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Conductivity and magnetoresistance of a periodic composite by network discretization

K. D. Fisher and D. Stroud
Department of Physics, The Ohio State University, Columbus, Ohio 43210

~Received 16 June 1997!

We describe a simple approach for calculating the effective conductivity, dielectric constant, and magne-
toresistance of periodic composites, by reducing the composite to an effective impedance network. The method
is used to calculate the effective conductance of periodic two-dimensional binary composites on a square
lattice, in good agreement with previous calculations using other methods. We use the same approach to
calculate the magnetoresistivity of a periodic composite of parallel perfectly conducting cylinders arranged on
a square lattice in a magnetic field perpendicular to the cylinders. We find a striking anisotropy, depending on
the angle between the magnetic field and an axis of the square lattice. The anisotropy is explained by means of
a percolation argument.@S0163-1829~97!04546-3#
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I. INTRODUCTION

The electrical and magnetic properties of periodic co
posites have recently been of much theoretical interest.1–10In
part, this interest has arisen because periodicity makes t
properties less difficult to calculate. In addition, advances
microfabrication technology have made it possible to des
periodic composites almost to order, especially in two
mensions~2D!, even on a submicron scale.11 While the prop-
erties of periodic composites on this scale may often
strongly influenced by quantum effects~such as Josephso
tunneling between superconducting grains12–14!, the ‘‘classi-
cal’’ behavior of these composites~i.e., those properties
which are primarily determined by solutions of Maxwell
equations in a periodic composite! are still of interest, and
may even dominate some experimentally observed beha

The basic ‘‘classical’’ problem of interest is simply th
following: given a conductor, described by a periodic co
ductivity s(x) in d dimensions~whered is typically 2 or 3!,
what is the effective conductivityse of the composite as a
whole? In a binary composite,s(x) will usually take on
either of two values, says1 or s2, depending on whether th
spatial pointx lies within material 1 or 2. At sufficiently low
frequencies, this problem can be treated by solving M
well’s equations in the appropriate quasistatic limit, i.e.,
finding the appropriate electrostatic potential; this is the
gime we consider here. It is worth noting that a range
other, seemingly different, problems are described by
mally identical equations. Among these are finding the eff
tive dielectric function of an inhomogeneous dielectric a
the effective magnetic permeability of an inhomogeneo
paramagnetic material.

A wide range of theoretical methods have been applie
this problem in the literature. For example, Fourier exp
sion techniques have achieved excellent results2–4,6,7 in a
range of periodic composites. They may be applied when
constituents are isotropic conductors or dielectrics, and m
even be extended to anisotropic constituents. Other
proaches include series expansions of the electric poten5

Green’s-function methods,8 and techniques which use th
analyticity of the composite effective dielectric functione,
560163-1829/97/56~22!/14366~8!/$10.00
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viewed as a function of the ratioe1 /e2 of the constituent
dielectric functions.9

In this paper, we describe a simple alternative scheme
treating such composites, which focuses attention on a si
unit cell in real space. The scheme, a natural outgrowth
the method described in Ref. 15, is basically to represe
unit cell of the periodic conductor as a (d-dimensional!
square or cubic impedance network. The network is eas
construct, and the calculations are readily carried out fo
wide range of geometries. Indeed, with sufficient comput
power and memory, it will allow results as accurate as
sired. Finally, the same approach is readily extended to c
plex impedances, as well as to periodic composites wh
constituents are anisotropic.

To illustrate this approach, we apply it, first, to an isotr
pic binary periodic composite on a square lattice in 2D, b
with the inclusions chosen to be of several different sha
~Fig. 1!. The effective conductance, not surprisingly, show
strong shape dependence, and also exhibits a percola
threshold which depends on the inclusion shape. The ca
lated results agree fairly well with a simple analytical a
proach ~the so-called Maxwell-Garnett approximation!.
When comparison is possible, they are also in excell
agreement with more sophisticated Green’s function or F
rier approaches.1,4,8 For each shape, a kind of percolatio
transition is achieved by increasing the linear dimensions
the inclusions isotropically until they form a continuous pa
through the sample. The effective conductivity near this p
colation transition does not, however, appear to show a n
integer power-law dependence onp2pc , the deviation of
inclusion areal fractionp from the percolation fractionpc .
Such a nonintegral power-law dependence is typical of p
colation transitions in random composites,16 and is presum-
ably absent here because the composite is periodic.

