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Josephson-junction arrays with long-range interactions
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Department of Physics, Ohio State University, Columbus, Ohio 43210

~Received 20 May 1997!

We calculate the current-voltage (IV) characteristics of a Josephson-junction array with long-range inter-
actions. The array consists of two sets of equally spaced parallel superconducting wires placed at right angles.
A Josephson junction is formed at every point wherever the wires cross. We treat each such junction as an
overdamped resistively shunted junction, and each wire segment between two junctions as a similar resistively
shunted junction with a much higher critical current. TheIV characteristics are obtained by solving the coupled
Josephson equations numerically. We find that, for a sufficiently large number of wires, the critical current
saturates at a finite value because of the wire inductance, in excellent agreement with experiment. The calcu-
lated IV characteristics also show a striking hysteresis, even though each of the individual junctions isnon-
hysteretic. The hysteresis results from a global redistribution of current flow on the upper and lower voltage
branches, and is also in excellent agreement with experiment.@S0163-1829~97!04338-5#
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I. INTRODUCTION

Hybrid Josephson-junction arrays are systems made u
both Josephson junctions and extended superconducting
jects, such as superconducting wires. Such arrays are
pected to have a variety of interesting properties, because
phase of the superconducting order parameter should
continuously in space within the extended regions,
should jump discontinuously between those regions.1 An ex-
ample of such an array is a collection of long supercondu
ing wires. In such a system, small Josephson junctions f
wherever two wires are sufficiently close to one another
arrays of this kind, each wire, being long, is usually co
nected by a Josephson junction to a large number of o
wires. For this reason, such arrays are sometimes sai
havelong-range interactions. Arrays of this kind were, to the
best of our knowledge, first studied theoretically by Vinok
et al.2 They have since been fabricated and studied both
perimentally and theoretically by Sohnet al.3,4 In the pres-
ence of a magnetic field, it has been predicted that s
long-range interactions, even in periodic arrays, will gi
rise to glassy behavior.2,5,6

Other types of hybrid arrays can readily be imagined. F
example, a hybrid system could be fabricated from a conv
tional two-dimensional Josephson-junction array by repl
ing all the junctions in one direction by superconducti
wires. In three dimensions, a hybrid Josephson array m
be constructed from a set of parallel superconducting pla
each of which has a periodic array of superconducting p
trusions. Each protrusion, together with the correspond
protrusion from a neighboring plane, would form a sm
Josephson junction, while in the plane itself, the phase of
superconducting order parameter would vary continuous

An ingenious theoretical method of treating hybrid J
sephson arrays with long-range interactions was propose
Vinokur et al.2 In their picture, the superconducting ord
parameter in each wire is viewed as uniform, with a const
phase throughout the wire. The Josephson coupling betw
two given wiresi and j is modeled by a coupling energ
2Ji j cos(ui2uj2Aij), whereu i is the phase in thei th wire,Ji j
560163-1829/97/56~13!/8335~6!/$10.00
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is a coupling energy, andAi j is a phase factor introduced t
take account of an applied magnetic field. Since each w
thus interacts with a large number of other wires, the c
pling Hamiltonian is treated by a generalization of a simp
mean-field theory.7 The resulting phase diagram has a nu
ber of interesting features, including a glasslike phase i
finite magnetic field.2,5,6

The experiments of Sohnet al. suggest that this approxi
mation is oversimplified, in that it omits the inductance
the superconducting wires. In these experiments, two set
parallel, equally spaced thin superconducting wires are
ranged at right angles to one another. At each intersec
between two wires, a small Josephson junction is form
Current is then injected into one of the first set of para
wires, and removed from a wire in the other set@see Fig.
1~a!#. If there were no inductance~i.e., if the phases along
the wires were constant!, the critical currentI c

array in this
arrangement would be expected to be linear in the numbe
wiresN in each parallel set. Instead, it is found that, for lar
N, I c

arraysaturates at a value much smaller thanNIc , whereI c

is the critical current of a single junction. Sohnet al. at-
tribute this discrepancy to the inductive response of the
perconducting wires, a response that would be vanishin
small if the phase were constant along each wire.

