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Josephson-junction arrays with long-range interactions
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We calculate the current-voltagé\) characteristics of a Josephson-junction array with long-range inter-
actions. The array consists of two sets of equally spaced parallel superconducting wires placed at right angles.
A Josephson junction is formed at every point wherever the wires cross. We treat each such junction as an
overdamped resistively shunted junction, and each wire segment between two junctions as a similar resistively
shunted junction with a much higher critical current. Thlecharacteristics are obtained by solving the coupled
Josephson equations numerically. We find that, for a sufficiently large number of wires, the critical current
saturates at a finite value because of the wire inductance, in excellent agreement with experiment. The calcu-
lated 1V characteristics also show a striking hysteresis, even though each of the individual juncthams is
hysteretic The hysteresis results from a global redistribution of current flow on the upper and lower voltage
branches, and is also in excellent agreement with experirf®0163-18207)04338-5

I. INTRODUCTION is a coupling energy, and;; is a phase factor introduced to
take account of an applied magnetic field. Since each wire
Hybrid Josephson-junction arrays are systems made up #lfius interacts with a large number of other wires, the cou-
both Josephson junctions and extended superconducting opling Hamiltonian is treated by a generalization of a simple
jects, such as superconducting wires. Such arrays are efiean-field theory.The resulting phase diagram has a num-
pected to have a variety of interesting properties, because tHer of interesting features, including a glasslike phase in a
phase of the superconducting order parameter should vafinite magnetic field:>°
continuously in space within the extended regions, but The experiments of Sohet al. suggest that this approxi-
should jump discontinuously between those regibAs.ex- ~ mation is oversimplified, in that it omits the inductance of
ample of such an array is a collection of long superconductthe superconducting wires. In these experiments, two sets of
ing wires. In such a system, small Josephson junctions forrparallel, equally spaced thin superconducting wires are ar-
wherever two wires are sufficiently close to one another. Ifanged at right angles to one another. At each intersection
arrays of this kind, each wire, being long, is usually con-between two wires, a small Josephson junction is formed.
nected by a Josephson junction to a large number of othéeurrent is then injected into one of the first set of parallel
wires. For this reason, such arrays are sometimes said ires, and removed from a wire in the other $see Fig.
havelong-range interactionsArrays of this kind were, to the 1(@)]. If there were no inductancg.e., if the phases along
best of our knowledge, first studied theoretically by Vinokurthe wires were constantthe critical currentl 3™ in this
et al? They have since been fabricated and studied both exarrangement would be expected to be linear in the number of
perimentally and theoretically by Sotet al®* In the pres- wiresN in each parallel set. Instead, it is found that, for large
ence of a magnetic field, it has been predicted that sucN, 13" saturates at a value much smaller tiNi , wherel
long-range interactions, even in periodic arrays, will giveis the critical current of a single junction. Solet al. at-
rise to glassy behavidr® tribute this discrepancy to the inductive response of the su-
Other types of hybrid arrays can readily be imagined. Foiperconducting wires, a response that would be vanishingly
example, a hybrid system could be fabricated from a convensmall if the phase were constant along each wire.
tional two-dimensional Josephson-junction array by replac- In this paper, we describe a simple method of modeling
ing all the junctions in one direction by superconductingthe dynamics of Josephson arrays with long-range interac-
wires. In three dimensions, a hybrid Josephson array mightions, including the effects of wire inductance. The idea is
be constructed from a set of parallel superconducting planesimply to treat each wire segment between two Josephson
each of which has a periodic array of superconducting propoint junctions as itself a Josephson junction, but with a
trusions. Each protrusion, together with the correspondingnuch higher critical current. This model correctly includes
protrusion from a neighboring plane, would form a smallthe kinetic inductance of the wire segment, and also allows
Josephson junction, while in the plane itself, the phase of théor the possibility of phase slips along the wire, which may
superconducting order parameter would vary continuously. occur in real superconducting wires. Since the critical current
An ingenious theoretical method of treating hybrid Jo-of the wire segments is high, the phase drop along any given
sephson arrays with long-range interactions was proposed hyire segment between two junctions is usually small, so that
Vinokur et al? In their picture, the superconducting order the segment will generally behave like a pure inductance.
parameter in each wire is viewed as uniform, with a constantWe numerically solve the coupled Josephson equations for
phase throughout the wire. The Josephson coupling betweehis model, and find that thev characteristics closely re-
two given wiresi andj is modeled by a coupling energy semble those seen experimentally. The critical current is lin-
—Jjjcos@— 6,—A;j), whered), is the phase in theth wire, Jj; ear inN for smallN, but saturates at a finite value for large
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@ (b)

