluate the energy numerically, using the known properties
Qv ‘/ECJ'l Byl [200;1(QV)]7n of Mathieu functions, hence obtaining both the coherence
This equation always has the solutig 0. If threshold and the value of the order paramete©ncey is
known, the individual values of tth’s can obtained by
2 N g? numerically solving the Schdinger equatiorf{16), using the
J (27 Hamiltonian (12) for the ground-state eigenvalue. Finally,

. m—
Qv jsEl VEG1 Ej;

then there is also a real, nonzero solution fprWhenever
this solution exists, it is @ minimum in the energy, and the
75 0 solution is a local maximum. Thus, E@7) represents

a threshold for the onset of coherence

In the opposite limit, wherE . @E¢; andX;—1,

N N

75 X, giXj— >, 0j.

i51 51

(28)

If we defineES EJNS 19;/N and;5 n/N, then we see tha;
rises from zero at a threshold determined by EZy) and
approaches unity when the parametés. j| are sufficiently
large.

the constant-voltage condition can be imposed by choosing
M SO thatE}\‘5 19(n;)/C; equals the time-averaged voltage
across the array.

IIl. RESULTS

Although our formalism applies equally to ordered and
disordered arrays, we will present numerical results for or-
dered arrays only, purely for numerical convenience. In the
ordered case, the constagts Ec;, andE;; are independent
of j. In this ordered case, we denote the paramejersc
5 g%/(2C), andE;, respectively. For a specified value mf
we can find the ground-state eigenvakig, numerically by
solving Eq. (16), using the well-known properties of the
Mathieu functions. We can then minimize the total energy

Forn+0, the threshold can still be approximately found Eiot With respect toy. In the ordered case, as noted, all the

analytically. SinceH’ is periodic inn with period unity, one

need consider onlg 1/2, n<1/2. In this regime, we write
H; as

H;52 E,;cog$2 ¢,)1 Ecj[(n2 n)?2 n?]

52 E,.jcog¢2 ¢,)1 HY. (29

The coherence threshold occurs in the small-coupling re

\'s are equal, andy5 NX. Furthermore, in this case is
related to® by &5 Ngn/C. Hereafter, for given values of

g, Ec, E;, andn, we definex, as the value of which
minimizes the total energi,y;.

In Fig. 2, we plotk, for this ordered array, as a function
of N, assumingﬁs 0. Two curves are plotted. The solid
curve shows\  for the caseE;5 0, i.e., no direct Josephson
coupling. The dashed curve in Fig. 2 showg but for a

gime,|E,;|! Ec;. The desired ground-state solution can befinite direct Josephson coupling. In both cases, there is

obtained as a perturbation expansion about the solutions t

the zeroth-order Schdinger equationH?y;

05 EQyf. The
(unnormalized solutions to this equation are¢?

5 exp(m¢y), corresponding to eigenvalueE?S Ecjl(m

2 F)ZZ FZ], with minteger. Fodﬂ, 1/2, the ground state is
m5 0. The second-order perturbation correction to this en

ergy due to the perturbatidd;52 E,.;cos@2 ¢,) is

[(OIH;Im)|?

AES5 X E2E.

m56 1

(30

where|m) denotes the ket corresponding to arpg;). After
a little algebra, it is found thathE;52 EZ /[(2Ec;)(1

2 4n?)]. If |E..;|@Ec;, then the ground-state eigenvalue

(9early a threshold array siz¥., below whichXy5 0. For
N. N¢, we findXo. 0. SinceXo5 (sing)), (that is, the ex-
pectation value of sigy; in this energy-minimizing stajgthe
Josephson array has a net supercurrent in this configuration.

As N increases), approaches unity, which corresponds to
complete phase locking. The value Nf is larger for finite

Josephson coupling than for zero direct coupling; thus, it
appears, paradoxically, that the finite direct coupling actually
impedes the transition to coherence. This point will be dis-

cussed further below.

