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Model for a Josephson junction array coupled to a resonant cavity
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~Received 27 September 1999; revised manuscript received 4 January 2000!

We describe a simple Hamiltonian for an underdamped Josephson array coupled to a single photon mode in
a resonant cavity. Using a Hartree-like mean-field theory, we show that, for any given strength of coupling
between the photon field and the Josephson junctions, there is a transition from incoherence to coherence as a
function ofN, the number of Josephson junctions in the array. Above that value ofN, the energy in the photon
field is proportional toN2, suggestive of coherent emission. These features remain even when the junction
parameters have some random variation from junction to junction, as expected in a real array. Both of these
features agree with recent experiments by Barbara and co-workers.
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I. INTRODUCTION

Researchers have long sought to cause Josephson jun
arrays to radiate coherently.1,2 To achieve this goal, a stan
dard approach is to inject a dc current into an overdam
array. If this current is sufficiently large, it generates an
voltage Vac across the junctions, of frequencyvJ
52eVdc/\, whereVdc is the time-averaged voltage acro
the junction.3 Each junction then radiates~typically at micro-
wave frequencies!. If the junctions are coherently phas
locked, the radiated powerP}N2, whereN is the number of
phase-locked junctions. ThisN2 proportionality is a hallmark
of phase coherence. But many difficulties inhibit phase
herence in practice. For example, the junctions always ha
disorder-induced spread in critical currents, which produ
a distribution of Josephson frequencies and makes p
locking difficult.4–7 Furthermore, in small-capacitance~and
underdamped! Josephson junctions, quantum phase fluct
tions inhibit phase locking.8–13 Thus, until recently, the mos
efficient coherent emission was found in two-dimensio
arrays ofoverdampedJosephson junctions, where quantu
fluctuations are minimal.

Recently, Barbara and co-workers have reported a
markable degree of coherent emission in arrays ofunder-
dampedjunctions.14,15 Their arrays were placed in a micro
wave cavity, so as to couple each junction to a reson
mode of the cavity. If the mode has a suitable frequency
is coupled strongly enough to the junction, it can be exci
by a Josephson current through the junction. The powe
this mode then feeds back into the other junctions, caus
the array to phase lock and inducing a total powerP}N2.
For a given coupling, Barbara and co-workers found t
there is a threshold number of junctions,Nc , below which
no emission was observed. The coupling, and henceNc ,
could be varied by moving the array relative to the cav
walls.

Barbara and co-workers interpreted their results by a
ogy with the Jaynes-Cummings model16,17 of two-level at-
oms interacting with a radiation field in a single-mode re
nant cavity. In this case, each Josephson junction acts
two-level atom; the coupling between the ‘‘atoms’’ is pr
vided by the induced radiation field. A dynamical calculati
based on a model similar to that of Jaynes and Cumm
PRB 610163-1829/2000/61~21!/14765~8!/$15.00
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has been carried out by Bonifacio and collaborators18,19 for
Josephson junction arrays in a cavity. Their model does p
duce spontaneous emission into the cavity above a thres
junction number, provided that the Heisenberg equations
treated in a certain semiclassical limit appropriate to la
numbers of photons in the cavity.

In this paper, we present a simple model for the onse
phase locking and coherent emission by an underdam
Josephson junction array in a resonant cavity. We also
culate the threshold for the onset of phase coherence, us
form of mean-field theory. Our model derives from mo
conventional models of Josephson junction arrays, but tr
the interaction with the radiation field quantum mecha
cally. Within the mean-field theory, we find that forany
strength of that coupling, there exists a threshold numbe
junctions, Nc , in a linear array above which the array
coherent. Above that threshold, the energy in the photon fi
is quadratic in the number of junctions, as foun
experimentally.14 The model is easily generalized to two
dimensional arrays. Furthermore, as we show, the thres
condition andN2 dependence of the energy in the radiati
field are both preserved even in the presence of the diso
which will be present in any realistic array. Finally, the co
pling constant between junctions and radiation field can
principle, be calculated explicitly, given the geometry of t
array and the resonant cavity.