As a second application, we consider the magnetore
tance of a simple model for a periodic composite of sup
conducting inclusions in a normal metal host. The inclusio
are modeled as identical, perfectly conducting, parallel c
inders arranged on a square lattice. The magnetic fiel
applied normal to the cylinder axis, but at different anglesu
to the symmetry axis of the square lattice. A slice of th
composite normal to the cylinder axis could be interpreted
14 366 © 1997 The American Physical Society
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56 14 367CONDUCTIVITY AND MAGNETORESISTANCE OF A . . .
a two-dimensional normal-superconducting~NS! array with
a magnetic field parallel to the film. While the model om
quantum effects such as Josephson coupling between d
ent superconducting inclusions, it does include the ‘‘clas
cal’’ effects which are known to be experimentally importa
in NS composites.17 We find that both the transverse and t
longitudinal magnetoresistance of this array, calculated us
our single-cell numerical method, depend strongly on
angle u. The anisotropy can be explained using a sim
percolation argument.

We turn now to the body of the paper. In Sec. II, w
describe the approach, for both isotropic periodic comp
ites, and NS composites in the presence of magnetic-fi
produced anisotropy. Our numerical results are given
Secs. III and IV, followed by a short discussion in Sec. V

II. METHOD

A. Scalar effective conductivity

To describe the method, we imagine we are dealing w
a periodic composite medium, usually in two or thr
dimensions—d52 or 3. That is, the electric fieldE(r ) and
current densityJ(r ) in the composite are related by the equ
tion

J~r !5s~r !E~r !, ~1!

wheres(r ), the position-dependent conductivity, is a pe
odic function of position. For convenience, we initially a
sume thats(r ) is a scalar, though in general it may be a
33 matrix.

The differential equations of electrostatics describing t
composite are“•J50 and “3E50. The latter equation

FIG. 1. Inclusion shapes for each 2D composite studied h
Materials inside and outside the inclusion have conductivitiess2

ands1, with s2 /s1.1. Each large square represents one unit c
of a square array. In each case, the areal fraction of material
increased by uniformly increasing the linear dimensions of the
clusions.
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implies that the electric field can be written asE52“F,
where F is a scalar potential. Combining these relatio
gives

“•„s~r !“F…50. ~2!

Nothing thus far implies that the composite is necessa
periodic.

A natural way to solve a partial differential equation is b
discretizing it. Thus, a derivative such as]F/]x is repre-
sented as a finite difference:]F/]x5@F(x1D,y,z)
2F(x,y,z)#/D. Here D is the grid dimension, and in the
limit of small D, such discretization will become exac
When this procedure is applied to the partial different
equation forF, the equation becomes equivalent to Kirc
hoff’s Laws for a square or cubic conductance network w
grid sizeD. The equations may be written

(
j

gi j ~Vi2Vj !50, ~3!

whereVi is the voltage on thei th node andgi j is the con-
ductance between nearest neighbor nodesi and j . A discreti-
zation of this form has frequently been discussed~see, e.g.,
Ref. 16!.

Now consider a periodic composite. Then the cond
tances of the network will repeat themselves periodically
space, and it should be necessary to consider only one
cell of the composite. In order to accomplish this, we wr
the potential as the sum of one part arising from a unifo
applied electric fieldE0, and another due to deviations from
uniformity. Thus

Vi52E0•r i1Vi8 , ~4!

where r i is the position of thei th node,2E0•r i is the po-
tential due to the uniform field, andVi8 is the remainder of
the potential. If the composite is, indeed, homogeneous~so
that all thegi j ’s are equal!, then the uniform electric field
would be an allowed solution.