FIG. 1. Schematic of experimental geomet(s) Top view, (b) perspective view. The array consists of two equally spaced sets of
identical parallel wires, arranged perpendicular to one another. A vertical point junction is formed wherever two perpendicular wires cross
one another. Curreritis injected into the central wire in one set of parallel wires, and extracted from the central wire of the other set, as
shown. In case of an even number of wihén each layer, the current is injected just below center and extracted just left of center. Vertical
junctions are modeled as overdamped resistively shunted Josephson juflR&dr'ss with critical currentl . and resistanc®. Horizontal
segments in each layer are also modeled as overdamped RSJ’s with critical &ligrant shunt resistangeR, whereA>1 andu <1 are
dimensionless constants. The voltage drop is calculated between the input and output current terminals.

N. The saturation value varies as the inverse square root ghunt resistanceuR, where we expech>1 and pu<1.
wire inductance per unit length. This is in excellent agree-Clearly, a largem corresponds to a wire with a smaller in-
ment with a simple model suggested by Sa#ral,>* and  ductance per unit length. Our model includes only the kinetic
the occurrence of saturation is also confirmedinductance of the wire, i.e., that associated with the motion
experimentally’* of Cooper pairs, and ignores the electromagnetic part, which
We also find that our numerical current-voltage/Y  arises from magnetic fields producéda Maxwell's equa-
characteristics araystereti¢ even though the array, in our tions) by the supercurrents flowing in the wire.
model, is composed entirely abnhystereti@lements. Simi- We describe the array by two phases at each vertical junc-
lar hysteresis was observed by So#inal, who speculated tion, corresponding to the points in each layer where two
that it resulted from differences in the patterns of currentperpendicular wires cross one anothef Fig. 1(b)]. Thus,
flow on increasing and decreasing the applied current. In ouior two sets ofN perpendicular wires, there aréN2 phases.
simulations, we are able not only to verify this speculation,The current;; flowing from pointi to pointj is taken as that
but also to trace out the specific paths followed by the curof an overdamped resistively shunted junction:
rent on both branches of the hysterdtit characteristic.
We turn now to the body of the paper. Section Il describes
our model for the long-range array. Our numerical results are
given in Sec. lll, followed by a brief discussion in Sec. IV.

) .
Lij = leijsin(6; — 0;— Ayj) + FR_J_(@F 6—Aj. @
Herel; is the critical current for thei{)th Josephson junc-
tion, the overdot denotes a time derivative, and

II. MODEL .
2e (i

The geometry of our array is shown in Fig. 1. The array Ai=7¢ i A-dl ()
consists of two sets dfl parallel, equally spaced wires, ar-
ranged perpendicular to one another. A currleid fed into  is a phase factor that takes account of any applied magnetic
the center wire in one of the parallel set of wires, and refield (A being the vector potential describing that fjel@ihe
moved from the center wire of the othfsee Fig. 1a)]. A  first term on the right-hand side is the Josephson current
Josephson junction is formed at each crossing point. We cathrough junctionij, while the second term is the current
culate the voltage drop between the input and output lead$hrough the shunt resistancej; /R;;. Vj; is the instanta-
as well as the voltage drop and current through each of theeous voltage between poirtandj and we have used the
elements of the array. We can, in principle, also consider gosephson relatiol; = (#1/2e) (6, — pj_Aij)_ The dynami-

magnetic field applied perpendicular to the array; the resultgal description is completed by Kirchhoff's equations of cur-
of such calculations will be described elsewhere. rent conservation:

Our dynamical model for this system is quite simple.
s a shor vertcal e In Fig.(hy] s modeled as an ove =30y, @
g.(t)] is modeled as an over- Pl
damped resistively shunted Josephson junction with critical
currentl, and shunt resistandR. Each wire segment con- Where | is the external current fed into poirt In the
necting two such junctions is itself modeled as an overgeometry of Fig. (b), IF"‘ztI at the input and output ter-
damped Josephson junction, with critical currérit, and  minals, and zero everywhere else.
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FIG. 2. Current-voltage I{)

characteristics for arrays of sizes
N=2 to 19 (increasing from left
to right) with the inverse induc-
tance parameteh =100. In the
hysteretic regions, arrows indicate
that the voltage is measured as the
current is being increased from
zero, or decreased from a high
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We solve the equations of motion iteratively, using an ll. RESULTS

iv ize, em fixed-order Runge-Kutta- . -
Egﬁfge% %atleg);%r?threﬁ,eas %eedsiﬁ%)esd’ ?gr %)?;mpllej, g; C:tstﬁ and F|ggre 2 shows the calculatéd characteristics for arrays
Karp® Our method is similar to that employed by many oth- of various sizes, plotted fo)aleQ. These curves suggest
ers to calculate théV characteristics and other dynamical S€veral typical features, all of which are shown with more
properties of more conventional Josephson arfdysorder ~ Precision in Igter flgu_res. First, _the critical current tends to
to calculate time-averaged voltages we typically averagdlcrease with increasing array size, but saturates for Isrge
over a period of 100§ for each current after first allowing Second, there is a striking hysteresis in the IV characteristics.
100, for equilibration, wheret,=%/(2el.R) is a natural Thgt is, for each sizé, there is a range of current within
unit of time. which the voltage takes dwo values. Of these, the larger of

In order to obtainlV characteristics, we start at zero ap- the two corresponds tdecreasingramping down the cur-
plied current, then gradually ramp up the current in steps ofént. This hysteresis occurs even though the individual junc-
order 0.1, (but as small as 0.01 in the transition regiop  tions themselves are overdamped, and therefiorghyster-
up to some maximum value well above the transition. Fol-8lic. This hysteresis occurs for all value df, though for
lowing this gradual increase, we ramp the current down ifN=7 the hysteretic region occurs outside the plotted current
the same steps. In each case, we always use the final phd§@ge. Some possible reasons for this hysteresis are dis-
configuration of the previous current as the initial state forcussed below.
the next current. In our calculations, we have considered The saturation of g™ is shown more quantitatively in
various values of the inductance parameteranging from  Fig. 3, where we plot"™ for several values ok. In each
10 to 100, but have studied only the single resistance parancase,|2"® is linear in N for small N, but saturates for large
eter u=0.01. N. To an excellent approximation, the saturation value of
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FIG. 3. Critical current{"™ as

a function of number of wire§N

in each layer, plotted for several

A=100, 50, 25, and 10 as indi-

cated. The straight line has slope

I, the critical current of a single

vertical junction.
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FIG. 4. Dimensionless transi-
tion currentl,/l., plotted as a
function of N for an array in
which A =100. Dashed line repre-
sentsl, /I .= N?; crosses are calcu-
lated points.

Dimensionless Transition Current I /1,
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12" s proportional to 1x. This behavior agrees perfectly To an excellent approximation=1.N?, as is shown in Fig.
with the simple analytical model proposed by Satral,>* 4, which is simply the sum of the critical currents of all the
in which the wires are simply assumed to have a constan¥értical junctions. This rgsu_lt suggests that the transition cor-
inductance per unit lengtkarising from a combination of responds to a global redistribution of current flowing through
kinetic and electromagnetic inductanc&hus, it is appar- the array, as we have indeed confirmed by num_encal_ly
ently quite satisfactory to treat the inductive response of thgvaluatmg the current and voltage drop across each junction

wires by modeling them as Josephson junctions with Iarg(%Ind wire segment in the array. The resulting picture of the
o . . . ysteresis, confirmed by these numerical checks, is the fol-
critical currents. Our predicted saturation behavior alsq

agrees with the experiments reported in Ref. 3. Specifically,owmg' As the current is ramped up, it passes through the

: : ” various vertical junctions. At any current aboVg#'® but
In their 1000<1000 arays, they obgerve a cr|t!ca| Clﬂgfm farbelowlt, the finite observed voltage is due entirely to volt-
smaller tharN 1. The linear behavior we predict fof"® at

: age drops along two central paths along the wires of the
smallN has not been tested experimentally, however, nor hagnut and output currerfisee Fig. 8a), where we show this
the proportionality to IyX. pattern forN=5]. Just below, the current flowing through