The remainder of this paper is organized as follows.
Sec. II, we describe our model and approximations. Our
merical and analytical results are presented in Sec. III. S
tion IV presents a brief discussion and suggestions for fut
work.

II. MODEL

A. Hamiltonian

We consider a Josephson junction array containingN
junctions arranged in series, placed in a resonant cavity
ranged in a geometry shown schematically in Fig. 1. It
assumed that there is a total time-averaged voltageF across
the chain of junctions; this boundary condition is discuss
further below. The Hamiltonian for this array is taken as t
sum of four parts:
14 765 ©2000 The American Physical Society
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H5HJ1HC1Hphot1H int . ~1!

HereHJ52( j 51
N EJ j cosfj is the Josephson coupling en

ergy, wheref j is the gauge-invariant phase difference acr
the j th junction,EJ j5\I c j /q, the critical current of thej th
Josephson junction isI c j , andq52ueu is the magnitude of a
Cooper pair charge.HC is the capacitive energy of the arra
which we assume can be written in the formHC

5( j 51
N EC jnj

2 , whereEC j5q2/(2Cj ), the capacitance of the
j th junction isCj , andnj is the difference in the number o
Cooper pairs on the two grains connected by thej th junction.
The field energy may be written asHphot5\V(a†a11/2),
whereV is the frequency of the cavity resonant mode~as-
sumed to be the only mode supported by the cavity!, anda†

and a are the usual photon creation and annihilation ope
tors, satisfying the commutation relations@a,a†#51;@a,a#
5@a†,a†#50. We assume that the number operatornj and
phase fk have commutation relations@nj ,exp(6ifk)#5
6exp(6ifj)djk , which implies thatnj can be represented a
2 i ]/(]f j ).

The crucial term in the Hamiltonian for phase locking
the interaction termH int . We write this in the formH int
5(1/c)*J•Ad3x, whereJ is the Josephson current densit
A is the vector potential corresponding to the electric field
the cavity mode,c is the speed of light, and the integral
carried out over the cavity volume. SinceJ is comprised of
the Josephson currentsI c jsinfj passing through the junc
tions, we may write this last term asH int

5( j 51
N EJ jAj sinfj :

Aj5
q

\cEj

j 11

A•ds, ~2!

where the integral is across thej th junction, i.e., between the
j th and (j 11)th superconducting grain~see Fig. 1!.20 The
phase factorAj may be expressed in terms of the creati
and annihilation operators for the photon quanta as~in esu!
Aj5 iA\c2/(2V)(a2a†)a j , wherea j is a suitable coupling
constant depending on the polarization and electric field

FIG. 1. Schematic of the geometry used in our calculatio
consisting of an underdamped array of Josephson junctions cou
to a resonant cavity and subjected to an applied voltageF. The
array consists ofN11 grains, represented by the dots, coup
together by Josephson junctions, represented by the cro
Nearest-neighbor grainsj and j 11 are connected by a Josephs
junction, and the cavity is assumed to support a single reso
photonic mode. For the specific calculations carried out in this
per, we assume a one-dimensional array, as shown, and a sp
form for the capacitive energy, as discussed in the text.
s

-

f

f

the cavity mode.21 It is convenient to introduce the notatio
\gj /AV5EJ ja jA\c2/(2V), whereV is the cavity volume.

Finally, we need to discuss suitable boundary conditio
for this linear array. LetF j denote the time-averaged voltag
across thej th junction. For our assumed form of the capa
tive energy,F j5q^nj&/Cj , where^•••& denotes a quantum
statistical average. We will impose a constant-volta
boundary condition, by requiring thatF5( j 51

N F j across the
linear array should take on a specified value. HereF repre-
sents the total, time-averaged voltage across the linear a
It is most convenient to impose the constant-voltage bou
ary condition by using the method of Lagrange multiplie
adding to the Hamiltonian a term m( j 51

N F j

5m( j 51
N qnj /Cj , where the constantm will be determined

later by specifyingF.
If we combine all these assumptions, we can finally wr

an explicit expression forH8, the operator whose groun
state we seek:

H85H1m(
j 51

N

qnj /Cj

5\VS a†a1
1

2D1(
j 51

N S 2EJ j cosf j1EC jnj
2

1mqnj /Cj1
\gj

AV
i ~a2a†!sinf j D . ~3!

