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Several small Josephson junctions in a resonant cavity: Deviation from the Dicke model
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We have studied quantum mechanically a system of several small identical Josephson junctions in a lossless
single-mode cavity for different initial states, under conditions such that the system is at resonance. This
system is analogous to a collection of identical atoms in a cavity, which is described under appropriate
conditions by the Dicke model. We find that our system can be well approximated by a reduced Hamiltonian
consisting of two levels per junction. The reduced Hamiltonian is similar to the Dicke Hamiltonian, but
contains an additional term resembling a dipole-dipole interaction between the junctions. This extra term can
be understood as a natural consequence of degenerate secon(-ovettin) perturbation theory. For typical,
physically reasonable values of the junction-cavity coupling, we find that this perturbation treatment is an
adequate way to include the junction energy levels beyond the lowest two. As in the Dicke model, we find that,
whenN junctions are present in the cavity, the junction-cavity interaction is enhancetNbyvith a corre-
sponding decrease in the Rabi oscillation period. We find that this enhancement survives even if the junctions
differ slightly from one another, as expected in a realistic system. Since coherence effects thus reduce the Rabi
period, it may become smaller than the decoherence time due to dissipation, making these oscillations observ-
able.
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[. INTRODUCTION has recently been studied experimentalifhese experi-
ments involve a two-dimensional array of junctions, such

In a previous papérwe numerically studied a small Jo- that each junction is coupled to a single-mode resonant cav-
sephson junction capacitively coupled to the single mode oity. For suitable junction and cavity parameters, the cavity
a resonant cavity. We found that the quantum states of thmteraction causes the array to phase lock and to radiate co-
combined system are strongly entangled only at certain spdierently into the cavity. The models used to describe such
cial values of the gate voltage across the junction, correarrayS—2 typically involve a semiclassical approximation,
sponding to a one- or two-photon absorption or emissiorappropriate for large numbers of photons in the cavity. By
process by the junction Cooper pairs. We also showed that apntrast, our system involves only a few photons and needs
a gate voltage corresponding to the one-photon process, ot@ be studied quantum mechanically. Another distinction is
results, obtained from exact diagonalization, agree well witlthat, in Ref. 4, the junctions are biased onto either the resis-
those obtained from a reduced Jaynes-Cummingéive or the superconducting branch of th&/ characteristic,
Hamiltoniarf which includes only two-junction states and whereas in the present model, only the latter branch is con-
two-photon states. sidered.

In the present paper, we extend this work to several simi- The present work may also be relevant to quantum
lar junctions placed in a resonant cavity within a radiationcomputatiort. Josephson devices have been proposed as pos-
wavelength. Each junction is assumed to be voltage biasesible quantum bitgqubits in computing systems, in which
by an independent voltage source, but all bias voltages arguantum logic operations could be performed by controlling
assumed to be equal. As in the single-junction case, we solvgate voltages or magnetic fields:* Thus far, two alternative
for the eigenstates of this coupled system by direct diagonakealizations of qubits have been proposed for Josephson
ization and compare the results to those obtained from @unctions: a charge qubit and a flux qubit. In the first case,
reduced Hamiltonian which includes only two energy levelsthe charging energy of the junction is much larger than the
per junction. Josephson energy, so that the charge on one of the supercon-

A major goal of our work is to compare the junction- ducting islands is nearly a good quantum number. Qubits of
cavity interaction to that in a system first discussed bythis type have been studied experimentally by Nakamura
Dicke? consisting of an assembly of identical two-level at- et al}®!! In the second case, studied experimentally by
oms in a single-mode cavity. We find that, for typical valuesMooij et al** and Feigel'maret al,'* the Josephson energy
of our system parameters, the effects of the energy levelsredominates, and the phase difference across the junction is
beyond the lowest two per junction are included adequatelyvell defined. In the present paper, the system is constructed
by a straightforward second-order perturbation theory. Thes&om junctions in which the charging and Josephson energies
higher-level effects manifest themselves as an additional efare comparable in magnitude; in other respects, it somewhat
fective interaction between the junctioftseyond the Dicke resembles that studied in Ref. 12.

Hamiltonian which has the form of a dipole-dipole cou-  The findings of this paper may also be useful for studying
pling. “quantum leakage®® in Josephson-junction-based multiqu-

Before proceeding further, we note some distinctions bebits. Quantum leakage occurs when the computational space
tween the system considered here and another system whiolithe physical system is a subspace of a larger Hilbert space.
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Such leaking is an intrinsic source of decoherence, even im principle, be controlled separately for each junction, we

the absence of dissipation, and imposes a time limit beyongssume that all they’s are equal. The last parametgris the
which the system can no longer perform quantum computagauge-invariant phase of the junction, as defined below. We
tions. Thus, comparing the results of numerically diagonalassume that all the junctions have the saraadU, and also
izing the full Hamiltonian and the reduced Hamiltonian pro-thatJ andU are comparable in magnitude. Furthermore, we
vides a means of studying this decoherence. Such @eglect the current through the shunt resistance. Finally, we
comparison was done in Ref. 15 and is also done here for gonsider only junctions such that bothand U are small
d|ﬁeyent Hamiltonian and a different parameter region. compared to the superconducting gapwhich is thus the
Finally, because of the analogy between our system and @rgest energy scale in the system.
group of two-level atoms in a single-mode cavity, the present  The interaction between the junctions and the electromag-