Substituting Eq.~4! back into the Kirchhoff equations, we
get a set of inhomogeneous equations for theVi8’s:

(
j

gi j ~Vi82Vj8!5G i , ~5!

where

G i5(
j

gi j E0•~r i2r j !. ~6!

Given the particular distribution ofgi j ’s, and given the ap-
plied field E0, the G i ’s are known. The potentialsVi8 , and
hence all the local fields and currents, can then be fo
simply by inverting this set of inhomogeneous linear equ
tions.

To specialize to a periodic composite, we need o
specify that the potentialsVi8 repeat periodically.~Note that
the total potential doesnot repeat periodically, because th
part of the potential which specifies the uniform applied fie
increases linearly withr .! Thus, we need only consider
single unit cell of this composite, represent the inhomo
neous conductivity of that cell by an appropriate condu
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14 368 56K. D. FISHER AND D. STROUD
tance network, and apply periodic boundary conditions~in
two or three dimensions, as appropriate!. We can use as
dense a network as we like to treat the single unit cell, t
allowing, in principle, considerable accuracy in the result

The linear equations can readily be solved numerically
a variety of methods. For example, we have found tha
straightforward iterative method converges well for seve
cases we have considered.16 Namely, we can rewrite the net
work equations in the form

S (
j

gi j DVi85S G i1(
j

gi j Vj8D . ~7!

Then we guess a trial form for theVj8 , calledVj8
,0 . The (n

11)th iteration is obtained from thenth using the equations

Vi8
,n115S G i1(

j
gi j Vj8

,nD Y S (
j

gi j D , ~8!

and the equations are iterated to convergence. Once the
potentials and currents are thus determined, the effec
conductance is easily calculated via

gaa
e 5

^I a&

^2~DV!a&
, ~9!

where I a and (DV)a denote the current and voltage dro
across a single bond in thea direction (a5x,y,z), and the
averages are taken over a unit cell of the network. The s
method also permits one to obtain the electric-field distri
tion, if desired.15,16

B. Magnetoresistance in periodic composites

This approach is not limited to calculating effective co
ductivity in isotropic composites. It can also be applied
intrinsically anisotropicproblems, such as the magnetores
tance in periodic composites. In the presence of an exte
magnetic field, the conductivityŝ(r ) is no longer a scalar, o
even a diagonal tensor. To describe a composite in the p
ence of a magnetic field, therefore, we first separate the
ductivity tensor into diagonal and off-diagonal parts,

ŝ~r ,H!5ŝd~r ,H!1ŝa~r ,H!, ~10!

where, in general, bothŝd and ŝa will be position depen-
dent. In the present work, we will consider only a spec
case satisfying the following assumptions:s i j

a 52s j i
a and

ŝaÞŝa(r ). The first assumption will be valid for many ma
terials in a magnetic fieldH. The second assumption is ob
viously valid only for materials in which the Hall conductiv
ity is position independent. While this assumption fails f
many composites, we argue below that it can be conside
valid for a composite of normal free-electron metal (N) and
perfect conductor (S). For simplicity, we will consider only
a two-component composite, though the approach can
generalized to any number of components.

We choose the external magnetic field to lie along thz
axis ~see Fig. 2!. Then the conductivity tensor in the norm
~free-electron! material is given by
s
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ŝN5ŝN
d 1ŝa~H !5sN0S 1

11H2
0 0

0
1

11H2
0

0 0 1

D
1sN0S 0

H

11H2
0

2H

11H2
0 0

0 0 0

D
5sN0S 1

11H2

H

11H2
0

2H

11H2

1

11H2
0

0 0 1

D .

Here H5vct is the dimensionless magnetic-field streng
vc5eB/(mc) being the cyclotron frequency~whereB is the
magnetic induction,e is the electronic charge,m is the elec-
tron mass, andc is the speed of light!, andt is a character-
istic relaxation time.