B. Mean-field approximation

The eigenstates ofH8 are many-body wave functions, de
pending on the phase variablesf j and nj , and the photon
coordinatesa and a†. We will estimate the ground-stat
wave function and energy using a mean-field approximati
To define this approximation, we expressH8 in the form

H85Hphase1Hphot1H int , ~4!

where Hphase5( j 51
N (2EJ j cosfj1ECjnj

21mqnj /Cj), and
H int5 i (\/AV)(a2a†)( j 51

N gj sinfj . The mean-field ap-
proximation consists of writing22

H int' i
\

AV
S ^a2a†&(

j 51

N

gj sinf j1~a2a†!

3(
j 51

N

gj^sinf j&2^a2a†&(
j 51

N

gj^sinf j& D . ~5!

With this approximation,H8 is decomposed into a sum o
one-body terms, each of which depends only on the pho
variables or on the phase variables of one junction, plu
constant term. The eigenstates ofH8, in this approximation,
are of the form C(a,a†,$f j%)5cphot(a,a†)) j 51

N c j (f j ),
wherecphot and thec j ’s are one-body wave functions.

That part ofH8 which depends on photon variables m
be written Hphot8 5Hphot1 i (\/AV)(a2a†)( j 51

N gj^sinfj&,
where ^sinfj& denotes a quantum-mechanical expectat
value with respect toc j (f j ). With the definition l j

5^exp(ifj)&, Hphot8 takes the form
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Hphot8 5\VS a†a1
1

2D1 i (
j 51

N
\gj l̃ j

AV
~a2a†!, ~6!

wherel̃ j5(l j2l j* )/(2i )5^sinfj&. This is the Hamiltonian
of a displacedharmonic oscillator; its ground-state ener
eigenvalueEphot;0 is readily found by completing the squa
to obtain

Hphot8 5\VS b†b1
1

2D2
\

VV
h2, ~7!

whereb†5a†1 i ( j 51
N gj l̃ j /(VAV), and we have defined

h5(
j 51

N

gj l̃ j . ~8!

~Note thatb andb† have the same commutation relations
a anda†, i.e., @b,b†#51.!

The resulting ground-state energy ofHphot8 is

Ephot;05
1

2
\V2

\

VV
h2. ~9!

Similarly in the ground state, since^b†&50,

^a†&52 i
1

VAV
h. ~10!

Also, the total energy stored in the photon field is

Ephot5\V K a†a1
1

2L 5
\V

2
1

1

VV
h2, ~11!

where we use Eq.~10! and the fact that̂ b†b&50 in the
ground state.

The wave functionc j (f j ) is an eigenstate of the effectiv
single-particle Schro¨dinger equationH jc j5Ejc j , where

H j52EJ j cosf j1
1

2Cj
~q2nj

212mqnj !

1
\gj

AV
i sinf j^a2a†&, ~12!

and ^a2a†&52ih/(VAV). Using this expression and com
pleting the square, we can write

H j5EC j~nj2n̄!22EC jn̄
22

2\gj

VV
h sinf j2EJ j cosf j ,

~13!

where we have writtenn̄52m/q. ~Note that with our defi-
nition of m, it does not have the dimension of energy.! In-
troducing the notation

Ea; j
2 5EJ j

2 1Eint; j
2 , ~14!

where we define Eint; j52\hgj /(VV) and fa; j
5tan21(Eint; j /EJ j), we obtain

H j52Ea cos~f j2fa; j !1EC j@~nj2n̄!22n̄2#. ~15!

