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Dynamical phase transition in a fully frustrated Josephson array on a square lattice

K. D. Fisher, D. Stroud, and L. Janin
Department of Physics, The Ohio State University, Columbus, Ohio 43210

~Received 4 June 1999!

We study dynamical phase transitions at temperatureT50 in a fully frustrated square Josephson junction
array subject to a driving current density, which has nonzero componentsi x , i y parallel toboth axes of the
lattice. Our numerical results show clear evidence forthreedynamical phases: a pinned vortex lattice charac-
terized by zero time-averaged voltages^vx& t and ^vy& t , a ‘‘plastic’’ phase in which botĥvx& t and ^vy& t are
nonzero, and a moving lattice phase in which only one of the time-average voltage components is nonzero. The
last of these has a finite transverse critical current: if a current is applied in thex direction, a nonzero transverse
current densityi y is required beforêvy& t becomes nonzero. The voltage traces in the moving lattice phase are
periodic in time. By contrast, the voltages in the plastic phase have continuous power spectra that are weakly
dependent on frequency. This phase diagram is found numerically to be qualitatively unchanged by the
presence of weak disorder. We also describe two simple analytical models that recover some, but not all, the
characteristics of the three dynamical phases, and of the phase diagram calculated numerically.
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I. INTRODUCTION

There has recently been considerable interest in dyna
cal phases in superconductors. Such interest has been s
lated by much evidence~both theoretical and experimenta!
that vortex lattices, as well as other ordered systems,
exhibit various types of transitions from one type of dynam
cal phase to another, as a function of controllable exte
parameters, such as driving force and temperature. In
case of Type-II superconductors in a magnetic field, the d
ing force that acts on the vortex lattice is the applied curre

In disordered superconducting films and crystals, th
now appear to exist at least three distinct phases, as a f
tion of driving current and temperature.1–6 At low-driving
current, the vortex lattice is pinned, and typically exhibits
glasslike order because of the random pinning centers w
prevent the lattice from moving. At intermediate driving cu
rents, the glass phase is depinned, and starts to move
motion is thought to occur inhomogeneously in disorde
superconductors~that is, some of the vortices move throug
random channels, while other vortices remain pinned!. In
this phase, the vortex system is usually said to exhibitplastic
flow. Finally, at high driving currents, an event resembling
phase transition occurs, and the vortex system reverts ba
an ordered state that closely resembles a moving crysta
phase. Most workers now believe that this third phase, e
cially in two dimensions, lacks long-range crystalline ord
but instead exhibits hexatic or smectic order, modified by
static disorder of the system.7,8 This high-current phase i
also thought to exhibit afinite transverse critical current,
i.e., once moving parallel to the driving force, the latti
requires a finite driving force perpendicular to the avera
direction of motion before acquiring a nonzero transve
velocity. The details of all these phases, as well as the t
sitions between them, remain the subjects of much exp
mental and theoretical investigation.

Recently, there has been evidence that some similar
havior is to be found inorderedsystems, both in two and
PRB 600163-1829/99/60~22!/15371~8!/$15.00
i-
u-

an
-
al
he
-
t.
e
c-

ch

his
d

to
ne
e-
r
e

e
e
n-
ri-

e-

three dimensions~2D and 3D!. Extensive numerical studie
have been carried out by Nori and collaborators, who h
found a very complex structure of ordered and disorde
~sometimes called ‘‘plastic’’! phases as a function of th
relative density of vortices and pinning sites, and of the
rection of applied current relative to the axes of the perio
pinning lattice.9,10 Some of the observed structure can
described in terms of nomenclature frequently used for
commensurate dynamical systems, such as devil’s stairca
Ar’nold tongues, etc. These workers use a standard mo
whereby the vortices interact with each other via a pairw
potential involving a modified Bessel function, and with th
pins by a suitable short-range pinning potential. A simi
model had been used previously to study vortex latti
driven through adisorderedarray of pins.11 This earlier cal-
culation revealed a somewhat simpler structure with th
phases apparent: a pinned vortex lattice, a moving pla
phase, and a moving vortex lattice with a finite transve
critical current.