In the perfect conductor, we write the conductivity tens
as

ŝS5ŝS
d1ŝa~H !5sS0

Î 1ŝa~H !, ~11!

where Î is the 333 unit matrix, and we later take the limi
sS0
→`. With this assumption, the antisymmetric part of t

total conductivity tensor is position independent as requir
While the magnitude of the antisymmetric part in theS com-
ponent has no physical significance, it becomes irrelevan
the limit of large sS0

. Thus, our model is reasonable fo
treating the ‘‘classical’’ properties of a composite of norm
metal and perfect conductor,17 i.e., those which are deter
mined by the solution of Maxwell’s equations in an inhom

FIG. 2. Model composite geometry used in magnetoresista
calculations. TheS inclusions are taken as infinite along they di-
rection. In one calculation,H is taken along one of the axes of th
square lattice, as shown; in another,H is rotated by 45° in the plane
of the lattice.
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56 14 369CONDUCTIVITY AND MAGNETORESISTANCE OF A . . .
geneous conductor. It would need to be modified if quant
phenomena such as Josephson coupling are important.

With these assumptions, the off-diagonal terms of Eq.~2!
cancel out. The remaining diagonal problem can be d
cretized on a square or cubic lattice in the form of Eq.~3!.
The potential at each site of the lattice is now determin
entirely by thediagonalelements of the conductivity tenso
The corresponding diagonal elementssaa

e (H) of the effec-
tive conductivity tensor are then obtained by considering
electric field ^Ea& applied in theath direction and finding
the resulting space-averaged current density^Ja&:

saa
e ~H !5

^Ja&

^Ea&
. ~12!

The off-diagonal elements are, of course, just the elemen
ŝa(H).

If the geometry happens to possess translational inv
ance along one axis, the problem can be further reduce
only two dimensions. As further discussed in Sec. IV belo
we choose this direction to be perpendicular to theH field
and denote it as they axis. The problem we consider is the
equivalent to a periodic array of parallel cylinders, with t
magnetic field applied in a direction perpendicular to t
cylinders. The geometry is shown in Fig. 2. The results
calculations in this geometry should be applicable to the
served transport properties of a thin slice of such a compo
taken perpendicular to the cylinder axis, i.e., to a 2D norm
superconducting array with magnetic field parallel to t
plane of the array, in the ‘‘classical’’ regime.

In the y direction, theN and S components of the com
posite are connected in parallel. Thus, in the limit of lar
sS0

, syy
e 'psS0

, where p is the areal fraction of high-
conductivity inclusions; this result is valid because the c
tribution fromŝN is negligible in this direction. The effective
conductivity tensor can then be written as

ŝe'S sxx
e sxy 0

2sxy psS0 0

0 0 szz
e
D ,

where sxy5sN0
H/(11H2). Inverting this expression, an

taking the limitsS0
→`, we find a very simple form for the

resistivity tensor:

r̂e5S 1

sxx
e

0 0

0 0 0

0 0
1

szz
e

D .

@In the special casep50, of course, the effective resistivit
tensor is entirely different from this form—it is simply th
inverse of the normal conductivity tensor„r̂e5(ŝN)21

….#
Thus, once the diagonal elements ofŝe(H) are calculated,
the effective transverse and longitudinal magnetoresista
of the composite are simply obtained from the definition
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e 5

raa
e ~H !2raa

e ~0!

raa
e ~0!

5
saa

e ~0!

saa
e ~H !

21. ~13!

In Sec. IV, we present the results of several calculatio
using this model.

III. ISOTROPIC CONDUCTIVITY

To illustrate this approach, we have considered a se
periodic two-dimensional composites with isotropic condu
tivities. Specifically, we have assumed a square unit cell w
inclusions of four different shapes~Fig. 1!: circular, square,
prismatic, and cross shaped. Our crosses have arms of e
lengths and widths; see Fig. 1~d!. Except for the square, eac
shape leads to a network of inclusions which percolates~i.e.,
forms an infinite connected path! for some areal fractionp
5pc,1. (pc50.50,0.56,0.79 for the prismatic, cros
shaped, and circular inclusions, respectively.! For inclusions
of each shape, we increasep by uniformly increasing the
linear dimensions of the inclusions. Forp.pc , when the
inclusions start to overlap, we interpret every point in t
plane which is covered by at least one inclusion to ha
conductivitys2.

