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Several small Josephson junctions in a resonant cavity: Deviation from the Dicke model
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We have studied quantum mechanically a system of several small identical Josephson junctions in a lossless
single-mode cavity for different initial states, under conditions such that the system is at resonance. This
system is analogous to a collection of identical atoms in a cavity, which is described under appropriate
conditions by the Dicke model. We find that our system can be well approximated by a reduced Hamiltonian
consisting of two levels per junction. The reduced Hamiltonian is similar to the Dicke Hamiltonian, but
contains an additional term resembling a dipole-dipole interaction between the junctions. This extra term can
be understood as a natural consequence of degenerate second-order~Löwdin! perturbation theory. For typical,
physically reasonable values of the junction-cavity coupling, we find that this perturbation treatment is an
adequate way to include the junction energy levels beyond the lowest two. As in the Dicke model, we find that,
whenN junctions are present in the cavity, the junction-cavity interaction is enhanced byAN, with a corre-
sponding decrease in the Rabi oscillation period. We find that this enhancement survives even if the junctions
differ slightly from one another, as expected in a realistic system. Since coherence effects thus reduce the Rabi
period, it may become smaller than the decoherence time due to dissipation, making these oscillations observ-
able.

DOI: 10.1103/PhysRevB.65.224512 PACS number~s!: 74.50.1r, 03.65.Ud, 03.67.Lx, 42.50.Fx
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I. INTRODUCTION

In a previous paper,1 we numerically studied a small Jo
sephson junction capacitively coupled to the single mode
a resonant cavity. We found that the quantum states of
combined system are strongly entangled only at certain
cial values of the gate voltage across the junction, co
sponding to a one- or two-photon absorption or emiss
process by the junction Cooper pairs. We also showed th
a gate voltage corresponding to the one-photon process
results, obtained from exact diagonalization, agree well w
those obtained from a reduced Jaynes-Cummi
Hamiltonian2 which includes only two-junction states an
two-photon states.

In the present paper, we extend this work to several si
lar junctions placed in a resonant cavity within a radiati
wavelength. Each junction is assumed to be voltage bia
by an independent voltage source, but all bias voltages
assumed to be equal. As in the single-junction case, we s
for the eigenstates of this coupled system by direct diago
ization and compare the results to those obtained from
reduced Hamiltonian which includes only two energy lev
per junction.

A major goal of our work is to compare the junction
cavity interaction to that in a system first discussed
Dicke,3 consisting of an assembly of identical two-level a
oms in a single-mode cavity. We find that, for typical valu
of our system parameters, the effects of the energy le
beyond the lowest two per junction are included adequa
by a straightforward second-order perturbation theory. Th
higher-level effects manifest themselves as an additiona
fective interaction between the junctions~beyond the Dicke
Hamiltonian! which has the form of a dipole-dipole cou
pling.

Before proceeding further, we note some distinctions
tween the system considered here and another system w
0163-1829/2002/65~22!/224512~10!/$20.00 65 2245
f
e
e-
-

n
at
ur

h
s

i-

ed
re
ve
l-
a

s

y

ls
ly
se
f-

-
ich

has recently been studied experimentally.4 These experi-
ments involve a two-dimensional array of junctions, su
that each junction is coupled to a single-mode resonant c
ity. For suitable junction and cavity parameters, the cav
interaction causes the array to phase lock and to radiate
herently into the cavity. The models used to describe s
arrays5–8 typically involve a semiclassical approximation
appropriate for large numbers of photons in the cavity.
contrast, our system involves only a few photons and ne
to be studied quantum mechanically. Another distinction
that, in Ref. 4, the junctions are biased onto either the re
tive or the superconducting branch of theI -V characteristic,
whereas in the present model, only the latter branch is c
sidered.

The present work may also be relevant to quant
computation.9 Josephson devices have been proposed as
sible quantum bits~qubits! in computing systems, in which
quantum logic operations could be performed by controll
gate voltages or magnetic fields.9–14Thus far, two alternative
realizations of qubits have been proposed for Joseph
junctions: a charge qubit and a flux qubit. In the first ca
the charging energy of the junction is much larger than
Josephson energy, so that the charge on one of the supe
ducting islands is nearly a good quantum number. Qubits
this type have been studied experimentally by Nakam
et al.10,11 In the second case, studied experimentally
Mooij et al.13 and Feigel’manet al.,14 the Josephson energ
predominates, and the phase difference across the juncti
well defined. In the present paper, the system is constru
from junctions in which the charging and Josephson ener
are comparable in magnitude; in other respects, it somew
resembles that studied in Ref. 12.

The findings of this paper may also be useful for study
‘‘quantum leakage’’15 in Josephson-junction-based multiq
bits. Quantum leakage occurs when the computational sp
of the physical system is a subspace of a larger Hilbert sp
©2002 The American Physical Society12-1
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W. A. AL-SAIDI AND D. STROUD PHYSICAL REVIEW B 65 224512
Such leaking is an intrinsic source of decoherence, eve
the absence of dissipation, and imposes a time limit bey
which the system can no longer perform quantum comp
tions. Thus, comparing the results of numerically diagon
izing the full Hamiltonian and the reduced Hamiltonian pr
vides a means of studying this decoherence. Suc
comparison was done in Ref. 15 and is also done here f
different Hamiltonian and a different parameter region.