The Schro¨dinger equation
s

H jc j~f j !5Ejc j~f j !, ~16!

where H j is given by expression~15!, can be transformed
into Mathieu’s equation by a suitable change of variabl
Specifically, if we use the representationnj52 i ]/(]f j ),
and we also make the change of variablesc j (f j )
5exp(in̄fj)uj(fj), then Eq.~16! takes the form

~Ej1n̄2!uj52Ea; j cos~f j2fa; j !uj2EC j

]2uj

]f j
2

. ~17!

Sincef j andf j12p represent the same physical state, t
physically significant eigenstatec j (f j ) should satisfy
c j (f j12p)5c j (f j ) or, equivalently,

uj~f j12p!5exp~22p i n̄ !uj~f j !. ~18!

Thus, the solutions to Eq.~17! are Mathieu functions satis
fying the boundary condition~18!.

The total ground-state energy of the coupled system ta
the form

Etot5(
j 51

N

Ej ;01Ephot;01Ed , ~19!

whereEj ;0 is the lowest eigenvalue of the Schro¨dinger equa-
tion ~16!. Note that theEj ;0’s are also functions of thel̃ j ’s,
but only through the variableh. Ed is a ‘‘double-counting
correction’’ which compensates for the fact that the inter
tion energy is included in bothEphot;0 and theEj ;0’s; it is
given by the negative of the expectation value of the l
term on the right-hand side of Eq.~12!, i.e.,

Ed52 i
\

AV
^a2a†&(

j 51

N

gj^sinf j&5
2\h2

VV
. ~20!

Hence, the total ground-state energy is

Etot~h!5(
j 51

N

Ej ;01Ephot;01Ed

5(
j 51

N

Ej ;0~h!1
1

2
\V1

\

VV
h2. ~21!

The actual ground-state energy is found from this express
by minimizingEtot with respect to the variableh, holdingm

~or n̄) fixed.

C. Approximate minimization

We begin by considering the casen̄50, for which an
approximate minimization ofEtot(h) can be done analyti-
cally as follows. First, one must evaluate the energiesEj ;0,
which are the ground-state eigenvalues ofH jc j (f j )
5Ejc j (f j ). For n̄50,Ej ;0 has the approximate value23

Ej ;0;2
Ea; j

2

2EC j
~22!

for Ea; j!EC j and

Ej ;0;2Ea; j ~23!
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for Ea; j@EC j . A function which interpolates smoothly be
tween these limits is

Ej ;0;EC j2AEC j
2 1Ea; j

2 . ~24!

Substituting this expression into Eq.~21!, we obtain

Etot~h!5
\

VV
h21(

j 51

N FEC j2AEC j
2 1EJ j

2 1S 2\gj

VV D 2

h2G .
~25!

SettingdEtot /dh50, we obtain the condition

h5h
2\

VV (
j

gj
2

AEC j
2 1EJ j

2 1@2\gj /~VV!#2h2
. ~26!

This equation always has the solutionh50. If

2\

VV (
j 51

N gj
2

AEC j
2 1EJ j

2
.1, ~27!

then there is also a real, nonzero solution forh. Whenever
this solution exists, it is a minimum in the energy, and t
h50 solution is a local maximum. Thus, Eq.~27! represents
a threshold for the onset of coherence.

In the opposite limit, whenEa; j@EC j and l̃ j→1,

h5(
j 51

N

gj l̃ j→(
j 51

N

gj . ~28!

If we defineḡ5( j 51
N gj /N andh̄5h/N, then we see thath̄

rises from zero at a threshold determined by Eq.~27! and
approaches unity when the parametersuEa; j u are sufficiently
large.

For n̄Þ0, the threshold can still be approximately foun
analytically. SinceH8 is periodic inn̄ with period unity, one
need consider only21/2,n̄<1/2. In this regime, we write
H j as

H j52Ea; j cos~f2fa!1EC j@~n2n̄!22n̄2#

52Ea; j cos~f2fa!1H j
0 . ~29!