Figure 3 shows the ratio ofse to the host conductivitys1
for this network as a function of areal inclusion fractionp for
a conductivity contrastr 5s2 /s1550. For comparison, we
also show the predictions of the 2D Maxwell-Garnett~MG!
approximation18

se5s1

11pt

12pt
, ~14!

where t5(s22s1)/(s21s1). The lower MG curve dis-
plays this approximation, and the upper curve is the M
approximation with the roles ofs1 and s2 reversed. The
effect of percolation can easily be seen. The array w
square inclusions agrees best with the MG prediction, e
though it is typically derived in 2D for random, circular in
clusions. This behavior is, however, easily understood: of

FIG. 3. se /s1 plotted as a function of inclusion areal fractionp
for four inclusion shapes at contrasts2 /s1550. pc

50.50,0.56,0.79, and 1.0 for prisms, crosses, circles, and squ
Maxwell-Garnett~MG! results are shown for comparison; in th
upper MG curve,s2 ands1 have been exchanged.
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TABLE I. Scaled effective dielectric constantee /e1 tabulated as a function of contraste2 /e1 for a 2D
periodic composite with prismatic inclusions, as calculated in Milton, McPhedran, and McKenzie~Ref. 1!,
Bergman and Dunn~Ref. 4!, and in the present work. Our calculations are performed on a 50350 network,
except where otherwise noted.~Exactly equivalent results would be obtained from a calculation of
effective conductivities.!

p e2 /e152 5 10 20 50 100

Milton, McPhedran, and McKenzie
0.1 1.0696 1.1490 1.1904 1.2162 1.2339 1.2402
0.2 1.1445 1.3239 1.4251 1.4910 1.5377 1.5548
0.3 1.2255 1.5359 1.7299 1.8654 1.9662 2.0039
0.4 1.3141 1.8079 2.1683 2.4518 2.6830 2.775
0.5 1.4142 2.236 3.162 4.47 7.07 10

Bergman and Dunn
0.1 1.0697 1.1505 1.1969 1.23560.002 1.2960.01 1.3460.05
0.2 1.1447 1.3284 1.44160.001 1.52860.002 1.6360.04 1.760.1
0.3 1.2254 1.5385 1.74860.005 1.9360.03 2.260.1 2.460.3
0.4 1.3144 1.8151 2.19960.006 2.5460.04 3.060.2 3.360.5
0.5 1.4142 2.2404 3.2105 4.76660.001 8.8760.01 15.460.2

Present work
0.1 1.06979 1.14986 1.19205 1.21855 1.23685 1.24343
0.2 1.14471 1.32529 1.42786 1.49525 1.54323 1.56078
0.3 1.22581 1.53831 1.73546 1.87442 1.9785 2.01774
0.4 1.31457 1.81278 2.18226 2.478 2.72346 2.82219
0.5 1.41487 2.256 3.29471 5.06918 10.002 18.0497

~1003100 array!
0.5 1.41444 2.4553 3.23874 4.86857 9.25866 16.3393

~1403140 array!
0.5 1.41435 2.24267 3.22092 4.79795 8.9771 15.6732

~2003200 array!
0.5 1.41429 2.24057 3.20659 4.7372 8.72211 15.058
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the shapes considered, only the squares have a percol
thresholdpc51, as predicted by the MG approximation. Th
other geometries all havepc,1, and among these, the circu
lar case does most closely resemble the MG predictions
low pc .

Nearp51, se varies approximately linearly withp in all
samples except those with square inclusions. To a good
proximation, the slope in this regime isdse /dp512s2 for
the other three cases. This slope is in excellent agreem
with both the effective-medium approximation in 2D, an
the MG approximation for poorly conducting inclusionss1
in a host of conductivitys2 ~upper MG curve!, both of
which also agree with the exact result in the limit of sm
12p.9 Cross-shaped samples show the best agreem
since, abovepc50.56, they become square inclusionss1
embedded in a host of conductivitys2. Presumably, this lin-
ear dependence would become exact in the limit of la
contrast for anyp.pc , since in that regime, all the curren
would flow through the high-conductivity material. Squa
inclusions, of course, do not exhibit this slope because fo
p,1 all the square samples lie below the percolation thre
old.