In this paper, we investigate the possibility of dynamic
phase transitions in a widely investigated model system:
overdamped square Josephson junction array in a transv
magnetic field. This study is complementary to the wo
mentioned above, in that the phase angles of the com
superconducting order parameter are explicitly included
degrees of freedom. Although such ordered Josephson j
tion arrays have, of course, been extensively studied12, little
attention has been paid to the possibility of plastic phase
these materials. Strongly disordered arrays have rece
been shown numerically to have both plastic and movi
lattice phases separated by a phase boundary that appe
exhibit critical phenomena associated with a diverging c
relation length.13 Weakly disordered driven periodic system
are also predicted to have a nearly periodic temporal orde
large values of the driving parameter.14

In order to search for possible dynamical phases, we st
this system in a regime in which a current is applied w
nonzero components parallel toboth the x andy axes of the
15 371 ©1999 The American Physical Society
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array. We consider only the so-called fully frustrated ca
with exactly 1/2 flux quantum per plaquette of the squ
array. Even in this ordered array, we find three phases. Th
are ~A! the pinned vortex lattice,~B! a moving lattice, and
~C! a plastic phase occurring at currents betweenA and B.
PhasesA and B have been much discussed previously, b
phaseC seems not to have been observed in an ordered
tice. The plastic phaseC is characterized by aperiodic vol
age noise and an absence of long-range vortex order
contrast, the moving latticeB is characterized by voltag
signals which are periodic in time, and, most strikingly, by
finite transverse critical current.

In an attempt to understand our numerical results, we a
present some simple analytical models. One model is ba
on the assumption that the dynamics can be characterize
terms of periodically repeating 232 unit cells driven by a
current applied at an angle to the cell axes. A second mo
considers the motion of a single vortex through the perio
potential formed by the lattice of Josephson-coupled gra
Both models give rise to distinct regimes in which none, o
or both of the voltage components parallel to the cell a
are nonzero. Thus, in particular, a nonzero transverse cri
current is present in both analytical models.

The remainder of this paper is organized as follows.
Sec. II, we briefly review our calculational model. Our n
merical results are presented in Sec. III. Section IV is
interpretive discussion which includes the two analyti
models mentioned above. Our conclusions are describe
Sec. V.

II. MODEL

In all our simulations, we take as the starting point t
well-known dynamical equations for an overdamped Jose
son junction array in a transverse magnetic field. We ass
that each Josephson junction is resistively shunted, and
neglect the loop inductance; that is, we assume that the m
netic field generated by the currents is negligible compa
to the applied magnetic field. The equations then take
form

I ab5I c,ab sin~fa2fb2Aab!1
\

2eRab

d

dt
~fa2fb2Aab!,

~1!

(
b

I ab5I a
ext . ~2!

Here I c,ab is the critical current of the junction connectin
grainsa and b, Rab is the shunt resistance of that junctio
and I a

ext is the external current fed into theath grain. We

assume a constant, uniform external fieldB5Bẑ perpendicu-
lar to the array, and make the gauge choiceA5Bxŷ. The
phase factor

Aab5
2p

F0
E A•ds ~3!

is then easily expressed in terms off 5Ba2/F0, the frustra-
tion or flux per plaquette of dimensiona3a, where F0
5hc/2e is the flux quantum.
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The equations of motion can be put in dimensionless fo
with the definitions i ab[I ab /I c , i c;ab[I c,ab /I c , and gab
[R/Rab , and the natural time unitt[\/2eRIc , where I c
andR are a typical critical current and a typical shunt res
tance. The result of this substitution is

i ab5 i c,ab sin~fa2fb2Aab!1tgab

d

dt
~fa2fb!, ~4!