work may be relevant to the field of cavity quantum netic field is contained in the gauge-invariant phase
electrodynamics® Specifically, using the system considered gifference

here, it may be possible to “engineer” a so-called Einstein-

Podolsky-Rosen or Greenberger-Horne-Zeilinger state com-

prised of Josephson junctions. It may also be feasible to per- V== (27 Do) f.A(X't)'dl- ©)

form a “quantum nondemolition” measurement on a one- :

photon resonator much as is done using a two-level atom iklere ¢; is the phase difference across the junction in a par-

a cavity!’ We hope to develop these ideas in a future publi-ticular gauge; it satisfies the commutation relatjop il

cation. =—idj. ®o=hc/(2e) is the flux quantumA(x,t) is the
The remainder of this paper is organized as follows. Invector potential, and the line integral is taken acrossjthe

Sec. Il, we introduce our model Hamiltonian and its physicaljunction. We consider only a vector potential arising from the

realization; we also outline the method used to solve for itelectromagnetic field of the cavity normal mode. We also

eigenstates. Section Ill contains our principal results. We deassume that the junctions are all located within a distance

scribe the reduced Hamiltonian, and we compare the timemall compared to the radiation wavelength, so th@t) is

evolution of the system as predicted by the full Hamiltonianapproximately uniform throughout the region of the junc-

and by the two-level approximation. In the final section, thetions. If the junctions all have the same orientation, this con-

main points of the paper are summarized, and some of thdition implies that each junction has the same coupling to the

physical parameters entering the calculations are estimatedavity electromagnetic field. The generalization to nonuni-

form fields is straightforward, however.

Il. MODEL HAMILTONIAN AND ITS DIAGONALIZATION In Gaussian units and in the Coulomb gau§e A=0),

the vector potential takes the forf=\hc%wV(a+a')e,

wheree is the unit polarization vector of the cavity mode and

We consider a group of underdamped Josephson junctiong js the volume of the cavity. Thus we can define the cou-

in a lossless electromagnetic cavity which can support dling g such that (2r/®y) fA-dI=(g/+2)(a+a") or
single-photon mode of angular frequeney The system is

assumed to be described by the following model Hamil- .
tonian: 9=4e V%oV

A. Hamiltonian

e, (4)

wherel is the thickness of the insulating layer in a junction.
With the change of variablesp=iAhw/2(a’—a), q

=\hl(2w)(a'+a), y; can be rewritten
Here Hynoton is the Hamiltonian of the cavity mode, which (2o)( ). 7

we express in the forrﬂip.hoton=ﬁw(afa_+ 1/2), wherea’ _ ¥i= b~ g\wlhq, (5)
anda are the photon creation and annihilation operators with ) ) ) )
commutation relatiofa,a’]=1. H,(j) is the Hamiltonian ~Wherep and g satisfy the canonical commutation relation

of the jth junction, which implicitly contains the coupling to [p,q_]= —if. o
the cavity; it can be written as Finally, we decompose the Hamiltoni&h) as follows:

H= thoton+ zj: HAJ)- 1

1 — — (i
Hii)=5U(n; —n;)2-Jcosy;, 2) H_thoton"—; H3(5) + Hine, (6)

where the first and second terms represent the charging at{'ere
Josephson energies of a junctidh=4e?/C is the junction 1
charging energijzh_IC/(_Ze) i_s the Jos_ephson coupling HS(j)zEU(nj—E)Z—J oS¢, (7)
energy, C is the effective junction capacitance, ahdthe
junction critical currentn; is an operator which represents gng
the difference between the number of Cooper pairs on the
two grains comprising the junction, amg is related to the

— Hing=—14J COS7y; — C0S¢;). 8
gate voltage applied across the junction. Althouglcould, nt EJ: (cosy, ) ®
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In this form, the photon-junction interaction is entirely con- (O(t))=Trp(t)O]. (11

tained in the last term. _ . _ _
Here p(t) is the density matrix of the system at timede-

fined by p(t)=U(t)p(0)UT(t), whereU(t)=exp(—iHt/%)
is the evolution operator anal0) is determined by the ini-
As in Ref. 1, we diagonalize/{ in a complete basis tial state of the system.
formed from the direct product of the eigenfunctions of We have carried out extensive calculations for the Hamil-
Hphoton @Nd Hg(j). The eigenfunctions off{q0n are, of  tonian (1), using the product basis described above. In our
course, harmonic oscillator eigenstates; the normalizd calculations we have arbitrarily use@=0.7 and A w/U
eigenstate has wave function =0.3, representing a case where the charging energy, Jo-
sephson coupling, and photon energy are all comparable. The
1 ) attainability of these parameters in realistic systems is dis-
hn(Q):Wexﬁ_y 12)Hn(y), cussed further below. Most of our calculations have also
_ _ ) been carried out near the value=0.258, corresponding to
where Hy(y) is a Hermite polynomial of orden andy  the case where the energy difference between the two lowest
= (w/f)"q. An eigenfunctiony/(¢;) of H3(j) with eigen-  junction levels equals a single quantum of photon energy. In
valueE®)(n;) can be written ag(¢;) =exp(n;¢;,)7(¢;) and  our single-junction calculationsthis choice leads to reso-
satisfies the Schdinger equatiorﬂ-{g)(j)lp((pj):E(i)¢(¢j), nant absorption of a single photon and to maximum en-