The coherence threshold occurs in the small-coupling
gime, uEa; j u!EC j . The desired ground-state solution can
obtained as a perturbation expansion about the solution
the zeroth-order Schro¨dinger equation,H j

0c j
05Ej

0c j
0 . The

~unnormalized! solutions to this equation arec j
0

5exp(imfj), corresponding to eigenvaluesEj
05EC j@(m

2n̄)22n̄2#, with m integer. Forun̄u,1/2, the ground state is
m50. The second-order perturbation correction to this
ergy due to the perturbationH j852Ea; j cos(f2fa) is

DEj5 (
m561

u^0uH j8um&u2

E02Em
, ~30!

whereum& denotes the ket corresponding to exp(imfj). After
a little algebra, it is found thatDEj52Ea; j

2 /@(2EC j)(1

24n̄2)#. If uEa; j u@EC j , then the ground-state eigenvalu
-

to

-

Ej ;0 approaches2Ea; j as in the casen̄50. The generaliza-
tion of the formula~25! to the casen̄Þ0 is readily shown to
be

Etot~h!5
\

VV
h21(

j 51

N F ẼC j2AẼC j
2 1EJ j

2 1S 2\gj

VV D 2

h2G ,
~31!

whereẼC j5EC j(124n̄2). To determineh for a given value
of n̄, and of theEC j’s, EJ j’s, andgj ’s, one minimizes this
energy with respect toh, as described above.

In practice, at any value ofn̄, and for any given distribu-
tion of the parametersgj ,CJ j , and EJ j , one can easily
evaluate the energy numerically, using the known proper
of Mathieu functions, hence obtaining both the coheren
threshold and the value of the order parameterh. Onceh is
known, the individual values of thel̃ j ’s can obtained by
numerically solving the Schro¨dinger equation~16!, using the
Hamiltonian ~12! for the ground-state eigenvalue. Finall
the constant-voltage condition can be imposed by choos
m so that ( j 51

N q^nj&/Cj equals the time-averaged voltag
across the array.

III. RESULTS

Although our formalism applies equally to ordered a
disordered arrays, we will present numerical results for
dered arrays only, purely for numerical convenience. In
ordered case, the constantsgj , EC j , andEJ j are independen
of j. In this ordered case, we denote the parametersg, EC

5q2/(2C), andEJ , respectively. For a specified value ofn̄,
we can find the ground-state eigenvalueEj ;0 numerically by
solving Eq. ~16!, using the well-known properties of th
Mathieu functions. We can then minimize the total ener
Etot with respect toh. In the ordered case, as noted, all t
l̃ ’s are equal, andh5Nl̃. Furthermore, in this case,n̄ is
related toF by F5Nqn̄/C. Hereafter, for given values o
g, EC , EJ , and n̄, we definel̃0 as the value ofl̃ which
minimizes the total energyEtot .

In Fig. 2, we plotl̃0 for this ordered array, as a functio
of N, assumingn̄50. Two curves are plotted. The soli
curve showsl̃0 for the caseEJ50, i.e., no direct Josephso
coupling. The dashed curve in Fig. 2 showsl̃0 but for a
finite direct Josephson coupling. In both cases, there
clearly a threshold array sizeNc , below whichl̃050. For
N.Nc , we find l̃0.0. Sincel̃05^sinfj&0 ~that is, the ex-
pectation value of sinfj in this energy-minimizing state!, the
Josephson array has a net supercurrent in this configura
As N increases,l̃0 approaches unity, which corresponds
complete phase locking. The value ofNc is larger for finite
Josephson coupling than for zero direct coupling; thus
appears, paradoxically, that the finite direct coupling actua
impedes the transition to coherence. This point will be d
cussed further below.