(
b

i ab5 i a
ext . ~5!

Combining these equations yields a set of coupled differ
tial equations which is easily reduced to matrix form a
solved numerically.15 In our paper, we employed a fourth
order embedded Runge-Kutta integration with variable ti
step.16

In most of our calculations, we have considered a latt
without disorder: all shunt resistancesRab5R ~or gab51),
and all critical currentsi c,ab51 on a square array. Our arra
is driven by nonzero current densities in both thex and y
directions: a currenti x is fed into each grain along the left
hand edge of the array, and extracted from each grain on
right-hand edge, and a currenti y is similarly injected into
each grain on the bottom edge and extracted from each g
on the top edge of the array~see Fig. 1!.

Starting from randomized initial phases, we integra
these equations of motion over an ‘‘equilibration’’ interv
of 100t25000t, followed by an averaging period o
100t-2000t. Typically, the external currentsi are ramped up
or down~in steps of 0.001 to 0.1! without rerandomizing the
phases. We calculate the spatially averaged but tim
dependent voltage differencev(t8)5V(t8)/NRIc ~where t8
5t/t is the dimensionless time! between the input and out
put edges of the array in both thex andy directions, as well
as its time-averagêv& t , in both directions. In some region
of the phase diagram, these voltages appear to be period
time, as revealed by an analysis of the power spectrum of
voltage. In other regions, as described below, this pow

FIG. 1. Schematic of the geometry for calculating IV charact
istics. Currentsi x5I x /I c and i y5I y /I c are injected into each grain
~shaded circles! on left-hand and lower edges of the square arr
and extracted from right-hand and upper edges, as shown. T
dependent but spatially averaged voltage dropsvx(t8) andvy(t8)are
calculated across the array in thex andy directions. Crosses denot
vortex locations, as defined in the text, for the ground-state che
erboard pattern atf 51/2.
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PRB 60 15 373DYNAMICAL PHASE TRANSITION IN A FULLY . . .
spectrum reveals that the voltage is aperiodic. In some of
simulations, we also tracked the number and motion of v
tices in the array. The vortex number in a given plaquettea
is an integernv,a defined by the relation

nv,a[
1

2p (
ab

~fa2fb2Aab!50,61, ~6!

where the sum is taken clockwise around theath plaquette,
and each phase difference is restricted to the ra
@2p,p). Our calculations are carried out exclusively for
frustrationf 51/2, i.e., an applied magnetic field equal to o
flux quantum for every two plaquettes. In a square Joseph
array, the ground state of this field is the well-known che
erboard vortex pattern, shown schematically in Fig. 1. O
simulations reproduce this pattern.

III. RESULTS

The central results of our calculations are summed
concisely in Fig. 2, which shows the ‘‘dynamical phase d
gram’’ for two square Josephson junction arrays with no d
order atf 51/2, driven by two orthogonal currentsi x andi y .
We find three different phases: a pinned vortex lattice~time-
averaged voltagesvx5vy50), a plastic flow regime (vx
50, vy.0 or vy50, vx.0), and a moving vortex lattice
(vx.0, vy.0). The calculated boundaries are shown in F
2.

The results of Fig. 2 were obtained by two different me
ods. In the first procedure, the longitudinal currenti x was
first ramped up from zero to a finite value, withi y held at
zero. Next, the transverse currenti y was ramped up at fixed
i x . To determine the phase boundaries, we simply searc
for the currents at which the time averages^vx& t or ^vy& t ~or
both! became nonzero.~In a few cases, we applied this sam
procedure but first ramping upi y with i x50, then ramping
up i x at fixed i y .) In the second method, we ramped upi x
and i y simultaneously, holding the ratioi y / i x fixed. Both
methods generally gave similar phase boundaries. Likew
we found little indication of substantial hysteresis, excep
determining the boundary between phasesA and C. In this
case, if the integration time is too long, the system tende
jump abruptly back and forth between the two phases
addition, all our numerical results are consistent with
expectation that the phase diagram is symmetric around
45° line i x5 i y , although we have not checked this assum
tion in detail. The phase diagram shown in Fig. 2 are, ho
ever, plotted assuming this symmetry, as described in
caption.