Note that, because of the discreteness of the grid,
approach does not permit a completely arbitrary choice op.
This discreteness problem is probably worst for the circu
inclusions, which can only be approximately realized on
square grid. This effect may account for the slight noisin
ion

e-
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e
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of the data in Fig. 3~and also in Fig. 5 below!. Both of these
minor deficiencies can, of course, be mitigated to any des
extent by using a finer grid.

The electrostatic equations which determine effect
conductivity are formally identical to those which determi
the bulk effective dielectric constantee in a composite of
two different dielectrics. Because of this formal analogy, o
results can be compared to some recent calculations ofee ,
based on other approaches. Table I showsee , as calculated
for a periodic dielectric consisting of prismatic inclusions
dielectric constante2 embedded in a host of dielectric con
stante1, using various approaches. The results are tabula
as a function ofp (,pc) and e2 /e1. The top two panels
show the results of Miltonet al.1 and of Bergman and
Dunn,4 using analytical approximations. The bottom pan
shows our calculations~based mostly on a 50350 network
unless otherwise noted!. Evidently, our results are in exce
lent agreement with those of Ref. 4, except close topc ,
where apparently an extremely fine mesh is required
achieve agreement. We view these results as evidence
our simple numerical approach gives accurate results eve
the case of fairly large contrast and large defect concen
tion. We believe that our results deviate from those of Milt
et al. precisely at percolation~where the results of Milton
et al. are exact! simply because of our finite-density grid. I
support of this conjecture, we note that our results just atpc
more closely approach those of Ref. 1 as the grid beco
finer.19



an

it

p

d
le
s
e

e
y
s
ls

o
ar
a

in

er
o
t
t
ig

im

t
th

-
s
io

a

w
f-
t,
or
ee

or-
he
ion
to
re-
ce
g to
opic
er-

t
ill

ex-

nce
infi-

-
ith
eld

-

ted

56 14 371CONDUCTIVITY AND MAGNETORESISTANCE OF A . . .
While most of our geometries exhibit percolation at
areal fractionpc,1, se nearpc doesnot behave as it does
for percolation in arandomcomposite. In the random case,
is thought that~in the limit s2 /s1@1) se's1(pc2p)2s for
p,pc and se's2(p2pc)

t for p.pc , with s5t'1.30 in
d52.16,20,21For the present case ofperiodic percolation, al-
though we have not made a careful study nearpc , Fig. 3
suggests that the analytical form ofse(p) will be quite dif-
ferent, and also that it may depend on the inclusion sha
We speculate that the seeming discontinuous jump inse /s1
nearpc is just an artifact of our finite grid density.

IV. MAGNETORESISTANCE IN A PERIODIC NORMAL/
PERFECT CONDUCTOR COMPOSITE

Next, we consider the magnetoresistance of a perio
composite. Specifically, we study a periodic array of paral
perfectly conducting cylinders embedded in a normal ho
using the model of Sec. II B. The magnetic field and cylind
axes are taken as thez andy directions, respectively. Figur
2 shows an example of such a geometry: a square arra
right circular cylinders, withH perpendicular to the cylinder
and parallel to an axis of the square array. We have a
considered another geometry, in whichH is still perpendicu-
lar to the cylinders but oriented at a 45° angle to an axis
the square array. These choices allow us to probe the v
tion of magnetoresistance with field orientation. In actu
calculations, we usedsN0

51 andsS0
5108. In each geom-

etry, we calculate both the transverse and the longitud
magnetoresistance, i.e.,~taking Hiz) Drxx(H)[@rxx(H)
2r(0)#/r(0) and Drzz(H)[@rzz(H)2r(0)#/r(0), where
r(0) is the zero-field resistivity in thexz plane.