Finally, because of the analogy between our system a
group of two-level atoms in a single-mode cavity, the pres
work may be relevant to the field of cavity quantu
electrodynamics.16 Specifically, using the system consider
here, it may be possible to ‘‘engineer’’ a so-called Einste
Podolsky-Rosen or Greenberger-Horne-Zeilinger state c
prised of Josephson junctions. It may also be feasible to
form a ‘‘quantum nondemolition’’ measurement on a on
photon resonator much as is done using a two-level atom
a cavity.17 We hope to develop these ideas in a future pu
cation.

The remainder of this paper is organized as follows.
Sec. II, we introduce our model Hamiltonian and its physi
realization; we also outline the method used to solve for
eigenstates. Section III contains our principal results. We
scribe the reduced Hamiltonian, and we compare the t
evolution of the system as predicted by the full Hamiltoni
and by the two-level approximation. In the final section, t
main points of the paper are summarized, and some of
physical parameters entering the calculations are estima

II. MODEL HAMILTONIAN AND ITS DIAGONALIZATION

A. Hamiltonian

We consider a group of underdamped Josephson junct
in a lossless electromagnetic cavity which can suppor
single-photon mode of angular frequencyv. The system is
assumed to be described by the following model Ham
tonian:

H5Hphoton1(
j

HJ~ j !. ~1!

Here Hphoton is the Hamiltonian of the cavity mode, whic
we express in the formHphoton5\v(a†a11/2), wherea†

anda are the photon creation and annihilation operators w
commutation relation@a,a†#51. HJ( j ) is the Hamiltonian
of the j th junction, which implicitly contains the coupling t
the cavity; it can be written as

HJ~ j !5
1

2
U~nj2n̄ j !

22J cosg j , ~2!

where the first and second terms represent the charging
Josephson energies of a junction.U54e2/C is the junction
charging energy,EJ5\I c /(2e) is the Josephson couplin
energy,C is the effective junction capacitance, andI c the
junction critical current.nj is an operator which represen
the difference between the number of Cooper pairs on
two grains comprising the junction, andn̄ j is related to the
gate voltage applied across the junction. Althoughn̄ j could,
22451
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in principle, be controlled separately for each junction,
assume that all then̄ j ’s are equal. The last parameterg j is the
gauge-invariant phase of the junction, as defined below.
assume that all the junctions have the sameJ andU, and also
that J andU are comparable in magnitude. Furthermore,
neglect the current through the shunt resistance. Finally,
consider only junctions such that bothJ and U are small
compared to the superconducting gapD, which is thus the
largest energy scale in the system.

The interaction between the junctions and the electrom
netic field is contained in the gauge-invariant pha
difference

g j5f j2~2p/F0!E
j
A~x,t !•dl. ~3!

Heref j is the phase difference across the junction in a p
ticular gauge; it satisfies the commutation relation@nk ,f j #
52 id jk . F05hc/(2e) is the flux quantum,A(x,t) is the
vector potential, and the line integral is taken across thej th
junction. We consider only a vector potential arising from t
electromagnetic field of the cavity normal mode. We a
assume that the junctions are all located within a dista
small compared to the radiation wavelength, so thatA(x) is
approximately uniform throughout the region of the jun
tions. If the junctions all have the same orientation, this c
dition implies that each junction has the same coupling to
cavity electromagnetic field. The generalization to nonu
form fields is straightforward, however.

In Gaussian units and in the Coulomb gauge (¹•A50),
the vector potential takes the formA5Ahc2/vV(a1a†) ê,
whereê is the unit polarization vector of the cavity mode an
V is the volume of the cavity. Thus we can define the co
pling g such that (2p/F0)*A•dl5(g/A2)(a1a†) or

g54eA p

\vV
ê• lW, ~4!

wherel is the thickness of the insulating layer in a junctio
With the change of variablesp5 iA\v/2(a†2a), q
5A\/(2v)(a†1a), g j can be rewritten

g j5f j2gAv/\q, ~5!

where p and q satisfy the canonical commutation relatio
@p,q#52 i\.

Finally, we decompose the Hamiltonian~1! as follows:

H5Hphoton1(
j

HJ
0~ j !1Hint , ~6!

where

HJ
0~ j !5

1

2
U~nj2n̄ j !

22J cosf j ~7!

and

Hint52J(
j

~cosg j2cosf j !. ~8!
2-2
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SEVERAL SMALL JOSEPHSON JUNCTIONS IN A . . . PHYSICAL REVIEW B65 224512
In this form, the photon-junction interaction is entirely co
tained in the last term.