In this paper, we describe a simple method of model
the dynamics of Josephson arrays with long-range inte
tions, including the effects of wire inductance. The idea
simply to treat each wire segment between two Joseph
point junctions as itself a Josephson junction, but with
much higher critical current. This model correctly includ
the kinetic inductance of the wire segment, and also allo
for the possibility of phase slips along the wire, which m
occur in real superconducting wires. Since the critical curr
of the wire segments is high, the phase drop along any gi
wire segment between two junctions is usually small, so t
the segment will generally behave like a pure inductan
We numerically solve the coupled Josephson equations
this model, and find that theIV characteristics closely re
semble those seen experimentally. The critical current is
ear inN for small N, but saturates at a finite value for larg
8335 © 1997 The American Physical Society
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8336 56J. KENT HARBAUGH AND D. STROUD
FIG. 1. Schematic of experimental geometry.~a! Top view, ~b! perspective view. The array consists of two equally spaced set
identical parallel wires, arranged perpendicular to one another. A vertical point junction is formed wherever two perpendicular wir
one another. CurrentI is injected into the central wire in one set of parallel wires, and extracted from the central wire of the other
shown. In case of an even number of wiresN in each layer, the current is injected just below center and extracted just left of center. Ve
junctions are modeled as overdamped resistively shunted Josephson junctions~RSJ’s! with critical currentI c and resistanceR. Horizontal
segments in each layer are also modeled as overdamped RSJ’s with critical currentlI c and shunt resistancemR, wherel@1 andm!1 are
dimensionless constants. The voltage drop is calculated between the input and output current terminals.
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N. The saturation value varies as the inverse square roo
wire inductance per unit length. This is in excellent agre
ment with a simple model suggested by Sohnet al.,3,4 and
the occurrence of saturation is also confirm
experimentally.3,4

We also find that our numerical current-voltage (IV)
characteristics arehysteretic, even though the array, in ou
model, is composed entirely ofnonhystereticelements. Simi-
lar hysteresis was observed by Sohnet al., who speculated
that it resulted from differences in the patterns of curr
flow on increasing and decreasing the applied current. In
simulations, we are able not only to verify this speculatio
but also to trace out the specific paths followed by the c
rent on both branches of the hystereticIV characteristic.

We turn now to the body of the paper. Section II describ
our model for the long-range array. Our numerical results
given in Sec. III, followed by a brief discussion in Sec. IV

II. MODEL

The geometry of our array is shown in Fig. 1. The arr
consists of two sets ofN parallel, equally spaced wires, a
ranged perpendicular to one another. A currentI is fed into
the center wire in one of the parallel set of wires, and
moved from the center wire of the other@see Fig. 1~a!#. A
Josephson junction is formed at each crossing point. We
culate the voltage drop between the input and output le
as well as the voltage drop and current through each of
elements of the array. We can, in principle, also conside
magnetic field applied perpendicular to the array; the res
of such calculations will be described elsewhere.

Our dynamical model for this system is quite simp
Each crossing point between two perpendicular wires@shown
as a short vertical line in Fig. 1~b!# is modeled as an over
damped resistively shunted Josephson junction with crit
current I c and shunt resistanceR. Each wire segment con
necting two such junctions is itself modeled as an ov
damped Josephson junction, with critical currentlI c and
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shunt resistancemR, where we expectl@1 and m!1.
Clearly, a largerl corresponds to a wire with a smaller in
ductance per unit length. Our model includes only the kine
inductance of the wire, i.e., that associated with the mot
of Cooper pairs, and ignores the electromagnetic part, wh
arises from magnetic fields produced~via Maxwell’s equa-
tions! by the supercurrents flowing in the wire.

We describe the array by two phases at each vertical ju
tion, corresponding to the points in each layer where t
perpendicular wires cross one another@cf. Fig. 1~b!#. Thus,
for two sets ofN perpendicular wires, there are 2N2 phases.
The currentI i j flowing from pointi to point j is taken as that
of an overdamped resistively shunted junction:

I i j 5I ci jsin~u i2u j2Ai j !1
\

2eRi j
~ u̇ i2 u̇ j2Ȧi j !. ~1!