We refer to the phase in which both voltages are nonz
as a ‘‘plastic’’ phase, by analogy with a similar phase exh
ited by vortices in systems with quenched disorder. In t
phase,v(t8) is apparently nonperiodic in time; the corr
sponding voltage power spectrum is only weakly frequen
dependent~see below!. Although we use the nomenclature
plastic, we have not checked that the vortex motion in t
phase is inhomogeneous~i.e., that only some vortices are i
motion while others remain pinned in this phase!. Such in-
homogeneous motion is thought to occur in disorde
systems.11 By contrast, in the driven lattice phase, whe
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FIG. 2. Calculated zero-temperature ‘‘dynamical phase d
gram’’ for ~a! 10310 and~b! 20320 square Josephson arrays wi
currents applied in both thex and y directions. RegionA: pinned
vortex lattice (̂ vx& t5^vy& t50). RegionB: moving vortex lattice
phase (̂vx& t50,̂ vy& t.0, or ^vy& t50,̂ vx& t.0). RegionC: moving
plastic vortex phase (^vx& t.0,̂ vy& t.0). The phase boundarie
were determined numerically at various pointsi x ,i y , as described
in the text, with the additional assumption that the phase diagra
symmetric about a 45° line. If a point is shown as a diamond, it w
explicitly calculated fori x. i y and the corresponding diamond fo
i y. i x was obtained from the assumption of symmetry, rather th
being explicitly calculated. The points shown as circles were exp
itly calculated fori y. i x and the circles at the corresponding poin
i x. i y were obtained from the symmetry assumption. The smo
lines are interpolations between these points. The sliver of phaC
betweenA and B in ~a! is a finite-size artifact, as shown in~b!
where it is seen to be absent in a 20320 array. Open triangles in~b!
indicate currents (i x , i y) at which the voltage traces and pow
spectra of Figs. 3 and 4 were calculated.
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FIG. 3. Time-dependent voltage tracesvx(t8)
andvy(t8) ~upper and lower parts of each pane!
for several points in the phase diagram of a
320 array at f 51/2. ~a! @ i x50.351,i y50.079#
and~b! @ i x50.405,i y50.294#, represent points in
the plastic phaseC; ~c! @ i x50.508,i y50.210# and
~d! @ i x50.469,i y50.287# are points in the
moving-lattice phaseB. As described in the text
vx(t8) represents the difference between the a
erage voltages on the left-hand and right-ha
edge of the array;vy(t8) is the difference be-
tween the average voltages on the top and bott
edges of the array.t85t/t is a dimensionless
time; t is a natural time unit defined in the text
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only ^vx& t or ^vy& t is nonzero, the power spectra of the vo
age traces are sharply peaked at a fundamental frequenc
its harmonics. Further, while one voltage is always nonze
the other voltage is periodic, onlyaveragingto zero over a
cycle. We interpret this behavior as representing a vor
lattice being driven transverse to the larger of the two curr
components.

Various minor numerical difficulties sometimes interfer
with the calculations, but they could usually be overcom
For example, spurious voltage jumps were occasionally
served during these calculations; these jumps~unlike genuine
jumps! could generally be eliminated by changing the init
conditions, the integration time, or the direction of curre
ramping. Only those voltage jumps which appeared at
same position on the phase diagram in different runs w
deemed to be genuine. From the occurrence of these ju
however, we conclude that at certain points on the ph
diagram there are a several metastable dynamical s
which have similar energies. The occurrence of such st
may suggest a first-order transition across the phase bo
ary, at least in the ordered system.