B. Method of solution

As in Ref. 1, we diagonalizeH in a complete basis
formed from the direct product of the eigenfunctions
Hphoton and HJ

0( j ). The eigenfunctions ofHphoton are, of
course, harmonic oscillator eigenstates; the normalizednth
eigenstate has wave function

hn~q!5
1

AAp2nn!
exp~2y2/2!Hn~y!,

where Hn(y) is a Hermite polynomial of ordern and y
5(v/\)1/2q. An eigenfunctionc(f j ) of HJ

0( j ) with eigen-

valueE( j )(n̄ j ) can be written asc(f j )5exp(in̄jfj)h(fj) and
satisfies the Schro¨dinger equationHJ

0( j )c(f j )5E( j )c(f j ).
Using the representationnj52 i ]/]f j , which follows from
the commutation relation@nj ,f j #52 i , we write the Schro¨-
dinger equation as

d2Y~x!

dx2
1S 8E( j )

U
12Q cos 2xDY~x!50, ~9!

where x5f j /2, Y(x)5h(f j /2) and Q54J/U. This is a
Mathieu equation with characteristic valuea( j )58E( j )/U
and potential of strengthQ. The eigenvaluesE( j ) are deter-
mined by the requirement thatc(f j )5c(f j12p) or,
equivalently,Y(x1p)5exp(22in̄jp)Y(x). Thus we are inter-
ested only in the Floquet solutionsYkj

(x) of the Mathieu

equation~9!, with Floquet exponentn j52kj22n̄ j , where
kj50,61,62, . . . . Wedenote the corresponding eigenval
of HJ

0( j ) by Ekj

( j )(n̄ j ). It is sufficient to consider only 0<n̄ j

<0.5, because the eigenvalues ofHJ
0( j ) are periodic inn̄ j

with period unity and are symmetric aboutn̄ j51/2.
Now, any eigenstateC(f1 , . . . ,fN ,q) of the Hamil-

tonianH can be expressed as a linear combination of prod
wave functions consisting of eigenfunctions ofHphoton and
the HJ

0( j )’s, i.e.,

C~f1 , . . . ,fN ,q!5 (
k1 . . . kN ,n

Ak1•••kN ,nhn~q!)
j 51

N

ckj
~f j !,

~10!

whereckj
(f j )5exp(in̄jfj)Ykj

(fj/2) andN is the number of

junctions in the resonator. The only term inH which is not
diagonal in this product basis is the interaction termHint . We
can obtain the product coefficients and eigenvalues by
rectly diagonalizing the Hamiltonian of Eq.~1! in this prod-
uct basis, i.e., by solving the Schro¨dinger equation
HC(f,q)5EC(f,q), where we use the shorthand notati
f[(f1 , . . . ,fN). Once the eigenvaluesE and expansion
coefficientsAk1•••kN ,n are known, we can study the time ev

lution of the system given its state at timet50 and hence
obtain the time-dependent expectation value of any oper
O at time t using
22451
f

ct
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^O~ t !&5Tr@r~ t !O#. ~11!

Herer(t) is the density matrix of the system at timet, de-
fined by r(t)5U(t)r(0)U†(t), whereU(t)5exp(2iHt/\)
is the evolution operator andr(0) is determined by the ini-
tial state of the system.

We have carried out extensive calculations for the Ham
tonian ~1!, using the product basis described above. In
calculations we have arbitrarily usedQ50.7 and \v/U
50.3, representing a case where the charging energy,
sephson coupling, and photon energy are all comparable.
attainability of these parameters in realistic systems is
cussed further below. Most of our calculations have a
been carried out near the valuen̄50.258, corresponding to
the case where the energy difference between the two low
junction levels equals a single quantum of photon energy
our single-junction calculations,1 this choice leads to reso
nant absorption of a single photon and to maximum
tanglement between the junction and the photon states.
larger number of junctions (N>4) we found that we have to
tune n̄ slightly away from the resonance condition of th
single junction to get the system on resonance again.

In all of our calculations, we use a truncated basis of
eigenstates ofHphotonand ofHJ

0( j ). For N51,2,3 junctions,
we include the first nine photon eigenstates and the first
levels of each junction, i.e., a total of 935N states. ForN
54, we use fewer eigenstates: the lowest eight photon st
and the first four junction levels. In all cases, we confirm
the numerical stability of our results by increasing the
mensionality of the basis and finding that there is almost
change in our results. As another check, we have calcul
Tr(r), which should be time independent and equal to un
for our normalization. We find that this trace does rema
equal to unity to high accuracy for all times considered, th
providing evidence that we have correctly diagonalized
Hamiltonian.

III. RESULTS AND DISCUSSION

A. Reduced Hamiltonian

The main goal of this paper is to study how well th
results of this exact diagonalization procedure can
matched by a reduced Hamiltonian which includes only
lowest two energy levels from each junction. For the on
junction case, the two-level approximation was alrea
tested in Ref. 1 atn̄50.258. At this value ofn̄, the splitting
between the two lowest levels equals the single-photon
ergy \v. The reduced Hamiltonian then takes the Jayn
Cummings form2

HJC5\v~a†a1Sz!1ja†S21j* aS1 . ~12!

Here the junction is represented as a quantum spin 1/2,
@S1 ,S2#52Sz , and the junction energy zero is shifted s
that the lowest two levels are6\v/2. The matrix element
coupling the junction and the field is given byj

5^ f u 1
2 Hintu i &, whereHint is the one-junction version of ex

pression~8!; the ket u i &[un51;k50& is a wave function
containing one photon and the junction in the ground st
2-3
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FIG. 1. ~a! Time dependence of^HJ
0& ~solid curve! and of^Hphoton& ~dashed curve!, plotted for one junction withn̄50.258~on-resonance

condition!. The system is prepared at timet50 in the stateun51;k50&. The other parameters areQ50.7, v/U50.3, andg50.15. ~b!
Same as~a! except that we show the time-dependent probability for finding the Josephson junction~solid curve! and the photonic resonato
~dashed curve! in their first excited states.
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(k50), while u f &[un50;k51& is a state with zero photon
and the junction in its first excited state (k51). To first order
in g, Hint'2JgAv/\q sinf and, hence, to the same ord
in g,

j'2~Jg/A8!^k50usinfuk51&. ~13!