The hysteresis seen in Fig. 2 is generally a reproduciblgome of the vertical junctions that are off this central path
phenomenon in our calculations. We have found that th&tart to reachl.. At this point, there is a jump in time-
current of the upper discontinuitgwhich we will call the averaged voltage, and also a global redistribution of current
“transition current” 1;) is quite insensitive to the rate at in the array. On this upper voltage branch, the voltage drop is
which the current is ramped up. The lower drop, howevernonzero acrossall the vertical junctions, as shown in Fig.
does appear to depend on the history of the current sweep(b).
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o o @ o o o o @O o o

o ° o o o ) ) ® L) )
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(a) Lower Branch (b) Upper Branch

FIG. 5. lllustration of the different voltage patterns associated with points on the upper and lower voltage branches of Rig=3,. for
(a) and(b) show the voltage pattern at a current 20for N=5 on the lower and upper voltage branches at a current in the bistable regime.
The area of each filled circle is proportional to the current flowing through the vertical junction. Empty circles correspond to a zero voltage
drop across the junction. On the lower branch, all the voltage drop occurs on two lines extending along the input and output wires. On the
upper branch, all the vertical junctions have nonzero voltage drops.
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At high input currents, for alN we have considered, we sets of parallel superconducting wires, arranged at right
find numerically that the voltage across the array takes thangles. In our model, the inductance of the wires is treated
form IRy, where to an excellent approximation, by modeling each wire segment as an overdamped Josephson
Ryv=R[(2N—1)/N?]. We have verified analyticallfby junction of critical current much larger than that of the ver-
solving Kirchhoff's lawg that this is precisely the effective tical junctions. ThelV characteristics of the array can then
resistance of a network & resistors, each of resistanBe  pe calculated simply by solving the coupled resistively
and arranged in this geometry. On the lower voltage branchshynted junction equations numerically. The resultiigoe-
at input currents below the array transition current but above,avior is in excellent agreement with experiment, suggesting
18", we find numerically that the array voltage is given by that our simple approach to wire inductance is adequate for
this problem. In particular, our calculated critical current
saturates for larg®\, as observed experimentally; the satu-
ration value is proportional to the inverse square root of the
wire kinetic inductance. Furthermore, our calculations lead
to an array that is found to beysteretic even though every

element in the array is individuallgonhystereticWe have

This has the same form as the voltage of a single junction ofhq\yn that the hysteresis arises from a global redistribution
critical current! "*'and shunt resistanceR2(N+1), butwe ¢ the current flow pattern in the array. In the hysteretic
have not succeeded jn deriving this result aznalytically. None'regime, there are two different metastable voltage patterns,
theless, the use of this form along with=1.N", allows us to ., resnonding to two very different patterns of current flow.
estimate the voltage discontinuity atl, as The present model can be extended in a variety of ways.
AVi~1R(N=1)/(N+1)~IcR for large N. The voltage gesq,qe of the disorder in a realistic array, the vertical junc-

dlscontlngltles mgasured in Ref. 3 appear to be of aPPOXlions will certainly have a random distribution of critical
mately this magnitude.

o currents, rather than a unique critical current as assumed
Not surprisingly, the voltages on the upper and lower, C

voltage branches have quite different time-dependences. A ere. Pre;umably, this d|str|_but|0|_1 quld produce a yvhole

an example, Figs. (&) and Gb) show time traces of the volt- series of jumps and hysteretlc regimes in thecharacteris-

ageV(t) between the input and output terminals inm 3 tic, rgther than the.smgle hystgretlc region found herg. Such

array at the same current but for points on the upper and Series of jumps is apparent in the published experimental

lower voltage branches. On the lower branch, the signal agf@t@. The present model can also be readily extended to in-

pears to be periodic, but with several conspicuous harmonicgude a finite external magnetic field. Such a field is found

in additional to the fundamental. On the upper branétt) experimentally to produce a wide range of effects in both the

is considerably more complex and seemingly aperiodic. Thétatic and dynamical properties of such arrays. We plan to

precise origins of this behavior are not clear. For lariyer discuss our finite field results in a future publication.

the time-dependent voltages also differ on the two branches

but are both considerably more complex than shown in Fig.
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