ForE;50 andn5 0, N, can easily be found analytically
from Eq. (27). The threshold is found to satisfy

N5 Ec/(2E0), (32
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FIG. 2. Coherence order paramebey which minimizesE,(X) for a one-dimensional array, plotted as a function of the number of
junctionsN, for two values of the direct Josephson coupling endtgy Other parameters afeg/ V5 0.3E¢, ££/25 2.6Ec, andn5 0.
The coupling parametef ;5 %92/ (V) is given byE;,~0.017 . Inset: total energy in the photon fiellyno, plotted as a function of
N?, for the same parameters and the same two valus of

5 . . . _
where E;05 2g7/(QV). This value agrees quite well with  gingje period, 8n<1. Figure 3 shows that, for any givéh
our numerical resultécf. Fig. 2. Note that forany nonzero ~ . ] ]

value of the couplinge 5o, no matter how small, there always ind E;o, the calculated y achieves its maximum value when

exists a threshold value &f, above which phase coherence n has a half-integer value; i.e., the array is most easily made
becomes established. coherent at such values af In particular, an array whose
If E;5 0 andn5 0, N, can still be obtained as an implicit size is slightly below the threshold value at integer values of

equation even in the disordered case, in terms of the distriy can be made to become coherent, with a nonxgravhen
bution of theg;’s andEc;’s. The result is readily shown to

be n is increased—that is, when a suitable voltage is applied.
On the other hand, for values of far above the threshold,
2h Yo g? No is little affected by a change in. B
15 ov J.Szl Eci (33 In Fig. 4, we show the quantin;) as a function oh, for
. several values oN and fixed value of the coupling constant
For a given distribution of the paramel@j?/Ecj, there will  ratios E;y/Ec and E;/E¢, for a single cycle (gﬁs 1).

always exist a threshold value bfsuch that this equation is This quantity is related to the voltage drop across one junc-
satisfied, no matter how weak the coupling constagjts tion, in our model, by®/N5 g(n;)/C. For sufficiently large
Thus, at least in this mean-field approximation, the disordeérrays,(nj>~ﬁand the voltage drop is nearly linear nin

has no qualitative effect on the coherence transition disgyis mean-field approximation. For arrays closer to the co-

cussed here. In particular, the critical numidér does not . . . . —
A : o . . herence thresholdn;) is a highly nonlinear function of.
necessarily either increase or decrease with increasing disor-

der; insteadN, depends on the distribution of , E;;, and However, the deviation from linearityyn;)2 n, is, once

Ec; in the array. again, a periodic fu_nction of with period unity. The dis-
The inset to Fig. 2 shows the total energy in the photorcontinuous jumps im as a function ofn;) represent regions

mode, Epnob 7.0 ((a'a)1 1/2), in the ordered case, plotted of incoherenceX,5 0), whereas the regions in which;) is

as a function ofN for n5 0. From Eq.(11), we find that 5 smooth function oh are regimes of phase coherendg, (

Epno® 7Q/21 N?X3E,, for an ordered array; this is the #0).

quantity plotted in the inset. As is evident from the pEfy,q In Fig. 5, we again plot\o(N) for two fixed ratios

varies approximatelfinearly with N* all the way from the E,/Ec, but this time fom5 1/2. From Fig. 3, we expect this

cozherence threshold to large valueshhiwhereh,—1. This choice ofn to maximize the tendency to phase coherence

N* dependence is a hallmark of phase coherence. and thus to reduce the threshold array size for the onset of
The voltage® across the array is determined by(or  phase coherence. Indeed, in the absence of direct Josephson

equivalently.). In Fig. 3, we plot\, as a function oh for  coupling, this threshold is reduced to below ur(iyat is, X,

several array sizes at fixed coupling constdyg, Ec, and  remains nonzero, even &5 1, for our choice ofE ). In