This completes the definition of the reduced Hamiltonian
one junction and establishes its relation to the full Ham
tonian of Eq.~1!.

A naive extension of the reduced Hamiltonian~12! to N
junctions would be17

HD5HD
0 1HD

I , ~14!

where

HD
0 5\va†a1\v(

j 51

N

Sz
( j ) ,

HD
I 5(

j 51

N

~ja†S2
( j )1j* aS1

( j )!.

HereS2
( j ) , S1

( j ) , andSz
( j ) are the lowering, raising, and inve

sion operators of thej th junction, which satisfy the commu
tation relations

@Sz
( j ) ,S6

(k)#56S6
( j )d jk ,

@S1
( j ) ,S2

(k)#52Sz
( j )d jk .

The Hamiltonian ~14! resembles the one-mode Dick
model,3,18 which describesN identical two-level atoms
within a radiation wavelength of each other, all interacti
with a single-mode resonator. The initial-state problem c
sidered later in this section has been solved exactly for
Hamiltonian in a cavity containing one or more accessi
electromagnetic modes.19,20

For the present system, when the resonator contains m
than one photon, the Hamiltonian~14! does not reproduce
the full time-dependent solution to the Schro¨dinger equation
for N>2, at least for our numerical parameters. Nevert
less, as shown below, the full numerical solution is still w
approximated by another reduced Hamiltonian in which e
junction is represented by a basis of two levels only, nam
22451
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HD85HD8
0

1HD8
I , ~15!

where the zeroth-order HamiltonianHD8
0 is the same as the

Dicke HD
0 appearing in Eq.~14!, but the interaction part of

the HamiltonianHD8
I is now

HD8
I

5(
j 51

N

~ja†S2
( j )1j* aS1

( j )!1V (
( j Þk)
j ,k51

N

~S1
( j )S2

(k)1S2
( j )S1

(k)!.

~16!

The physics behind this reduced Hamiltonian21 is discussed
further below, in Sec. III D 2.

B. Review of the single-junction solution

We first review the time-dependent solution to the Sch¨-
dinger equation for a single junction in a resonator.1 If the
initial junction-cavity state isun51;k50&, then the system
evolves in time according to the evolution operatorU(t)
5exp(2iHt/\). Figure 1 shows the resulting time
dependent expectation values^HJ

0& and ^Hphoton&, as calcu-
lated using Eq.~11! and the full HamiltonianH. Figure 1
also shows the time-dependent probabilities for finding
junction and the resonator in their first excited states, giv
this initial state. The system wave function is evidently
entangled state oscillating betweenun51;k50& and un
50;k51&, with a period T'675\/U for our particular
choice of g, Q/U, and \v/U. When the Rabi period for
oscillations between the Josephson-photon entangled s
is calculated using the two-level approximation, it is found
be p\/uju5667\/U, in almost perfect agreement with th
result obtained from the full Hamiltonian.

C. Several junctions, asymmetric initial state

Next, we considerN junctions such that initially~at time
t50) one junction is in the first excited state, while th
remaining (N21) junctions are in the ground state, and t
cavity initially contains zero photons. Thus all the junctio
interact with the vacuum fluctuations of the cavity mode v
the HamiltonianHint .

Our primary interest is to compare the time evolution c
culated from the exact Hamiltonian with that obtained fro
2-4
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SEVERAL SMALL JOSEPHSON JUNCTIONS IN A . . . PHYSICAL REVIEW B65 224512
FIG. 2. Time-dependent inversionS(t) @Eq.
~17!# for ~a! N52 and ~b! N54 junctions in a
resonator, calculated using the full Hamiltonia
Initially, one junction is in its first excited state
while all the other junctions and the resonator a
in their ground states.
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the two reduced Hamiltonians discussed above. We will
cus our attention on the ‘‘inversion’’S(t) of the system, de-
fined as

S~ t !5 K Sz~ t !1
1

2L , ~17!

where the average is taken with respect to the quantum
of the system.S(t) is the sum of the probabilities that th
junctions are in their first excited states, and satisfies
<S(t)<N. This quantity is of interest because\v dS/dt
5I is the rate at which energy is transferred from the ju
tions to the cavity or vice versa.

For the initial state considered in this section, it has be
proved19 for the Dicke model@Eq. ~14!# that

S~ t !512
1

N
sin2~ ujuANt/\!. ~18!