For EJ50 andn̄50, Nc can easily be found analytically
from Eq. ~27!. The threshold is found to satisfy

Nc5EC /~2EJ0!, ~32!
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FIG. 2. Coherence order parameterl̃0 which minimizesEtot(l̃) for a one-dimensional array, plotted as a function of the numbe

junctionsN, for two values of the direct Josephson coupling energyEJ . Other parameters are\g/AV50.3EC , \V/252.6EC , and n̄50.
The coupling parameterEJ05\g2/(VV) is given byEJ0'0.017EC . Inset: total energy in the photon field,Ephot, plotted as a function of
N2, for the same parameters and the same two values ofEJ .
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where EJ05\g2/(VV). This value agrees quite well with
our numerical results~cf. Fig. 2!. Note that forany nonzero
value of the couplingEJ0, no matter how small, there alway
exists a threshold value ofN, above which phase coherenc
becomes established.

If EJ50 andn̄50, Nc can still be obtained as an implic
equation even in the disordered case, in terms of the di
bution of thegj ’s andEC j’s. The result is readily shown to
be

15
2\

VV (
j 51

Nc gj
2

EC j
. ~33!

For a given distribution of the parametergj
2/EC j , there will

always exist a threshold value ofN such that this equation i
satisfied, no matter how weak the coupling constantsgj .
Thus, at least in this mean-field approximation, the disor
has no qualitative effect on the coherence transition
cussed here. In particular, the critical numberNc does not
necessarily either increase or decrease with increasing d
der; instead,Nc depends on the distribution ofgj , EJ j , and
EC j in the array.

The inset to Fig. 2 shows the total energy in the pho
mode,Ephot5\V(^a†a&11/2), in the ordered case, plotte
as a function ofN for n̄50. From Eq.~11!, we find that
Ephot5\V/21N2l̃0

2EJ0 for an ordered array; this is th
quantity plotted in the inset. As is evident from the plot,Ephot
varies approximatelylinearly with N2 all the way from the
coherence threshold to large values ofN, wherel̃0→1. This
N2 dependence is a hallmark of phase coherence.

The voltageF across the array is determined byn̄ ~or
equivalentlym). In Fig. 3, we plotl̃0 as a function ofn̄ for
several array sizes at fixed coupling constantsEJ0 , EC , and
EJ in an ordered array. Since, as already shown,l̃0 is peri-
odic in n̄ with a period of unity, we plotl̃0(n̄) only for a
ri-

r
-

or-

n

single period, 0<n̄<1. Figure 3 shows that, for any givenN

andEJ0, the calculatedl̃0 achieves its maximum value whe

n̄ has a half-integer value; i.e., the array is most easily m

coherent at such values ofn̄. In particular, an array whose
size is slightly below the threshold value at integer values

n̄ can be made to become coherent, with a nonzerol̃0, when

n̄ is increased—that is, when a suitable voltage is appl
On the other hand, for values ofN far above the threshold

l̃0 is little affected by a change inn̄.

In Fig. 4, we show the quantitŷnj& as a function ofn̄, for
several values ofN and fixed value of the coupling consta
ratios EJ0 /EC and EJ /EC , for a single cycle (0<n̄<1).
This quantity is related to the voltage drop across one ju
tion, in our model, byF/N5q^nj&/C. For sufficiently large
arrays,^nj&;n̄ and the voltage drop is nearly linear inn̄ in
this mean-field approximation. For arrays closer to the
herence threshold,̂nj& is a highly nonlinear function ofn̄.
However, the deviation from linearity,̂nj&2n̄, is, once
again, a periodic function ofn̄ with period unity. The dis-
continuous jumps inn̄ as a function of̂ nj& represent regions
of incoherence (l̃050), whereas the regions in which^nj& is
a smooth function ofn̄ are regimes of phase coherence (l̃0
Þ0).