Figure 4 showsDrxx(H) andDrzz(H) for several values
of volume fractionsp,pc50.79 of S inclusions, and two
orientations ofH in the plane perpendicular to the cylind
axis. In both orientations, there is clear evidence of anis
ropy betweenDrxx(H), which usually increases withou
bound for a givenp, andDrzz(H), which always saturates a
high fields. The same behavior is exhibited differently in F
5, where we show the magnetoresistances plotted versusp at
several fixed values ofH. For most values ofp, the trans-
verse magnetoresistance varies roughly asH2. We have
therefore dividedDrxx(p) by a factorH2 in Figs. 5~a! and
5~b!. The longitudinal magnetoresistance has not been s
larly scaled@Figs. 5~c! and 5~d!#.

Both components of magnetoresistance fall to zero ap
5pc , and do so more or less sharply depending upon
orientation and strength ofH. This behavior is to be ex
pected, since, once theS component percolates, the compo
ite as a whole should be perfectly conducting. For orientat
I (H parallel to one of the axes of the square lattice!, at each
field strength shown,Drzz first rises to a maximum atp
'0.35 then falls back to zero. This result is reminiscent of
earlier calculation,17 which found a peak in thetransverse
magnetoresistance in a three-dimensional NS composite
random, sphericalS inclusions. Possibly, the topological di
ferences between the two models account for the fact tha
our model, the peak appears in the longitudinal magnet
sistance. As in Fig. 4, there is a large difference betw
Drxx andDrzz.
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The anisotropy betweenDrxx(H,p) and Drzz(H,p) is
not very surprising, since the conductivity tensor of the n
mal metal is highly anisotropic. More remarkable is t
strong anisotropy as a function of magnetic-field orientat
in the xz plane. We now argue that this anisotropy is due
a percolationlike effect. The argument is most easily p
sented forDrxx(H,p), the component of magnetoresistan
perpendicular to the magnetic field. In this case, accordin
Sec. II B, the normal metal can be treated as an anisotr
network, with much higher conductances parallel than p
pendicular toH. In the perpendicular~i.e., thex) direction,
therefore,rxx

e will be largeunlessthe current can find a path
which runs entirely in thez direction in the normal metal, bu
in either direction in the perfect conductor. Such a path w
be possible only if the areal fraction of superconductor
ceeds a certain critical fractionpc* (u), whereu is the angle

FIG. 4. Anisotropy and field dependence of magnetoresista
in quasi-three-dimensional NS composites. The inclusions are
nitely long, perfectly conducting, right circular cylinders.~a! Trans-
verse magnetoresistanceDrxx . Solid squares with solid lines cor
respond to the field orientation in Fig. 2. Open diamonds w
dotted lines correspond to a rotation of the external magnetic fi
by 45° about they axis. The inset comparesp50.75 for the rotated
field geometry to the other cases.~b! Longitudinal magnetoresis
tanceDrzz for same fields and geometries. In all cases~and later
figures!, line segments simply interpolate between calcula
points.
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FIG. 5. Magnetoresistance plotted versus inclusion volume fractionp ~for p,pc50.79) at three different field strengths and tw
different field orientations, for cylindricalS inclusions with circular cross section.~a! Transverse magnetoresistanceDrxx(H,p)/H2, with H
oriented in thexz plane parallel to the lattice symmetry axis.~b! Drxx(H,p)/H2 with H rotated 45° from the lattice axis, still in thexz plane.
~c! Longitudinal magnetoresistanceDrzz(H,p) ~not scaled by H2), with H parallel to the lattice symmetry axis.~d! Drzz(H,p) with H
rotated by 45°. In all these figures, the lattice is perpendicular to they axis, andHiz.
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between the magnetic field and one of the axes of the sq
lattice.

For u5p/4, it is readily verified thatpc* (p/4)5p/8
'0.39. Thus, foru5p/4, we expectDrxx to drop dramati-
cally at p'pc* (p/4), especially at large fieldsH where the
anisotropy of the normal metal is greatest. Foru50, on the
other hand,pc* (0)5p/450.79, equal to the actual percola
tion threshold; so no such drop should be observed until
composite as a whole becomes perfectly conducting. Ind
the numerical results of Figs. 4 and 5 show just such pe
lation behavior. The values ofpc* may, however, be shifted
slightly relative to the above predictions, which are accur
only for asymptotically largeH fields.