Thus, the frequency of energy transfer between the pho
field and the junctions is proportional toAN. The group ofN
junctions behaves somewhat like a single junction with
coupling to the cavity mode ofANj instead ofj. It also
follows from Eq.~18! that the photon field never gains mo
than 1/N of the energy initially stored in the excited junctio
Thus, asN increases, it becomes progressively less lik
that a photon will be emitted into the cavity, the energy
maining largely trapped within the junctions~actually, within
the initially excited junction!. The existence ofN21 unex-
cited junctions~or ‘‘atoms’’! has the effect of preventing th
emission of a photon from the initially excited junction,19 a
phenomenon known as ‘‘radiation suppression.’’20
22451
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When we calculateS(t) using our direct diagonalization
scheme, we find that the numerical results are in excel
agreement with the predictions of the two-level approxim
tion ~18! for N51, 2, 3, and 4 junctions in the resonator,
least for several Rabi periods of oscillation. In Fig. 2, w
show the inversion as calculated using the full basis forN
52 andN54.

D. Dicke-symmetric states

Next, we consider an initial state in which all the jun
tions are in the ground state and there aren photons in the
system (n51, 2, 3!. This is a simple case in which the initia
state of the system is symmetric under the interchange of
two junctions. We have solved for the time-dependent s
of the system using the full Hamiltonian and compared
results to the approximate Hamiltonians~14! and ~15!. Re-
sults of our calculations are shown in Figs. 3–5.

As can be seen from these figures, the one-mode D
model defined in Eq.~14! does not reproduce the full nu
merical solution forn>2. But the numerical solution is wel
approximated by the reduced model Hamiltonian~15!, in
which each junction is still represented by only two leve
This Hamiltonian differs from the Dicke model only in th
last term, which is proportional toV and which represents a
effectivedirect interaction between the junctions. This ter
is needed in order to obtain a good fit between the pre
tions of the reduced model and the exact Hamiltonian, e
though the junctions in the original model Hamiltonian@Eq.
~1!# have only an indirect coupling with each other throu
the electromagnetic field.

A similar model Hamiltonian to Eq.~15! has been studied
in Ref. 22 for two atoms in a cavity. This model differs fro
c-
FIG. 3. ~a! Time-dependent probability for
finding any one of the junctions~solid curve! or
the photonic resonator~dashed curve! in its first
excited state forN52 ~top! andN54 ~bottom!.
The system is prepared at timet50 such that
there is one photon in the system and all the jun
tions are in their ground states.~b! Same as~a!
except we show the inversionS(t) of the system
as defined in Eq.~17!.
2-5
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FIG. 4. Time-dependent inversionS(t) for m52 excitations andN52, 3 and 4 junctions in the resonator@~a!, ~b!, and~c!, respectively#.
The initial state has two photons in the resonator, and all the junctions in their ground states. The solid line is the full numerical solu
the dotted line follows from Eqs.~28!. Note in particular the decrease in the Rabi period of oscillation asN increases. Other parameters a

the same as in Fig. 1 except thatn̄ j50.2598 forN54.
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the present one, however, in that the direct coupling in R
22 represents a specific term in the Hamiltonian, namely
effective dipole-dipole interaction between the atoms. In
calculations to be presented below, the coupling strengtV
in the Hamiltonian of Eq.~15! is treated simply as a param
eter determined by best fitting to the numerical data. Ho
ever, it can also be derived explicitly from the full Hami
tonian, as we show below.

There is one further point to be made about these num
cal results. Namely, as long asn<N, we find that the inter-
action termj which best fits the computed time evolution
numerically equal to that which enters the single-junct
reduced Hamiltonian@Eq. ~13!# when there is no more tha
one photon present. This result is intuitively reasonable,
cause in this symmetric case all the junctions in the reson
share equally in the photons, and thus, forn<N, none will
absorb more than one photon.

Now we will discuss the basis used to study the Ham
tonian~15!. The Hilbert space ofN two-level junctions is 2N

dimensional. Thus the system is analytically intractable e
for a small value ofN unless there is some symmetry of th
Hamiltonian which confines the evolution of the system
some lower invariant subspace. The Hamiltonian~15! has
two useful symmetries of this kind. First, a symmetric init
state is an eigenstate of the permutation operatorPjk , which
exchanges thej th and kth junctions. SincePjk commutes
with the Hamiltonian of Eq.~15!, a symmetric initial state
evolving underHD8 will remain symmetric at later times
The second symmetry involves the excitation number op
tor
22451
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M5a†a1(
j 51

N S Sz
( j )1

1

2D , ~19!

which also commutes withHD8 and thus is also a constant o
the motion. In this case it is convenient to study the Ham
tonian HD8 using the basis vectors formed from the dire
product of the eigenstates ofM and a†a. We denote these
states asum;n&, where

Mum;n&5mum;n&,

a†aum;n&5num;n&, ~20!

and 0<n<m. Note that the time evolution of the system
restricted to a (m11)-dimensional subspace spanned by
basis vectorsum;0&, . . . ,um;m&.23

It is convenient to write out the stateum;n& explicitly.
There aren photon excitations in the cavity andm2n exci-
tations distributed symmetrically among theN junctions.
Thus we may writeum;n&5un& ^ um2n&J , where un& is a
Fock state andum2n&J is a normalized symmetric Dicke
state of the junctions, described by

uk&J5F N!

k! ~N2k!! G
21/2

(P )
l 51

k

u1& j l )
mÞ1•••k

u2& j m
,

~21!

where u1& j l
[ukl51& (u2& j l

[ukl50&) is the spin-up

~-down! state of thel th junction and the summation is ove
permutationsP among theN junctions.
al
cal-
FIG. 5. Same as Fig. 3, except that the initi
state has three photons in the resonator and
culations are carried out forN53 and N54
junctions, as indicated in the figure.
2-6
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SEVERAL SMALL JOSEPHSON JUNCTIONS IN A . . . PHYSICAL REVIEW B65 224512
We now discuss the cases ofm51,2,3 excitations and
compare the time-dependent states obtained from the
numerical solution to the predictions of the two level a
proximation, using the basisum;n&.