B. Method of solution

Using the representatiam = —id/d¢; , which follows from tanglement between the junction and the photon states. For
the commutation relatiopn; , ;1= —i, we write the Schiro  larger number of junctionsN=4) we found that we have to
dinger equation as tune n slightly away from the resonance condition of the
_ single junction to get the system on resonance again.
d?Y(x) (8EW In all of our calculations, we use a truncated basis of the
+|——+2Qcos X |Y(x)=0, 9

eigenstates 0f o100 aNd ong(j). ForN=1,2,3 junctions,
we include the first nine photon eigenstates and the first five
where x=¢;/2, Y(x)=n($;/2) and Q=4J/U. This is a |evels of each junction, i.e., a total oP<®BN states. FoN
Mathieu equation with characteristic val!)=8E1/U =4, we use fewer eigenstates: the lowest eight photon states
and potential of strengt. The eigenvalue&") are deter-  and the first four junction levels. In all cases, we confirmed
mined by the requirement thai(¢;)=#(4;+2m) or, the numerical stability of our results by increasing the di-
equivalently,Y (x+ ) = exp(—2in;m)Y(x). Thus we are inter- mensionality of the basis and finding that there is almost no
ested only in the Floquet solutiong, (x) of the Mathieu change in our results. As another check, we have calculated
! Tr(p), which should be time independent and equal to unity
for our normalization. We find that this trace does remain
o = i o ) equal to unity to high accuracy for all times considered, thus
of 73(j) by E/(n;). Itis sufficient to consider only €n;  providing evidence that we have correctly diagonalized the
<0.5, because the eigenvalues7{(j) are periodic inn; Hamiltonian.

with period unity and are symmetric abaut=1/2.

Now, any eigenstateV (e, .. .,éy,q) of the Hamil- IIl. RESULTS AND DISCUSSION
tonian’ can be expressed as a linear combination of product A. Reduced Hamiltonian
wave functions consisting of eigenfunctions &fot0n and
the H3(j)’s, i.e.,

dx? U

equation(9), with Floquet exponenv,:ij—ZFj, where
kj=0,£1,£2,... . Wedenote the corresponding eigenvalue

The main goal of this paper is to study how well the
results of this exact diagonalization procedure can be
N matched by a reduced Hamiltonian which includes only the
V(dy, ..., 0n,0)= E Ak1~~kN,nhn(Q)H I (&), !owe_st two energy levels from each jynction. For the one-
ki...ky.n j=1 junction case, the two-level approximation was already
(10 tested in Ref. 1 abh=0.258. At this value of, the splitting

where l//k.(¢j)ZGXPGH_J'(ﬁj)Yk.((ﬁj/Z) andN is the number of between the two lowest Ievgls eguals the single-photon en-
junctionsJ in the resonator. JThe only term’ which is not ergy iw. The reduced Hamiltonian then takes the Jaynes-

diagonal in this product basis is the interaction téty . We Cummings forrf

can ob'gain the_ product coefficie_nts and eig_enve_;llues by di- Hyc=hw(a’a+S,)+£a'S_ + & as, . (12)
rectly diagonalizing the Hamiltonian of E¢l) in this prod-

uct basis, i.e., by solving the Sciiioger equation Here the junction is represented as a quantum spin 1/2, with
HWY (4,q)=EW¥(¢,q), where we use the shorthand notation[ S, ,S_]=2S,, and the junction energy zero is shifted so
¢=(¢1, ..., ¢n). Once the eigenvalueB and expansion that the lowest two levels are % w/2. The matrix element
coefficientsA, .. i . are known, we can study the time evo- coupling the junction and the field is given by

lution of the system given its state at timhe 0 and hence =(f|3Hu/i), whereH;, is the one-junction version of ex-
obtain the time-dependent expectation value of any operatgression(8); the ket|i)=|n=1;k=0) is a wave function
O at timet using containing one photon and the junction in the ground state
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FIG. 1. (a) Time dependence df+J) (solid curveé and of(Hphoton (dashed curve plotted for one junction witin=0.258(on-resonance

condition. The system is prepared at tinhe 0 in the statgn=1;k=

0). The other parameters af@=0.7, /U=0.3, andg=0.15. (b)

Same aga) except that we show the time-dependent probability for finding the Josephson jufsdtiimhcurve and the photonic resonator

(dashed curvein their first excited states.