In Fig. 3, we show time-dependent voltage traces at s
eral points in the plastic and moving-lattice phases. T
traces are plainly very different in the two phases. In
moving-lattice phase, the voltage traces are evidently p
odic in time. By contrast, in the plastic phase, the voltag
both in x andy directions, are obviously aperiodic. Anoth
striking feature is apparent in the moving lattice phase.
this phase, as noted above, there is a nonzero time-aver
voltage only along one of the two directions, even thou
current is applied along both thex andy directions. Despite
this feature, there is a finitetime-dependentvoltage in they
direction, which averages to zero, and which is periodic l
vx(t8).

To learn more about the harmonic content of these v
age traces, we have also calculated thevoltage power spec
trum Pa(vt) (a5x, y) for the voltage in thex and y di-
rections, using the non-normalized Lomb method
variable-time-step data17
and
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Pa~vt!51/2H F(
j

~v j2 v̄ !cosv~ t j2to!G2

(
j

cos2 v~ t j2to!

1

F(
j

~v j2 v̄ !sinv~ t j2to!G2

(
j

sin2 v~ t j2to!
J , ~7!

whereto is defined by

tan~2vto!5

(
j

sin 2vt j

(
j

cos 2vt j

. ~8!

Here, v is the angular frequency, thet j ’s are the times at
which the voltage is recorded,v j5v(t j ), v j refers to a volt-
age in thea direction, andv̄ is the arithmetic average of th
v j ’s. We have carried out this calculation for several poin
in the plastic and moving-lattice phases as indicated by
angles in Fig. 2~b!. The results are shown in Fig. 4 for bot
vx andvy . Clearly, the noise confirms that the voltage in t
moving-lattice phase is periodic in time, while that in th
plastic phase has a continuous spectrum that is relati
weakly dependent on frequency.

The moving-lattice phase is characterized by a fundam
tal angular frequencyv0. It is readily shown thatv0 is re-
lated to the time-averaged voltage drop across the ar
^V& t , by

v052e^V& t /\. ~9!

This relation is consistent with the widely-accepted eg
carton picture of the vortex lattice in the moving phase.18 In
this picture, the vortex lattice is viewed as a collection
eggs moving in a potential similar to an egg carton, cons
ing of a periodic distribution of wells on a square lattic
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~each well lying at the center of a plaquette formed by fo
grains!. During one period, the vortex lattice moves by o
row through the egg-carton potential. Since there is a ph
slip of 2p between two opposite edges of the array each t
a vortex crosses the line joining those two edges, one
readily deduce the above relationship.

Figure 2~a! shows that a finger of the driven lattice pha
is interposed between the pinned and plastic flow phases
10310 array. This finger appears to be a finite-size artifa
because it is absent in the phase diagram for a 20320 array
shown in Fig. 2~b!. We believe that the phase diagram
Fig. 2~b! is likely to persist in anN3N lattice even at very
largeN. Thus, the ordered array atf 51/2 has three phases
pinned lattice, moving plastic phase, and moving lattice.

Since a realistic Josephson lattice is certain to have s
disorder, we have also carried out a limited number of c
culations for an array atf 51/2 with weak disorder in the
critical currents. Specifically, we assume that the critical c
rents are independent random variables uniformly distribu
between 0.9I c and 1.1I c . The resulting phase diagram, for
single realization of disorder, is shown in Fig. 5. It is calc
lated using the same techniques as for ordered arrays. O
again, we see clear evidence of three phases: pinned la
plastic phase, and moving lattice. These have characteri
similar to those in the ordered case. For example, the mo
lattice phase has a finite transverse critical currenti c' ,
which goes to zero near the phase boundary. In this 10310
sample, there is an even larger finger ofB phase interposed
betweenA and C than there is in the ordered array; on
again, we assume that this finger disappears in larger ar
For strongly disordered square arrays at several diffe
field strengths, a phase diagram resembling ours, tho
without the interpolated finger, has been found
Dominguez.13 We have also calculated the voltage pow
spectra for the phasesB andC; they resemble those of Fig.
in that Pa(vt) has peaks at multiples of a fundamental fr