1. One excitation„mÄ1…

In this case, our numerical results are well described
the Dicke Hamiltonian@Eq. ~14!#, at least forN<4. This
behavior is expected, since the junctions cannot interac
rectly with each other in the presence of only one phot
For one excitation in the system, an exact solution fo
two-level system can be found even in a damped cavity.24 In
the absence of damping, the wave function of the system
the interaction picture can be written in the two-level a
proximation as

uC I~ t !&5C1~ t !u1;1&1C0~ t !u1;0&. ~22!

From the time-dependent Schro¨dinger equation~taking \
51 henceforth!

HD
I uC I~ t !&5 i

d

dt
uC I~ t !&, ~23!

we obtain

i
dC1~ t !

dt
5jANC0~ t !,

i
dC0~ t !

dt
5j* ANC1~ t !.

Taking the junctions initially to be in their ground states a
assumingn51 photons in the system@i.e., C1(t)u t5051],
we find that

C1~ t !5cos~ ujuANt!,

C0~ t !5sin~ ujuANt!.

Thus the system oscillates between the statesum51;n51&
and um51;n50&—that is, the junctions alternately abso
the photon of the field, then reemit it, in a reversible evo
tion, as expected in a lossless cavity. The oscillation pe
T}N21/2. From this solution, the inversion of the syste
@Eq. ~17!# is

S~ t !5sin2~ ujuANt!, ~24!

and hence the rate of radiation into the cavity is

I ~ t !52v
dS~ t !

dt
52vujuANsin~2ujuANt!. ~25!

Both the oscillation frequency and the amplitude of the r
of radiation are proportional toAN, a signature of a coopera
tive phenomenon. For very short times, the rate of radia
into the cavity is

I ~ t !'22vuju2Nt, ~26!
22451
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that is,N times the rate of a single junction. Thus the pre
ence ofN junctions in the cavity gives rise to a collectiv
behavior.

Figure 3~a! shows the time-dependent probability that t
Josephson junctions~solid curve! and the photonic resonato
~dashed curve! are in their first excited states forN52 and
N54. The system is prepared at timet50 with all the junc-
tions in the ground state and the resonator in the num
state un51&. The system develops into an entangled st
such that the photon is shared equally among all the ju
tions. This behavior can be seen both in the two-level
proximation and in the results of an exact calculation. In F
3~b! we show the inversionS(t) calculated using the full
Hamiltonian forN52 andN54 junctions and one excitation
(m51). The numerical results are clearly in excellent agr
ment with the predictions of the two-level approximatio
@Eq. ~24!#.

2. Two excitations„mÄ2…

For m52 we need consider only three eigenstates of
Hamiltonian. In the interaction picture the system wave fun
tion is

uC I~ t !&5C2~ t !u2;2&1C1~ t !u2;1&1C0~ t !u2;0&, ~27!

where the coefficients satisfy

i
dC2~ t !

dt
5jA2NC1~ t !,

i
dC1~ t !

dt
5j* A2NC2~ t !1VC1~ t !1jA2~N21!C0~ t !,

i
dC0~ t !

dt
5j* A2~N21!C1~ t !.

Assuming an initial stateu2;2&, i.e., a state containing two
photons, with all the junctions in their ground states, we fi
that the solution of these coupled equations is

C2~ t !5
1

z~2N21!
$z~N21!1Ne2 iVt/2@z cos~zt !

1 iV sin~zt !#%,

C1~ t !52 iA2N~j/z!e2 iVt/2sin~zt !,

C0~ t !5
AN~N21!

2~2N21!z

3$e2 iVt/2@2z cos~zt !1 iV sin~zt !#22z%,

~28!

wherez5 1
2 AV218uju2(2N21). The probability of a two-

junction excitation of the system isP2(t)5uC0(t)u2, which
can be reduced to
2-7
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P2~ t !5
N~N21!

~2N21!2z2
@2z222~2N21!uju2sin2~zt !

22z2cos~zt !cos~Vt/2!2Vz sin~zt !sin~Vt/2!#.

~29!

For V50, this becomes

P2~ t !5
N~N21!

~2N21!2
@cos~v2t !21#2, ~30!

so that the Rabi period of oscillation is nowv25@2(2N
21)#1/2uju. Since uP2(t)u<N(N21)/(2N21)2<1/4, the
system is unlikely to contain two excitations simultaneous
Even if VÞ0, the same statement is still valid, but the tim
evolution is no longer perfectly sinusoidal, but instead
characterized by beats with a period inversely proportiona
V.

The inversion of the system is given by

S~ t !5uC1~ t !u212uC0~ t !u2. ~31!