(k=0), while |[f)=|n=0;k=1) is a state with zero photons
and the junction in its first excited statk=1). To first order

Hp =HS,+H,,,, (15)

in g, Hin=—Jgyw/hqsing and, hence, to the same order yhere the zeroth-order Hamiltonidy, is the same as the

in g, Dicke H2 appearing in Eq(14), but the interaction part of
. . .
e~—(Jg/ \/§)<k=0|sin¢|k=1). (13) the Hamiltonian,, is now
This completes the definition of the reduced Hamiltonian for N N

one junction and establishes its relation to the full Hamil- 3, = > (¢afsP+ ¢ ash)+0
i=1

tonian of Eq.(1).
A naive extension of the reduced Hamiltoniéi®) to N
junctions would b¥&

Hp=H3+Hyp, (14)
where

N
H%zﬁwaTaJrhwzl S
=

N
Hp=2>, (éa'SD+gras)).
=1
HereS! , sV andsY) are the lowering, raising, and inver-
sion operators of th¢th junction, which satisfy the commu-
tation relations

[, 89]= =805,

[SP,sW]=280 5.

> (SPsM+sglh),
o
(16)

The physics behind this reduced Hamiltorffais discussed
further below, in Sec. IlID 2.

B. Review of the single-junction solution

We first review the time-dependent solution to the Sehro
dinger equation for a single junction in a resonattfrthe
initial junction-cavity state ign=1;k=0), then the system
evolves in time according to the evolution operatd(t)
=exp(~iHt/h). Figure 1 shows the resulting time-
dependent expectation valugx’) and (Hpnoton» @S calcu-
lated using Eq(11) and the full Hamiltoniar{. Figure 1
also shows the time-dependent probabilities for finding the
junction and the resonator in their first excited states, given
this initial state. The system wave function is evidently an
entangled state oscillating betweén=1;k=0) and |n
=0;k=1), with a period T=675:/U for our particular
choice ofg, Q/U, and 2w/U. When the Rabi period for
oscillations between the Josephson-photon entangled states

The Hamiltonian (14) resembles the one-mode Dicke s calculated using the two-level approximation, it is found to

model®*® which describesN identical two-level atoms

be ##i/|£|=667h/U, in almost perfect agreement with the

within a radiation wavelength of each other, all interactingresult obtained from the full Hamiltonian.
with a single-mode resonator. The initial-state problem con-

sidered later in this section has been solved exactly for this
Hamiltonian in a cavity containing one or more accessible

electromagnetic modés:°

C. Several junctions, asymmetric initial state

Next, we consideN junctions such that initiallyat time

For the present system, when the resonator contains mote=0) one junction is in the first excited state, while the

than one photon, the Hamiltoniaii4) does not reproduce
the full time-dependent solution to the Sctimger equation

remaining (N\— 1) junctions are in the ground state, and the
cavity initially contains zero photons. Thus all the junctions

for N=2, at least for our numerical parameters. Nevertheinteract with the vacuum fluctuations of the cavity mode via
less, as shown below, the full numerical solution is still well the Hamiltonian ;.

approximated by another reduced Hamiltonian in which each Our primary interest is to compare the time evolution cal-
junction is represented by a basis of two levels only, namelyculated from the exact Hamiltonian with that obtained from

224512-4



SEVERAL SMALL JOSEPHSON JUNCTIONS INA ... PHYSICAL REVIEW B5 224512

(a) N=2 (b) N=4
1
c 0.9 0.95 FIG. 2. Time-dependent inversiofi(t) [Eq.
o 08 0.9 (17)] for (8 N=2 and(b) N=4 junctions in a
g 0.7 0.85 resonator, calculated using the full Hamiltonian.
> Initially, one junction is in its first excited state,
c 06 0.8 . . .
= 05 075 while all the other junctions and the resonator are
o 05 1 15 5 o 05 1 15 5 in their ground states.
Time (10° #/ U)

the two reduced Hamiltonians discussed above. We will fo- When we calculateS(t) using our direct diagonalization

cus our attention on the “inversionS(t) of the system, de- scheme, we find that the numerical results are in excellent

fined as agreement with the predictions of the two-level approxima-
tion (18) for N=1, 2, 3, and 4 junctions in the resonator, at

1 least for several Rabi periods of oscillation. In Fig. 2, we
S(t)=<Sz(t)+ §>’ 17 show the inversion as calculated using the full basisNor
=2 andN=4.
where the average is taken with respect to the quantum state
of the systemS(t) is the sum of the probabilities that the D. Dicke-symmetric states

junctions are in their first excited states, and satisfies O Neoxt we consider an initial state in which all the junc-