FIG. 4. Calculated voltage power spectraPa(vt) (a5x, y)
for the voltagesvx(t8) andvy(t8) of Fig. 3 ~a!–~d!. Herev is the
angular frequency. In each panel, the power spectrum forvx lies
above the one forvy . In all cases,i x. i y ; the specific currents are
given in the caption to Fig. 3.
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quency in the moving lattice, while the spectra in the plas
phase are continuous and only weakly dependent on
quency.

IV. SIMPLIFIED ANALYTICAL MODELS

In a further effort to understand the behavior found n
merically, we have considered two simple analytical mode
In this section, we give a brief description of the mode
used. As will be seen, while each can reproducesomeof the
numerical results, neither generates all the details of
simulations.

A. Four-Plaquette Unit Cell

Our first analytical model is a slight generalization of
approach previously used by Rzchowskiet al.19 They con-
sider the dynamics of a fully frustratedN3N array of over-
damped resistively-shunted junctions. To treat this sys
analytically, they assume that the dynamical state is simp
periodic repetition of a square four-plaquette unit cell. It h
long been known20 that the ground state of the fully frus
trated lattice has such a unit cell, corresponding to the che
erboard vortex pattern shown in Fig. 1. If we maintain th
assumption of periodicity, the equations of Ref. 19 a
readily extended to the case of currents applied at an ang
the plaquette edges. The resulting equations take the for

g1a1b1d5p~mod 2p! ~10!

2 sinb2
db

dt8
2 sind2

dd

dt8
1 sing1

dg

dt8
1 sina1

da

dt8
50,

~11!

FIG. 5. Calculated phase diagram for a 10310 array atf 51/2
with one realization of weak disorder. Rather than all being eq
the critical currents are chosen at random from a distribution wh
is uniform in the interval (0.9I c , 1.1I c). The diamonds have the
same meaning as in Fig. 2.
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dg

dt8
1 sing2

da

dt8
2 sina5I tot,x, ~12!

db

dt8
1 sinb2

dd

dt8
2 sind5I tot,y , ~13!

where a, b, d, and g are the four inequivalent gauge
invariant phase differences describing the bonds of th
32 primitive cell ~cf. Fig. 1 of Ref. 19!, t85t/t is a dimen-
sionless time, andI tot,x andI tot,y are the total bias currents i
the x andy directions per 232 superlattice cell~in units of
the single-junction critical current!.

We have solved these equations numerically, first red
ing the system to three variables and then employing
same integration algorithm described above. In compa
with the equations for our first set of simulations, note th
the quantityI tot,a52i a(a5x,y) is twice the current injected
into each boundary grain. The resulting phase diagram
shown in Fig. 6. As in the previous phase diagrams ca
lated in this paper, there are regions~denotedA, B, andC) in
which none, one, or both of the time-averaged voltagesvx
andvy are nonzero. Despite the reduction in number of va
ables and the enforced symmetry of this simulation, the v
ages in regimeC are still aperiodic in time, with continuou
power spectra at most points in regimeC. A representative
power spectrum forvx(t8) is shown in the inset to Fig. 6. I
is calculated for a point in regionC indicated by a triangle.

When the current is applied along thex axis, the critical
current is close to the analytically computed20 value i x5A2
21. By contrast, wheni x@1, the boundaries of regionB
asymptotically approach the linei y51. In general, we con-
clude that this simplified version of the dynamics has som
but not all features of the large array. In particular it do
have a region of ‘‘plastic flow’’ at largei x andi y . However,

FIG. 6. Calculated phase diagram for a square array atf 51/2,
obtained by solving the overdamped dynamical equations for
32 unit cell which is assumed to be repeated throughout the la
@Eqs.~10!–~13!#. The phase diagram is shown as a function of
driving currentsi x and i y in the x andy directions. As in previous
phase diagrams, there are regions where none, one, or both o
two time-averaged voltageŝvx& t and ^vy& t are nonzero. Inse
shows power spectrum ofvx(t8) for the point indicated by the ope
triangle (i x51.348,i y51.115).
2
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it fails to reproduce the region of plastic flow interpos
between phasesA and B and seen in our larger-scale sim
lations.