HereI ci j is the critical current for the (i j )th Josephson junc
tion, the overdot denotes a time derivative, and

Ai j 5
2e

\cEi

j

A•dl ~2!

is a phase factor that takes account of any applied magn
field (A being the vector potential describing that field!. The
first term on the right-hand side is the Josephson cur
through junctioni j , while the second term is the curren
through the shunt resistance,Vi j /Ri j . Vi j is the instanta-
neous voltage between pointsi and j and we have used th
Josephson relationVi j 5(\/2e)( u̇ i2 u̇ j2Ȧi j ). The dynami-
cal description is completed by Kirchhoff’s equations of cu
rent conservation:

I i
ext5(

iÞ j
I i j , ~3!

where I i
ext is the external current fed into pointi . In the

geometry of Fig. 1~b!, I i
ext56I at the input and output ter

minals, and zero everywhere else.
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56 8337JOSEPHSON-JUNCTION ARRAYS WITH LONG-RANGE . . .
FIG. 2. Current-voltage (IV)
characteristics for arrays of size
N52 to 19 ~increasing from left
to right! with the inverse induc-
tance parameterl5100. In the
hysteretic regions, arrows indicat
that the voltage is measured as th
current is being increased from
zero, or decreased from a hig
value.
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We solve the equations of motion iteratively, using
adaptive step size, embedded 5~4! fixed-order Runge-Kutta-
Fehlberg algorithm, as described, for example, by Cash
Karp.8 Our method is similar to that employed by many ot
ers to calculate theIV characteristics and other dynamic
properties of more conventional Josephson arrays.9 In order
to calculate time-averaged voltages we typically aver
over a period of 1000t0 for each current after first allowing
100t0 for equilibration, wheret05\/(2eIcR) is a natural
unit of time.

In order to obtainIV characteristics, we start at zero a
plied current, then gradually ramp up the current in steps
order 0.1I c ~but as small as 0.01I c in the transition region!,
up to some maximum value well above the transition. F
lowing this gradual increase, we ramp the current down
the same steps. In each case, we always use the final p
configuration of the previous current as the initial state
the next current. In our calculations, we have conside
various values of the inductance parameterl ranging from
10 to 100, but have studied only the single resistance par
eterm50.01.
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III. RESULTS

Figure 2 shows the calculatedIV characteristics for arrays
of various sizes, plotted forl5100. These curves sugge
several typical features, all of which are shown with mo
precision in later figures. First, the critical current tends
increase with increasing array size, but saturates for largeN.
Second, there is a striking hysteresis in the IV characteris
That is, for each sizeN, there is a range of current within
which the voltage takes ontwo values. Of these, the larger o
the two corresponds todecreasing~ramping down! the cur-
rent. This hysteresis occurs even though the individual ju
tions themselves are overdamped, and thereforenonhyster-
etic. This hysteresis occurs for all value ofN, though for
N>7 the hysteretic region occurs outside the plotted curr
range. Some possible reasons for this hysteresis are
cussed below.

The saturation ofI c
array is shown more quantitatively in

Fig. 3, where we plotI c
array for several values ofl. In each

case,I c
array is linear in N for small N, but saturates for large

N. To an excellent approximation, the saturation value
l
-
e

FIG. 3. Critical currentI c
arrayas

a function of number of wiresN
in each layer, plotted for severa
l5100, 50, 25, and 10 as indi
cated. The straight line has slop
I c , the critical current of a single
vertical junction.
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FIG. 4. Dimensionless transi
tion current I t /I c , plotted as a
function of N for an array in
which l5100. Dashed line repre
sentsI t /I c5N2; crosses are calcu
lated points.
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array is proportional to 1/Al. This behavior agrees perfectl

with the simple analytical model proposed by Sohnet al.,3,4

in which the wires are simply assumed to have a cons
inductance per unit length~arising from a combination o
kinetic and electromagnetic inductance!. Thus, it is appar-
ently quite satisfactory to treat the inductive response of
wires by modeling them as Josephson junctions with la
critical currents. Our predicted saturation behavior a
agrees with the experiments reported in Ref. 3. Specifica
in their 100031000 arrays, they observe a critical current
smaller thanNIc . The linear behavior we predict forI c

array at
smallN has not been tested experimentally, however, nor
the proportionality to 1/Al.

The hysteresis seen in Fig. 2 is generally a reproduc
phenomenon in our calculations. We have found that
current of the upper discontinuity~which we will call the
‘‘transition current’’ I t) is quite insensitive to the rate a
which the current is ramped up. The lower drop, howev
does appear to depend on the history of the current sw
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To an excellent approximationI t5I cN
2, as is shown in Fig.