=S(t)=<N. This quantity is of interest becaude» dS/dt  isns are in the ground state and there mmghotons in the
fl is the rate qt Wh|ch energy is transferred from the J“nc'system a=1, 2, 3. This is a simple case in which the initial
tions to the cavity or vice versa. o state of the system is symmetric under the interchange of any
For tghe initial state considered in this section, it has been,, junctions. We have solved for the time-dependent state
proved?® for the Dicke mode[Eq. (14)] that of the system using the full Hamiltonian and compared the
1 results to the approximate Hamiltoniafsd) and (15). Re-
1 T sults of our calculations are shown in Figs. 3-5.
S(H=1 N5|r12(|§|\/ﬁt/h). (18) As can be seen from these figures, the one-mode Dicke
model defined in Eq(14) does not reproduce the full nu-
Thus, the frequency of energy transfer between the photoperical solution fom=2. But the numerical solution is well
field and the junctions is proportional ¢N. The group oN  approximated by the reduced model Hamiltonid), in
junctions behaves somewhat like a single junction with avhich each junction is still represented by only two levels.
coupling to the cavity mode of/[N¢ instead ofé. It also  This Hamiltonian differs from the Dicke model only in the
follows from Eq.(18) that the photon field never gains more |ast term, which is proportional t8 and which represents an
than 1N of the energy initially stored in the excited junction. effective direct interaction between the junctions. This term
Thus, asN increases, it becomes progressively less likelyis needed in order to obtain a good fit between the predic-
that a photon will be emitted into the cavity, the energy re-tions of the reduced model and the exact Hamiltonian, even
maining largely trapped within the junctiofactually, within  though the junctions in the original model Hamiltonig#g.
the initially excited junction The existence oN—1 unex-  (1)] have only an indirect coupling with each other through
cited junctions(or “atoms”) has the effect of preventing the the electromagnetic field.

emission of a photon from the initially excited junctibha A similar model Hamiltonian to Eq(15) has been studied
phenomenon known as “radiation suppressiéf.” in Ref. 22 for two atoms in a cavity. This model differs from
@ (b)
1 I3 I 5 1
it 0.8
0.6 FIG. 3. (a) Time-dependent probability for
0.4 finding any one of the junction&solid curve or
2 = 0.2 the photonic resonatqdashed curvein its first
% .g 0 excited state foN=2 (top) andN=4 (bottom).
s 5 1 The system is prepared at tinte=0 such that
o 2 0.8 there is one photon in the system and all the junc-
o = 0.6 tions are in their ground state) Same aga)
0.4 except we show the inversia$(t) of the system
02 as defined in Eq(17).
0

-
(3]
N
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5 (@) N=2 (b) N=3 (c)N=4
_§1.5
2 05

%1 2 8 4501 23 4501 238 45

Time (103 #/U)

FIG. 4. Time-dependent inversid#{t) for m=2 excitations andN=2, 3 and 4 junctions in the resonafda), (b), and(c), respectively.
The initial state has two photons in the resonator, and all the junctions in their ground states. The solid line is the full numerical solution, and
the dotted line follows from Eqg28). Note in particular the decrease in the Rabi period of oscillatioN areases. Other parameters are

the same as in Fig. 1 except thgt=0.2598 forN=4.

the present one, however, in that the direct coupling in Ref. N 1
22 represents a specific term in the Hamiltonian, namely, an M=a'a+ E S§1)+ E)’ (19
effective dipole-dipole interaction between the atoms. In the =1

_calculations_ to _be presented_below, the _Coupling strefigth \yhich also commutes with{, and thus is also a constant of
in the Hamiltonian of Eq(15) is treated simply as a param- the motion. In this case it is convenient to study the Hamil-
eter determined by best fitting to the numerical data. Howygpjan 745, using the basis vectors formed from the direct
ever, it can also be derived explicitly from the full Hamil- product of the eigenstates ¢ff anda'a. We denote these

tonian, as we show beIOV\_/. states a$m;n), where
There is one further point to be made about these numeri-
cal results. Namely, as long as<N, we find that the inter- M|m;n)y=m|m;n),
action term¢ which best fits the computed time evolution is
numerically equal to that which enters the single-junction a*a|m;n>=n|m;n>, (20)

reduced HamiltoniafEg. (13)] when there is no more than ) ) _

one photon present. This result is intuitively reasonable, be@nd O=n=m. Note that the time evolution of the system is

cause in this symmetric case all the junctions in the resonatd@stricted to aifi+ 1)—d|men5|o;13al subspace spanned by the

share equally in the photons, and thus, fieeN, none will ~ basis vector$m;0), ... [m;m).

absorb more than one photon. It is convenient to write out the statfen;n) explicitly.
Now we will discuss the basis used to study the Hamil-There aren photon excitations in the cavity amd—n exci-

tonian(15). The Hilbert space ol two-level junctions is ¥ tations distributed symmetrically among th¢ junctions.

dimensional. Thus the system is analytically intractable eved hus we may writem;n)=[n)®|m—n),, where[n) is a

for a small value oN unless there is some symmetry of the Fock state andm—n); is a normalized symmetric Dicke

Hamiltonian which confines the evolution of the system tostate of the junctions, described by

some lower invariant subspace. The Hamilton{da®) has

_ k
two useful symmetries of this kind. First, a symmetric initial K = N! 1/22 I+ |-

state is an eigenstate of the permutation operBfpr which [k)y= kI (N—k)! S =i | >J'|m¢1”_k | >im’
exchanges thgth andkth junctions. SincePj, commutes (22)

with the Hamiltonian of Eq(15), a symmetric initial state ] .
evolving underHp, will remain symmetric at later times. Where |+);=|k=1) (|=);=[k=0)) is the spin-up
The second symmetry involves the excitation number opera-down) state of thelth junction and the summation is over

tor permutationsP among theN junctions.
(a) N=3 (b) N=4 FIG. 5. Same as Fig. 3, except that the initial