B. Single Vortex in an ‘‘Egg-Carton’’ Potential

Our second analytical model is even simpler. It refers,
to an entire lattice of vortices, but to asinglevortex moving
in the ‘‘egg-carton’’ potential formed by the lattice. Accord
ing to Lobb, Abraham, and Tinkham,18 a single vortex can
be viewed, to a good approximation, as moving in a poten
of the form

V~x,y!52V0FcosS 2px

a D1 cosS 2py

a D G , ~14!

where a is the lattice constant of the array andV0 is the
depth of the potential felt by a single vortex. This potent
has minima atr[(x,y)5(n1a,n2a) where n50,61,62,
. . . . $The grains of the Josephson lattice, in these coo
nates, are located at@(n11 1

2 )a,(n21 1
2 )a#, and correspond

to maximaof the vortex potential.%
The current-voltage characteristics of this model a

readily calculated. The Magnus force on a vortex due to
external current densityJ may be written~taking ẑ as the
direction perpendicular to the array!

Fext5F0ẑ3J/c, ~15!

whereJ, in this two-dimensional system, represents a curr
per unit length. In the steady state, this force has to be b
anced by two other forces: the gradient of the egg-car
potential energy and the frictional force experienced by
vortex moving through the lattice. This condition may b
written

Fext2“V~r !2h ṙ50, ~16!

or explicitly, in component form,

h ẋ52
F0Jy

c
2

2p

a
V0 sinS 2px

a D , ~17!

h ẏ5
F0Jx

c
2

2p

a
V0 sinS 2py

a D . ~18!

Given the vortex velocities, the electric fields may
written down by using the relation between vortex veloc
and electric field. Specifically, the voltage drop between a
two pointsP1 andP2 is given by

DV1252pnv'L
\

2e
, ~19!

wherev' is the component of vortex velocity perpendicul
to the line joiningP1 andP2 , L is the distance betweenP1
and P2, and n is the vortex number density per unit are
Here, we have used the fact that the phase difference
tweenP1 andP2 changes by 2p every time a vortex crosse
that line, and have also availed ourselves of the Joseph
relation between voltage and phase. We, therefore, ded
the following expressions for the components of elect
field:

2
e
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Ex5
hnẏ

2e
, ~20!

Ey52
hnẋ

2e
. ~21!

Equations~17! and~18! are identical in form to the equa
tions for single-Josephson junctions, withx/a andy/a play-
ing the role of the Josephson phase, 2pV0 /a the role of the
critical current, and2F0Jy /c and F0Jx /c the roles of the
driving currents. In view of Eqs.~17! and ~18!, we deduce
that the time-averaged voltage drop in thei direction (i
5x,y) becomes nonzero whenuF0Ji /cu.2pV0 /a. As has
been shown by Ref. 18,V0 is related to the critical currentI c
of an individual Josephson junction by

V0;0.22
\I c

2e
. ~22!

Collecting all this information, we obtain the simple pha
diagram shown in Fig. 7 for the voltage drops arising fro
the motion of a single vortex in a square array. Once ag
there are three regimes, denotedA, B, and C, where none,
one, or both of the time-averaged voltage drops^vx& t and
^vy& t are nonzero. However, the phase diagram is simpli
by the fact thê vx& t and ^vy& t are independent of one an
other, depending only oni x and i y , respectively. The phas
boundaries correspond to the vertical and horizontal li
i x;0.11 andi y;0.11.