4, which is simply the sum of the critical currents of all th
vertical junctions. This result suggests that the transition c
responds to a global redistribution of current flowing throu
the array, as we have indeed confirmed by numerica
evaluating the current and voltage drop across each junc
and wire segment in the array. The resulting picture of
hysteresis, confirmed by these numerical checks, is the
lowing. As the current is ramped up, it passes through
various vertical junctions. At any current aboveI c

array but
below I t , the finite observed voltage is due entirely to vo
age drops along two central paths along the wires of
input and output current@see Fig. 5~a!, where we show this
pattern forN55#. Just belowI t , the current flowing through
some of the vertical junctions that are off this central pa
start to reachI c . At this point, there is a jump in time
averaged voltage, and also a global redistribution of curr
in the array. On this upper voltage branch, the voltage dro
nonzero acrossall the vertical junctions, as shown in Fig
5~b!.
r
gime.
voltage

s. On the
FIG. 5. Illustration of the different voltage patterns associated with points on the upper and lower voltage branches of Fig. 2, foN55.
~a! and~b! show the voltage pattern at a current 20I c , for N55 on the lower and upper voltage branches at a current in the bistable re
The area of each filled circle is proportional to the current flowing through the vertical junction. Empty circles correspond to a zero
drop across the junction. On the lower branch, all the voltage drop occurs on two lines extending along the input and output wire
upper branch, all the vertical junctions have nonzero voltage drops.
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56 8339JOSEPHSON-JUNCTION ARRAYS WITH LONG-RANGE . . .
FIG. 6. Typical time-
dependent voltage difference
V(t) between input and outpu
terminals for a currentI 57I c and
N53. Dashed line, a voltage on
the lower branch; solid line, uppe
branch. The horizontal lines de
note time-averaged voltage differ
ences on each branch.
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At high input currents, for allN we have considered, w
find numerically that the voltage across the array takes
form IRN , where to an excellent approximatio
RN5R@(2N21)/N2#. We have verified analytically~by
solving Kirchhoff’s laws! that this is precisely the effectiv
resistance of a network ofN2 resistors, each of resistanceR
and arranged in this geometry. On the lower voltage bran
at input currents below the array transition current but ab
I c

array, we find numerically that the array voltage is given

V'
2

N11
RAI 22I c

array2. ~4!

This has the same form as the voltage of a single junctio
critical currentI c

arrayand shunt resistance 2R/(N11), but we
have not succeeded in deriving this result analytically. No
theless, the use of this form along withI t'I cN

2, allows us to
estimate the voltage discontinuity at I t as
DVt'I cR(N21)/(N11)'I cR for large N. The voltage
discontinuities measured in Ref. 3 appear to be of appr
mately this magnitude.

Not surprisingly, the voltages on the upper and low
voltage branches have quite different time-dependences
an example, Figs. 6~a! and 6~b! show time traces of the volt
ageV(t) between the input and output terminals in anN53
array at the same current but for points on the upper
lower voltage branches. On the lower branch, the signal
pears to be periodic, but with several conspicuous harmo
in additional to the fundamental. On the upper branch,V(t)
is considerably more complex and seemingly aperiodic. T
precise origins of this behavior are not clear. For largerN,
the time-dependent voltages also differ on the two branc
but are both considerably more complex than shown in F
6.

IV. DISCUSSION

We have presented a simple model to describe the be
ior of hybrid Josephson-junction arrays consisting of t
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sets of parallel superconducting wires, arranged at ri
angles. In our model, the inductance of the wires is trea
by modeling each wire segment as an overdamped Josep
junction of critical current much larger than that of the ve
tical junctions. TheIV characteristics of the array can the
be calculated simply by solving the coupled resistive
shunted junction equations numerically. The resultingIV be-
havior is in excellent agreement with experiment, sugges
that our simple approach to wire inductance is adequate
this problem. In particular, our calculated critical curre
saturates for largeN, as observed experimentally; the sat
ration value is proportional to the inverse square root of
wire kinetic inductance. Furthermore, our calculations le
to an array that is found to behysteretic, even though every
element in the array is individuallynonhysteretic. We have
shown that the hysteresis arises from a global redistribu
of the current flow pattern in the array. In the hystere
regime, there are two different metastable voltage patte
corresponding to two very different patterns of current flo

The present model can be extended in a variety of wa
Because of the disorder in a realistic array, the vertical ju
tions will certainly have a random distribution of critica
currents, rather than a unique critical current as assum
here. Presumably, this distribution would produce a wh
series of jumps and hysteretic regimes in theIV characteris-
tic, rather than the single hysteretic region found here. S
a series of jumps is apparent in the published experime
data. The present model can also be readily extended to
clude a finite external magnetic field. Such a field is fou
experimentally to produce a wide range of effects in both
static and dynamical properties of such arrays. We plan
discuss our finite field results in a future publication.
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