3 state has three photons in the resonator and cal-
c 25 culations are carried out foN=3 and N=4
o o junctions, as indicated in the figure.
n
= 1.5
()]
> 1
c
- 05

0

0 1 2 3 5 0 1 2 3 4 5

4
Time (10 #/ V)
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We now discuss the cases nf=1,2,3 excitations and that is,N times the rate of a single junction. Thus the pres-
compare the time-dependent states obtained from the fuince ofN junctions in the cavity gives rise to a collective
numerical solution to the predictions of the two level ap-behavior.

proximation, using the basjsn;n). Figure 3a) shows the time-dependent probability that the
Josephson junctionsolid curve and the photonic resonator
1. One excitation(m=1) (dashed curveare in their first excited states fdi=2 and

In this case, our numerical results are well described by —4- The system is prepared at tirre 0 with all the junc-
the Dicke Hamiltonian[Eq. (14)], at least forN<4. This tions in the ground state and the resonator in the number

behavior is expected, since the junctions cannot interact dftate[n=1). The system develops into an entangled state
rectly with each other in the presence of only one photonSUch that the photon is shared equally among all the junc-
For one excitation in the system, an exact solution for g°nS- This behavior can be seen both in the two-level ap-

two-level system can be found even in a damped ca%ity. proximation and in the results of an exact calculation. In Fig.

the absence of damping, the wave function of the system if(?) We show the inversiors(t) calculated using the full
the interaction picture can be written in the two-level ap-Hamiltonian forN=2 andN=4 junctions and one excitation

(m=1). The numerical results are clearly in excellent agree-
ment with the predictions of the two-level approximation

|W'(t))=Cy(t)|1;1)+ Co(t)|1;0). (220 [Eaq.(29)]

proximation as

From the time-dependent Schiinger equation(taking 7% 2. Two excitations(m=2)

=1 hencefort . .
d For m=2 we need consider only three eigenstates of the

Hamiltonian. In the interaction picture the system wave func-

Hg|«1r'(t)>=i%|\1f'(t)>, (23)  tionis
we obtain [W!(1))=Cy(1)]2;2) + C4(1)|2;1)+ Co(1)]2;0), (27)
dC,(t where the coefficients satis
S Ny, Y
.dCy(1)
dCo(t) | = £V2NCy (),
—gr & INCy).

Taking the junctions initially to be in their ground states and dGu(V) =

£ \2NCy(1) + QC1 (1) + £V2(N—1)Cy(1),

assumingn=1 photons in the systeri.e., C;(t)|;—o=11], dt
we find that
. dCo(t)
C,(t)=cog | & NY), i~ =& J2(N—=1)Cy(1).
Co(t)=sin(|&|VNt). Assuming an initial stat¢2;2), i.e., a state containing two

i _ photons, with all the junctions in their ground states, we find
Thus the system oscillates between the states 1:n=1)  {hat the solution of these coupled equations is
and [m=1;n=0)—that is, the junctions alternately absorb

the photon of the field, then reemit it, in a reversible evolu-

tion, as expected in a lossless cavity. The oscillation period  C,(t)= ————{¢(N—1)+Ne '*Vq ¢ coq {t)
T«N~2 From this solution, the inversion of the system {(2N-1)
[Eq.(17)]is +iQ sin(t)]},

S(t)=sir(|¢[VNv), (24) .

. C(t)=—iV2N(&/ e " sin(¢t),

and hence the rate of radiation into the cavity is

ds(t) ey NN=1)

()= —0—g—=—olg \Nsin2|gND). (29 VT 2eN-1)g
—i0/2 L0 < _
Both the oscillation frequency and the amplitude of the rate x{e"" 2l cod ) +iQd sin({t)] - 24},
of radiation are proportional t¢N, a signature of a coopera- (29
tive phenomenon. For very short times, the rate of radiation
into the cavity is where {=3Q?+8|¢?(2N—1). The probability of a two-
junction excitation of the system B,(t)=|Co(t)|?, which
I(t)~—2w)|£&|?Nt, (26)  can be reduced to
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P(t)= %[2§2—Z(2N—1)|§lzsin2m)
—2%coq {t)cog Qt/2) — QO Z sin({t)sin(Qt/2)].
(29)
For (=0, this becomes
Pa(t)= M[wazt)—l]z, (30)
(2N—1)2

so that the Rabi period of oscillation is now,=[2(2N
—1)]1¥3¢|. Since |P,(t)|<N(N—1)/(2N—1)?<1/4, the

system is unlikely to contain two excitations simultaneously.
Even if Q#0, the same statement is still valid, but the time

PHYSICAL REVIEW B 65 224512

we find Q/(|£|%/ w)=4.89, 9.65, and 14.42 fad=2, 3, and

4. For comparison, the best-fit values(@fto the numerical
results of Fig. 4 are)/(|¢|%/ w)~5.74, 4.46, and 13.40 for
N=2,3, and 4, respectively. We do not ascribe great signifi-
cance to the discrepancy between the analytically obtained
and best-fit numerical values for K 3, since the latter is
inferred from the shape of the envelope of the oscillating
inversion curve of Fig. ®).