In Fig. 5, we again plotl̃0(N) for two fixed ratios
EJ /EC , but this time forn̄51/2. From Fig. 3, we expect this
choice of n̄ to maximize the tendency to phase coheren
and thus to reduce the threshold array size for the onse
phase coherence. Indeed, in the absence of direct Josep
coupling, this threshold is reduced to below unity~that is,l̃0
remains nonzero, even atN51, for our choice ofEJ0). In
fact, for this value ofn̄, only an infinitesimal coupling to the
resonant mode is required to induce phase coherence in
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FIG. 3. Energy-minimizing value of the coherence order parameterl̃0, as a function of the parametern̄5m/q, for several values of the
array sizeN. Other parameters are\g/AV50.3EC , \V/252.6EC , EJ50, andEJ0'0.017EC .
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model. Once again~cf. Fig. 5!, the addition of a finite direct
Josephson coupling actually increases the threshold num
for phase coherence atn̄51/2 as it does atn̄50.

Although we have not carried out a similar series of c
culations for a disordered array, ouranalytical results show
that the essential features found in the ordered case wil
preserved also in a disordered array. Most importantly, th
remains a critical junction number for phase coherence
disordered array, just as there does in the ordered case
most important difference between the two cases is that
individual l̃ j ’s will be functions ofj in the disordered case

IV. DISCUSSION

Although the present work is only a mean-field appro
mation, we expect that it will be quite accurate for largeN.
er

-

e
re
a
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e

-

The reason is that, in this model, the one photonic degre
freedom is coupled to every phase difference and, thus,
periences an environment which is very close to the me
whatever the state of the individual junctions. Such sm
fluctuations are necessary in order for a mean-field appro
to be accurate. In fact, a similar approach has proved v
successful in work on novel Josephson arrays in which e
wire is coupled to a large number of other wires via Jose
son tunneling.24,25

It may appear surprising that a finite direct Josephs
coupling actually increases the threshold array size for
herence. But in fact this behavior is reasonable. If there is
direct coupling (EJ50), the phase difference across ea
junction evolves independently, except for the global co
pling to the resonant photon mode. When the array exce
its critical size, this coupling produces coherence. If the sa
ter
FIG. 4. The parameter̂nj&5FC/(qN), whereF/N is the voltage drop across one junction, plotted as a function of the paramen̄
5m/q, for several values of the array sizeN. Other parameters are\g/AV50.3EC , \V/252.6EC , EJ50, andEJ0'0.017EC .
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FIG. 5. Same as Fig. 2, but forn̄51/2.
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array now has a finiteEJ , there are two coupling terms. Bu
these are not simply additive, but in fact arep/2 out of
phase: the direct coupling favorsf j50, while the photonic
one favorsf j5p/2. For a large enough array, the couplin
to the photon field still predominates and produces glo
phase coherence, but this occurs at a higher threshold
least in our model, than in the absence of direct coupling

A striking feature of our results is the very low coheren
threshold (N51) when n̄51/2. In fact, for anyN and for
EJ50, only an infinitesimal coupling to the cavity mod
would be required to induce phase coherence atn̄51/2. The
reason for this low threshold is that, in the absence of c
pling, junction states witĥnj&50 and^nj&51 are degener-
ate. Any coupling is therefore sufficient to break the deg
eracy and produce phase coherence. A related effect has
noted previously in studies of more conventional Joseph
junction arrays in the presence of an offset voltage.26

Finally, we comment on what is not included in th
present work. This paper really considers only the minim
energy state of the coupled photon/junction array system
der the assumption that a particular voltage is applied ac
the array. It would be of equal or greater interest to consi
et

y
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l
at

-

-
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n

n-
ss
r

the dynamical response of such an array. Specifically
would be valuable to develop and solve a set of coup
dynamical equations which incorporate both the junction a
the photonic degrees of freedom. Such a set of equations
already been proposed by Bonifacio under a particular se
simplifying assumptions. A more accurate set of equation
needed, which would include not only a driving current, b
also the damping arising from both resistive losses in
junctions and losses due to the finiteQ of the cavity. In the
absence of damping, such equations can be written d
from the Heisenberg equations of motion. The inclusion
damping may be more difficult. We hope to discuss some
these effects in a future publication.
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