A full expression for the inversion readily calculated fro
Eqs.~28! is quite complicated and is not given here. Figure
shows the results obtained numerically forN52, 3, and 4,
using the full basis~solid line!, as well as the inversion cal
culated from Eq.~31! using the modified Dicke model with
VÞ0 ~dashed line!.

We now discuss the origin of the extra direct interacti
in the effective Hamiltonian~15!, in light of these numerica
results. Equation~27! expresses the wave function for tw
excitations as a linear combination of three states, which
will denote compactly asua&, ub&, and uc& respectively. In
the absence ofHint , these states are degenerate. According
the Dicke model,Hint breaks this degeneracy because so
of the matrix elements ofHint between these states are no
zero. This is thefirst-ordereffect ofHint ~or, equivalently, in
g).

However, there is also asecond-ordereffect. Namely, as
is well known from degenerate second-order Lo¨wdin pertur-
bation theory,25 the effectiveHamiltonian matrix elements
between, for example, states^au and ub& should be written

^auHeffub&5^auHintub&1( 8
r

^auHintur &^r uHintub&
Ea2Er

.

~32!

Here the sum runs over all statesur & other thanua&, ub&, and
uc&. These are the terms which give rise to the extra inter
tion proportional toV in Eq. ~15!.

To confirm this hypothesis, we have calculated these
trix elements, including the terms second order inHint ,
through orderg2. We do find that these terms produce
direct interaction between the junctions of the form~15!, as
found numerically. Specifically, the matrix eleme
^buHeffub& becomes nonzero when these second-order te
are included. Furthermore, we find that the value ofV found
from this direct calculation is comparable to that found n
merically. Specifically, for the the cases mentioned abo
22451
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we findV/(uju2/v)54.89, 9.65, and 14.42 forN52, 3, and
4. For comparison, the best-fit values ofV to the numerical
results of Fig. 4 areV/(uju2/v)'5.74, 4.46, and 13.40 fo
N52,3, and 4, respectively. We do not ascribe great sign
cance to the discrepancy between the analytically obtai
and best-fit numerical values for N5 3, since the latter is
inferred from the shape of the envelope of the oscillat
inversion curve of Fig. 3~b!.

3. Three excitations„mÄ3…

In this case the wave function at any timet in the inter-
action picture is

uC I~ t !&5(
i 50

3

Ci~ t !u3;i &, ~33!

where the expansion coefficients satisfy

i
dC3~ t !

dt
5jA3NC2~ t !,

i
dC2~ t !

dt
5j* A3NC3~ t !1VC2~ t !12jAN21C1~ t !,

i
dC1~ t !

dt
52j* AN21C2~ t !1VC1~ t !1jA3~N22!C0~ t !,

i
dC0~ t !

dt
5j* A3~N22!C1~ t !.

The inversion of the system in this case is

S~ t !5uC2~ t !u212uC1~ t !u213uC0~ t !u2. ~34!

In Fig. 5 we show the results obtained from the full nume
cal solution~solid line! and from Eq.~34! ~dashed line! for
N53 andN54 junctions. Here the best-fit values ofV are
given such thatV/(uju2/v)'7 and 13.4, respectively. Fo
comparison, the second-order degenerate perturbation c
lation mentioned above givesV/(uju2/v)510 and 15.5.
Once again, the agreement between the analytical and
merical best-fit values is quite good, especially consider
that the numerical values are extrapolated from the enve
of a curve which is itself obtained numerically and, hen
are subject to some uncertainty.

E. Coherent state

As a last nontrivial case we consider the system such
resonator is initially in a coherent state. This case is of s
cial interest because the number eigenstates of the ele
magnetic field are generally difficult to generate. Neverth
less, as we will see below, our main conclusion—namely,
enhancement of the junction-resonator interaction with
creasingN—still holds in this case.

A coherent stateub& with an average number of photon
^n&5ubu2 can be written as a linear superposition of numb
statesus& with a Poisson distribution:
2-8
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FIG. 6. Time-dependent inversionS(t) for ~a!
N51 and~b! N52 junctions given that the ini-
tial state of the resonator is a coherent state w
^n&52 and the junctions are initially in thei
ground states. The solid line denotes the full n
merical solution, and the dotted line follows from
the two-level approximation.
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As!
us&. ~35!

For N51, it is easily proved that the inversion of the syste
is given by

S~ t !5
1

2
2

1

2
e2ubu2(

s50

` ubu2s

s!
cos~2jAst!, ~36!

which shows the phenomenon of ‘‘collapse and revival’’; i.
the envelope of the Rabi oscillations periodically ‘‘co
lapses’’ to a half with a subsequent ‘‘revival’’ at late
times.1,26 For N.1, the analysis of the previous subsecti
can be readily generalized to treat a coherent initial state

As an example, we show in Fig. 6 the inversionS(t) for
N51 and N52 assumingb5A2. The solid lines follow
from the full Hamiltonian while the dashed lines are from t
reduced Hamiltonians of Eqs.~12! and ~15!. The best-fit
value ofV in this case isV'5.74uju2/v. This value ofV is
the same as for the number state considered before witm
52 excitations. The enhancement of the junction-cavity
teraction can be seen from the decrease of the perio
oscillation in Fig. 6~b! compared to Fig. 6~a!.