3. Three excitationgdm=3)

In this case the wave function at any tirhén the inter-
action picture is

3
|~If'<t)>=i§0 Ci(1)]3;i), (33

evolution is no longer perfectly sinusoidal, but instead is _ o .
characterized by beats with a period inversely proportional tovhere the expansion coefficients satisfy

Q.
The inversion of the system is given by

S(t)=[Cy(t)|>+2|Cq(1)]?. (3D

dcy()
'Tat

£V3NCy(1),

A full expression for the inversion readily calculated from . dGy(1) _

Eqgs.(28) is quite complicated and is not given here. Figure 4

shows the results obtained numerically for=2, 3, and 4,

using the full basigsolid line), as well as the inversion cal-
culated from Eq(31) using the modified Dicke model with

Q) #0 (dashed ling

We now discuss the origin of the extra direct interaction

in the effective Hamiltoniari15), in light of these numerical

results. Equation27) expresses the wave function for two

— =& VBNC;(1) + QCy(t) +2EN—1Cy(1),

d(fjlt(t) — 26 JN=1C,(1) + OCy(1) + £/3IN=2)Cy(1),

dCy(t
i$=§*\/3(N—2)C1(t).

excitations as a linear combination of three states, which wi

will denote compactly aga), |b), and|c) respectively. In

the absence dft;,;, these states are degenerate. According to _ 2 2 2
: - = + + :

the Dicke modelH, breaks this degeneracy because some S(t)=[Co()]*+2|Ca(1)|*+3|Co(V)] (34)

of the matrix elements o, between these states are non-in Fig. 5 we show the results obtained from the full numeri-

The inversion of the system in this case is

zero. This is thdirst-order effect of H;,, (or, equivalently, in
9).

However, there is also second-ordereffect. Namely, as
is well known from degenerate second-ordemidin pertur-
bation theon?® the effective Hamiltonian matrix elements
between, for example, statéa| and|b) should be written

int| r ><I’ | Hint| b>
Ea_ Er '

H
(alHerl0)= el + S
(32

Here the sum runs over all state$ other than|a), |b), and

|c). These are the terms which give rise to the extra interac-

tion proportional to() in Eq. (15).

cal solution(solid line) and from Eq.(34) (dashed ling for

N=3 andN=4 junctions. Here the best-fit values Qf are
given such that)/(|£|?/w)~7 and 13.4, respectively. For
comparison, the second-order degenerate perturbation calcu-
lation mentioned above give€/(]¢?/®)=10 and 15.5.
Once again, the agreement between the analytical and nu-
merical best-fit values is quite good, especially considering
that the numerical values are extrapolated from the envelope
of a curve which is itself obtained numerically and, hence,
are subject to some uncertainty.

E. Coherent state

As a last nontrivial case we consider the system such the

To confirm this hypothesis, we have calculated these maresonator is initially in a coherent state. This case is of spe-

trix elements, including the terms second order #f),,

cial interest because the number eigenstates of the electro-

through orderg?. We do find that these terms produce amagnetic field are generally difficult to generate. Neverthe-

direct interaction between the junctions of the fofb%), as
found numerically. Specifically,

less, as we will see below, our main conclusion—namely, the

the matrix element enhancement of the junction-resonator interaction with in-

(b|Heg/b) becomes nonzero when these second-order termzeasingN—still holds in this case.

are included. Furthermore, we find that the valuéofound

A coherent stat¢s) with an average number of photons

from this direct calculation is comparable to that found nu-(n)=|3|? can be written as a linear superposition of number
merically. Specifically, for the the cases mentioned abovestates/s) with a Poisson distribution:
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(@) N=1 (b) N=2
FIG. 6. Time-dependent inversia#(t) for (a)
g N=1 and(b) N=2 junctions given that the ini-
z; tial state of the resonator is a coherent state with
o (n)=2 and the junctions are initially in their
£ ground states. The solid line denotes the full nu-
merical solution, and the dotted line follows from
the two-level approximation.
Time (10° #/ U)
2 B° might be smaller than the coherence time, making these os-
1B)=>, e IBT2—s). (35) cillations experimentally observable.
s Vst A striking feature of our numerical results is the presence
ForN=1, it is easily proved that the inversion of the system®f an effectivedirect interaction between the junctions, re-
is given by sulting from the cavity. This interaction has the form of a
dipole-dipole interaction between the “spins” representing
1 1 181 the two lowest levels of each junction. This extra interaction
S(t)= 5~ Ee"B' sZo Tcos(Zf\/gt), (36) must be included in the effective two-level Hamiltonian in

order for it to reproduce the numerical results obtained from

which shows the phenomenon of “collapse and revival’; i.e. the full Hamiltonian at long times. While the analogous term
the envelope of the Rabi oscillations periodically “col- in atomic physics is a true dipole-dipole interaction, in our
lapses” to a half with a subsequent “revival” at later model it arises through the effects of the higher-energy levels
times>2® For N>1, the analysis of the previous subsectionOn the two lowest states, as calculated throughwdia
can be readily generalized to treat a coherent initial state. Sécond-order perturbation theory. _ o