The results of Fig. 7 are obviously oversimplified com
pared to the numerical diagrams of Fig. 2. In addition to
other obvious differences, the voltages in regionC are not
chaotic, but are instead just the superposition of two in

FIG. 7. Calculated phase diagram for a single vortex moving
the egg-carton potential produced by a square array of overdam
Josephson junctions. The notation is the same as in Fig. 6. O
again, there are regions where none, one, or both of the time a
aged voltageŝvx& t and ^vy& t are nonzero.
n,

d

s

e

-

pendent voltages in thex andy directions, each of which ha
its own fundamental frequency and harmonics of that fun
mental. The two fundamentals may, of course, be incomm
surate depending on the values of^vx& t and ^vy& t .

V. DISCUSSION AND CONCLUSIONS

The present calculations clearly show that a fully fru
trated array of overdamped Josephson junctions exhibit
least three dynamical phases as a function of the two
thogonal driving currentsi x andi y : a pinned vortex lattice, a
plastic phase characterized by a continuous power spec
for both vx and vy , and a moving vortex lattice with only
one of the voltagesvx andvy nonzero. In this last phase, th
power spectrum, at least for the limited lattice sizes we h
investigated, contains only harmonic multiples of a fund
mental frequency. Weak disorder in the critical currents
pears not to change this phase diagram greatly.

Regarding our phase diagram, it is natural to ask whet
the boundaries between the different phases are analogo
first-order phase transitions. Although we have no conclus
evidence, our numerical results suggest that they may ind
be first-order, rather than continuous, at least for the orde
lattices. In support of this conjecture, we note the occasio
occurrence of hysteresis in our simulations, and of disc
tinuous jumps between one phase and another near the p
boundaries. There is also little evidence that any quantit
such as the strength of the voltage noise, diverge near
phase boundaries, as might be expected of a continu
phase transition. In this respect, these transitions differ so
what from those seen in strongly disordered lattices.

For these ordered arrays in which the vortex lattice
commensurate with the underlying Josephson array,
might have expected other types of commensura
incommensurate transitions as the angle between the ap
current and array symmetry axis is varied. Such ‘‘mag
angle’’ effects, with a multitude of commensurate and dis
dered phases, are seen in other models in which vortex
tices are driven through periodic pinning arrays.9,10 In the
present case, we have seen no clear evidence of any ph
other than the three shown in our phase diagram. Poss
such additional phases would appear if we studied lar
arrays in which such delicate effects would be more sta
On the other hand, our open boundary conditions may c
stitute such a strong perturbation on the periodic array
such commensurability effects would be suppressed even
very large lattices.

Finally, we comment briefly on the power spectra fou
in our simulations. In the moving lattice phaseB, the voltage
power spectra appear to contain only multiples of a fun
mental frequency. Such a power spectrum represents a
ray which is phase-locked, and hence would radiate po
only at multiples of that fundamental frequency. In this ca
phase-locking clearly occursbetweenrows as well asalong
rows of junctions parallel to the voltage. Such phase lock
must be present because it is required in order to produce
observed relation between̂vx& t and the fundamental fre
quency. Furthermore, such locking survives weak disorde
the critical currents. The effectiveness of a magnetic field
producing phase locking in square arrays has been discu

n
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previously.21,22 The present work provides additional ev
dence that a fieldf 51/2 is effective in producing phase lock
ing, even when the applied current has nonzero compon
parallel to both array axes.23

In conclusion, we have numerically investigated the d
namic phases of fully-frustrated square Josephson junc
arrays driven by two independent, orthogonal currents.
find three phases: stationary lattice, driven lattice, and pla
flow. These phases appear also in weakly disordered ar
We find that our numerical results can be partly underst
S.
K

ys

d

ya

s

B

s.

d,

s

ts

-
n
e
ic
ys.
d

by two simple analytical models, which show some of t
features of the full simulation.
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