The actual value ofpc* (u) can be determined by a simp
graphical construction which is illustrated in Fig. 6 for ci
cular cylinders on a square lattice. To findpc* (u) at any
given u, one constructs a straight line at angleu to one axis
of the lattice, as shown.pc* (u) is the smallest value ofp
such that any such straight line is sure to intersect som
the perfectly conducting cylinders. For most values ofu, we
expectpc(u) to be quite small, possibly zero, but for select
u ’s such that tanu is a rational numberp/q with p and q
small integers,pc* (u) will be nonzero.

V. SUMMARY AND DISCUSSION

We have described and applied a simple approach
calculating the effective conductivity~or dielectric constant!,
and the electric-field distribution, in a periodic composi
The method is applicable to both two- and three-dimensio
systems, and is accurate for arbitrary concentrations of in
sions, conductivity contrasts, inclusion shapes, and num
of components. It can readily be extended to anisotro
composite media, such as would be produced by placing
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isotropic metallic composite in an external magnetic field
It is useful to compare the advantages and disadvanta

of the method just described to others in the literature. T
methods of Miltonet al., and of Bergman and collaborator
can be made extremely accurate, but in general they invo
calculating a different set of basis functions for each geo

FIG. 6. Illustration of the percolation argument which dete
mines pc* (u), for the special case of circular inclusions andu
545°. A straight line is drawn at an angleu to the axis of the
square lattice~lattice constant5 a). pc* (u) is determined as tha
areal fraction of inclusions (p5pr 2/a2) greater than which any
such line is certain to intersect one or moreS inclusions. From the
triangle construction, we findpc* (45°)5p/850.39.
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etry. The methods usingk-space expansions do not requi
such recalculation, but they may require large numbers
plane waves, since the composite dielectric functions cha
abruptly in real space. By contrast, the present method
be equally well applied to any geometry and filling fractio
and the inclusions need not have a convenient symmet
shape, as is useful in the basis function approaches. On
other hand, the iterative relaxation scheme for solving th
equations can converge quite slowly, and this may lead
inaccuracies. Other procedures, such as over- or un
relaxation, might provide more accuracy, or at least fas
convergence to a solution, but we have not tested this po
bility in the present paper. Finally, our approach is straig
forward and direct to apply, requiring only the use of sta
dard numerical methods for solving sets of line
inhomogeneous algebraic equations. Thus, in sum, eac
the methods described here might be particularly conven
for different periodic composites.

Our numerical results for isotropic composites in two
mensions show that this approach is potentially as accu
as various existing analytical approximations for treating
riodic composites. When we apply the method to perio
arrays of perfect conductors embedded in a normal-m
host, we find a striking anisotropy in the magnetoresistiv
as a function of the applied magnetic field orientation with
the plane of the array. The calculated anisotropy is consis
l.
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with a simple percolation argument applied to anisotro
composites. Although no experiments seem to have been
ried out for this geometry, a similar experiment, carried o
for a periodic mesoscopic antidot array, yields a similar~and
very large! anisotropy which is correctly reproduced by
semiclassical calculation such as ours.22 Since fields such
thatvct510250 are readily attainable in many normal me
als and lie belowHc2 in many superconductors, it seem
feasible that periodic NS arrays could be fabricated in wh
such experiments might be carried out.

Finally, we note that the approach used here can, in p
ciple, be made arbitrarily accurate, subject only to the lim
tations of a finite mesh density and the convergence of
iterative algorithm.~Of course, it also depends on the a
sumption that the conductivity can be described without c
sidering quantum corrections.! It should also work for com-
plex conductivities, as expected at finite frequencies. Th
the present simple approach may be useful for treatin
variety of ‘‘classical’’ transport problems in periodic com
posites.
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