As an example, we show in Fig. 6 the inversis¢t) for Our numerically calculated strengths of this effective in-
N=1 andN=2 assuming8=+2. The solid lines follow teraction agree reasonably well with those predicted by
from the full Hamiltonian while the dashed lines are from theSecond-order perturbation theory. The slight discrepancies
reduced Hamiltonians of Eqg12) and (15). The best-it between the two probably arise from uncertainties in the nu-
value ofQ) in this case i€2~5.74¢|% w. This value ofQ is ~ Merically calculated strengths, which are read off a solution
the same as for the number state considered beforerwith 10 coupled time-dependent differential equations. We con-
=2 excitations. The enhancement of the junction-cavity in.Clude that second-order perturbation theory is adequate to

teraction can be seen from the decrease of the period &eat de.partures from the Dicke mO(_jeI for thejunqtion—cavity
oscillation in Fig. §b) compared to Fig. @). interaction strengths we have considered. In reality, we have

probably considered a worst-case scenario for the Dicke
model—i. e., we have considered an interaction strength
IV. SUMMARY AND CONCLUSIONS which is larger than is likely to be encountered in a real

The present paper extends our previous publichtothe system(see below—the perturbation treatment is likely to
case ofN>1 identical junctions interacting with a single P& €ven more accurate than what we have found.
lossless cavity mode. Although oversimplified, this model Before concluding, we briefly discuss the case of non-
has the advantage that we can obtain detailed, numericalfféntical junctions. Obviously, this is an important consider-
exact dynamical solutions with a range of initial conditions. &tion for Josephson junctions since, in contrast to atoms, it is
Our treatment of the Hamiltonian is entirely quantum me-iMpossible to fabricate perfectly identical Josephson junc-
chanical. tions. To test whether the coherence survives when the junc-

We have diagonalized the Hamiltonian exactly, using alions are nonidentical, we have repeated the two-junction
basis large enough to ensure accuracy, and compared 0g(f'llculatlons shown in Figs. 2—4 using J'unctlons which 'd|ffer
results to those of a reduced Hamilton{dy. (14) or (15)], sllghtly fr_om one another. _For convenience, we considered
in which each junction is represented by two levels only. ThéWo junctions with slightly different values df but the same
reduced Hamiltonian resembles the one-mode Dicke Hamilvalues ofU. With these parameters, the resonant values of
tonian but contains a direct interaction term between theare slightly different for the two junctions in the same cavity.
junctions. For short timeéf the order of several Rabi peri- We find that, if the twoJ's differ only slightly (by only
ods the agreement between results obtained from the two1%—3% for our choice o8/U), the coherent behavior, as
level Hamiltonian of Eq(14) or (15) and those found from signaled by the/2 enhancement of the Rabi oscillation fre-
the full Hamiltonian [Eq. (1)] is excellent, but decreases quency, survives. For greater differences betweedthehe
somewhat for longer times. Also, as expected for a Dickecoherence disappears and one finds instead two distinct reso-
like model, the system of several identical junctions behavesances, each with an unenhanced Rabi oscillation frequency.
just like a single junction for short times, but with an en-  We have also carried out similar calculations in other pa-
hanced junction-cavity coupling strengéh/N and a corre- rameter regimes—specifically, f@ varying between 0.01
spondingly decreased Rabi period. This reduced Rabi perioand about 3with g remaining unchangedThe qualitative
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results—that is, the presence of Rabi oscillations and thestimatedto result from the parameters just described. Such
characteristic ~ frequency changes associated witla smallg would certainly cause the two-level approximation
coherence—are unchanged. to be even better than found in our calculations here. But it
Finally, we briefly discuss whether the present systemwould have the disadvantage of producing longer Rabi oscil-
could be constructed in the laboratory. The values of thdation time and hence of making coherence over a Rabi pe-
parameters entering the model have been estimatedbd more difficult to achieve; it would also lead to a much
previously! For a cylindrical cavity of lengthl and radius, lower power radiated. Thus, the largest possibis clearly
a typicalg [Eq. (4)] was found to bey~3l\a/(rd), where desirable in order to detect this effect. The Rabi period could
a=¢e?/(hc)~1/137 is the fine structure constant dnis the  also be decreased by junctions with larger critical currents
junction thickness. Achievable values of the other parameterian those considered here. However, the critical current is
were estimated abl~10 1° erg ~8 K, and w~2c/r. In  limited by the requirementw<A, whereA is the supercon-
order to attainQ~0.7, as used in our calculations, we needducting gap. Thus, the best hope for observing these oscilla-
JIkg~3 K or a critical currentl,~0.1uA. To obtain tions may be to reduce the decoherence effects.
ho/U~0.3, these estimates giva~10 % cm and r
~0.1-1 cm, where& is a typical junction dimensioke.g.,
island size, junction radigsThese values, which would give
w~100 GHz, are achievable with present technology. The We thank professors G. P. Lafyatis and D. W. Schumacher
corresponding maximum power radiated into the caMiy.  for useful conversations. This work has been supported by
(25)] will be of the order of 10N W. the National Science Foundation, through Grant Nos.
However, the valug=0.15, used in our calculations, is DMR97-31511 and DMRO01-04987. Computational support
much larger than the valug~10~° which was previously was provided, in part, by the Ohio Supercomputer Center.
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