IV. SUMMARY AND CONCLUSIONS

The present paper extends our previous publication1 to the
case ofN.1 identical junctions interacting with a singl
lossless cavity mode. Although oversimplified, this mod
has the advantage that we can obtain detailed, numeric
exact dynamical solutions with a range of initial condition
Our treatment of the Hamiltonian is entirely quantum m
chanical.

We have diagonalized the Hamiltonian exactly, using
basis large enough to ensure accuracy, and compared
results to those of a reduced Hamiltonian@Eq. ~14! or ~15!#,
in which each junction is represented by two levels only. T
reduced Hamiltonian resembles the one-mode Dicke Ha
tonian but contains a direct interaction term between
junctions. For short times~of the order of several Rabi per
ods! the agreement between results obtained from the t
level Hamiltonian of Eq.~14! or ~15! and those found from
the full Hamiltonian @Eq. ~1!# is excellent, but decrease
somewhat for longer times. Also, as expected for a Dic
like model, the system of several identical junctions beha
just like a single junction for short times, but with an e
hanced junction-cavity coupling strengthjAN and a corre-
spondingly decreased Rabi period. This reduced Rabi pe
22451
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might be smaller than the coherence time, making these
cillations experimentally observable.

A striking feature of our numerical results is the presen
of an effectivedirect interaction between the junctions, re
sulting from the cavity. This interaction has the form of
dipole-dipole interaction between the ‘‘spins’’ representi
the two lowest levels of each junction. This extra interacti
must be included in the effective two-level Hamiltonian
order for it to reproduce the numerical results obtained fr
the full Hamiltonian at long times. While the analogous te
in atomic physics is a true dipole-dipole interaction, in o
model it arises through the effects of the higher-energy lev
on the two lowest states, as calculated through Lo¨wdin
second-order perturbation theory.

Our numerically calculated strengths of this effective
teraction agree reasonably well with those predicted
second-order perturbation theory. The slight discrepan
between the two probably arise from uncertainties in the
merically calculated strengths, which are read off a solut
to coupled time-dependent differential equations. We c
clude that second-order perturbation theory is adequat
treat departures from the Dicke model for the junction-cav
interaction strengths we have considered. In reality, we h
probably considered a worst-case scenario for the Di
model—i. e., we have considered an interaction stren
which is larger than is likely to be encountered in a re
system~see below!—the perturbation treatment is likely t
be even more accurate than what we have found.

Before concluding, we briefly discuss the case of no
identical junctions. Obviously, this is an important consid
ation for Josephson junctions since, in contrast to atoms,
impossible to fabricate perfectly identical Josephson ju
tions. To test whether the coherence survives when the ju
tions are nonidentical, we have repeated the two-junct
calculations shown in Figs. 2–4 using junctions which diff
slightly from one another. For convenience, we conside
two junctions with slightly different values ofJ, but the same
values ofU. With these parameters, the resonant values on̄
are slightly different for the two junctions in the same cavi
We find that, if the twoJ’s differ only slightly ~by only
1%–3% for our choice ofJ/U), the coherent behavior, a
signaled by theA2 enhancement of the Rabi oscillation fr
quency, survives. For greater differences between theJ’s, the
coherence disappears and one finds instead two distinct r
nances, each with an unenhanced Rabi oscillation freque

We have also carried out similar calculations in other p
rameter regimes—specifically, forQ varying between 0.01
and about 3~with g remaining unchanged!. The qualitative
2-9
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results—that is, the presence of Rabi oscillations and
characteristic frequency changes associated w
coherence—are unchanged.

Finally, we briefly discuss whether the present syst
could be constructed in the laboratory. The values of
parameters entering the model have been estim
previously.1 For a cylindrical cavity of lengthd and radiusr,
a typicalg @Eq. ~4!# was found to beg;3lAa/(rd), where
a5e2/(\c);1/137 is the fine structure constant andl i is the
junction thickness. Achievable values of the other parame
were estimated asU;10215 erg ;8 K, and v;2c/r . In
order to attainQ;0.7, as used in our calculations, we ne
J/kB;3 K or a critical current I c;0.1mA. To obtain
\v/U;0.3, these estimates givex;1023 cm and r
;0.1–1 cm, wherex is a typical junction dimension~e.g.,
island size, junction radius!. These values, which would giv
v;100 GHz, are achievable with present technology. T
corresponding maximum power radiated into the cavity@Eq.
~25!# will be of the order of 10211AN W.

However, the valueg50.15, used in our calculations, i
much larger than the valueg;1025 which was previously
y

t

n

n
G

,
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estimated1 to result from the parameters just described. Su
a smallg would certainly cause the two-level approximatio
to be even better than found in our calculations here. Bu
would have the disadvantage of producing longer Rabi os
lation time and hence of making coherence over a Rabi
riod more difficult to achieve; it would also lead to a mu
lower power radiated. Thus, the largest possibleg is clearly
desirable in order to detect this effect. The Rabi period co
also be decreased by junctions with larger critical curre
than those considered here. However, the critical curren
limited by the requirement\v!D, whereD is the supercon-
ducting gap. Thus, the best hope for observing these osc
tions may be to reduce the decoherence effects.
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