E, in an ordered array. Since, as already showgis peri-  fact, for this value of, only an infinitesimal coupling to the

odic in n with a period of unity, we ploig(n) only for a  resonant mode is required to induce phase coherence in this
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FIG. 3. Energy-minimizing value of the coherence order paramefeas a function of the parametEB mlq, for several values of the
array sizeN. Other parameters afeg/\V5 0.3E¢, 1 Q/25 2.6E¢, E;5 0, andE ;;~0.01F .

model. Once agaifcf. Fig. 5, the addition of a finite direct The reason is that, in this model, the one photonic degree of
Josephson coupling actually increases the threshold numbgeedom is coupled to every phase difference and, thus, ex-
for phase coherence ab 1/2 as it does an5 0. periences an environment which is very close to the mean,
Although we have not carried out a similar series of cal-whatever the state of the individual junctions. Such small
culations for a disordered array, oanalytical results show fluctuations are necessary in order for a mean-field approach
that the essential features found in the ordered case will bg be accurate. In fact, a similar approach has proved very
preserved also in a disordered array. Most importantly, therguccessful in work on novel Josephson arrays in which each

remains a critical junction number for phase coherence in @jire is coupled to a large number of other wires via Joseph-
disordered array, just as there does in the ordered case. Thgn tunneling*?®

most impo~rtant difference between the two cases is that the |t may appear surprising that a finite direct Josephson
individual A;'s will be functions ofj in the disordered case. coupling actually increases the threshold array size for co-
herence. But in fact this behavior is reasonable. If there is no

IV. DISCUSSION direct coupling E;5 0), the phase difference across each

junction evolves independently, except for the global cou-
Although the present work is only a mean-field approxi-Pling to the resonant photon mode. When the array exceeds
mation, we expect that it will be quite accurate for latge its critical size, this coupling produces coherence. If the same

2
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FIG. 4. The parametemn;)5 ®C/(qN), where®/N is the voltage drop across one junction, plotted as a function of the paraﬁeter
5 ulq, for several values of the array sike Other parameters aveg/ V5 0.3E., #Q/25 2.6Ec, E;5 0, andE;o~0.017E.



PRB 61 MODEL FOR A JOSEPHSON JUNCTION ARRA. .. 14771

0.8

— E;=0
----- E;=04E¢ ]

0.7

0.6 -

0.3F /

Epno

0.2

01 10000

20 30 40 50 (]5\([) 70 80 90 100

FIG. 5. Same as Fig. 2, but fos 1/2.

array now has a finit€;, there are two coupling terms. But the dynamical response of such an array. Specifically, it
these are not simply additive, but in fact ard2 out of  would be valuable to develop and solve a set of coupled
phase: the direct coupling favoes5 0, while the photonic ~ dynamical equations which incorporate both the junction and
one favorse;5 /2. For a large enough array, the coupling the photonic degrees of freedom. Such a set of equations has
to the photon field still predominates and produces globa&lready been proposed by Bonifacio under a particular set of
phase coherence, but this occurs at a higher threshold, aimplifying assumptions. A more accurate set of equations is
least in our model, than in the absence of direct coupling. needed, which would include not only a driving current, but
A striking feature of our results is the very low coherencealso the damping arising from both resistive losses in the
threshold N5 1) whenn5 1/2. In fact, for anyN and for junctions and losses due to the fineof the cavity. In the

E;5 0, only an infinitesimal coupling to the cavity mode ?bsenﬁe of _damg)ing, such equa]Eions'can t;1e yvritlteq dovx;n
would be required to induce phase coherence5al/2. The ng tine ;Z'S?e ;rgreeglijfﬁgﬁﬂsv?/erﬁgtlg%gisectjr;ifo'?nne%f
reason for this low threshold is that, in the absence of cou; ping may L P

R . . these effects in a future publication.
pling, junction states witlin;)5 0 and(n;)5 1 are degener-
ate. Any coupling is therefore sufficient to break the degen- ACKNOWLEDGMENTS
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