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Transition spectra for a BCS superconductor with multiple gaps: Model calculations for MgB,
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We analyze the qualitative features in the transition spectra of a model superconductor with multiple energy
gaps, using a simple extension of the Mattis-Bardeen expression for probes with case | and case Il coherence
factors. At temperatur&=0, the far-infrared absorption edge is, as expected, determined by the smallest gap.
However, the large thermal background may mask this edge at finite temperatures and instead the secondary
absorption edges found &t +A; may become most prominent. At fini if certain interband matrix ele-
ments are large, there may also be absorption peaks at the gap difference freduﬂaﬁcmﬁs/h. We discuss
the effect of sample quality on the measured spectra and the possible relation of these predictions to the recent
infrared absorption measurement on MgB
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Among the unusual features of superconductivity ina calculation as a first step in understanding the absorption
MgB:, is the widely discussed possibility that there may existspectra in MgB. Various further corrections should be in-
several distinct energy gaps. The larger gap or gaps amuded in the strong-coupling limif, although they may not
thought to be associated with electrons in the bopgp  change the calculated absorption spectra qualitatifely.
bands, frequently referred to as “two-dimensid@al) We adopt a BCS-like multiple-gap model proposed by Liu
bands” because of their very weak dependencekpnthe et al' In this model, the self-consistent gap equation is writ-
component ok parallel to thec axis. These bands appear to ten as
be strongly coupled to a particulaEfg) phonon mode and
are believed primarily responsible for the high superconduct- A=S U--A-wa N_(g)ta”h(ﬁEj@)/Z) d @
ing T, (~40 K). Interactions between these 2D electrons L SR E;(é€) ’
and those in other bandépecifically, the “3D” bands .
formed by the Bp, states lead to superconducting gaps in Where 8= 1kgT, with T the temperatureA; one of then
the spectra of these other electrons. A multiple-gap structur8@PSUjj the corresponding X n effective phonon-mediated
can be described either with a simple BCS framewaorkby electron-electron interaction matrix calcu'lated in Ref. 1,
more detailedab initio calculations using the Eliashberg Ni(§) the normal density of states for thiegh band, and
theory? The result of such theories is that the average 2D gaffi(§) = VA{+ &, é=e—pu (where e is the single-particle
A,p is about 3 times larger thaksp, . These predictions are €nergy andu is the Fermi energy Finally, wp is a cutoff
supported experimentally by heat capaéity, tunneling®=®  energy, which is assumed to be the same fon&lands. The
photoemissiort® and penetration depthmeasurements. solution of then equations(1) givesA;(T). In a single-gap

In this work, we present a simple model calculation of theBCS superconductapy, is of order the Debye frequency. In
transition spectra in a superconductor with multiple gapsMgB; the value wp~7.5 meV needed to producé,
using a natural extension of the Mattis-Bardeé&viB) ~40 K is much smaller than the physically relevant logarith-
formulas'? We find that this model is not only consistent mically averaged phonon frequenay,=56.2 meV(Ref. 1);
with the observed infrared absorption edge in Mg®hich  this discrepancy would probably be removed by the inclu-
occurs at anomalously low frequencies relative to the singlesion of strong-coupling corrections omitted from Eg). In
gap BCS prediction, but also predicts that a characteristiany case, the BCS model predicts gaps in MgBose ratio
additional structure in the absorption may be observed undeand temperature dependence agree fairly well with detailed
certain conditions. calculations employing the Eliashberg theory of

In our calculations, we consider only the effects of mul-superconductivity [cf. Fig. 1a@]. We therefore use the
tiple gaps on coherence phenomena and on the supercomodel of Eq.(1) to calculate absorption spectra in Mg
ducting density of states, and neglect nonlocal electrodythe hope that the results will apply at least qualitatively.
namic effects. Such an approximation is known to become To calculate the absorption coefficients, we use the ca-
exact in either the dirty limitl<&,, wherel is the quasipar- nonical transformation approach as described, for example,
ticle mean-free path ang, is the coherence lengttor the  in Tinkham?® If there are multiple gaps, one may generalize
“extreme anomalous” limit ké,>1, wherek is the wave the standard single-gap expression for the coherence factors
vector of the perturbation In fact, neither of these limits (ur’*wu’)? and uu’ ¥ vv’)? by replacingA? in these ex-
may actually be applicable to samples of MgBith multiple ~ pressions byAA’ (in the notation of Ref. 18 so that, e.g.,
gaps(in particular, a single gap would normally be expected
in the dirty limit.®). Nevertheless, previous calculations sug- 01 EE AN’
gest that the MB formalism gives at least a reasonable quali- (uu'srr")"=5{1
tative description of experiment in single-gap superconduct-
ors, even when used beyond its nominal validity limit. TheHere the upper and lower signs correspond to the so-called
calculation is also very easy. Thus, it is reasonable to do suctase | and case Il coherence factors determined by the time-
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4; (meV) o In the single-gap case, the ratin;/«y calculated from

Egs.(3) and(4) is usually referred to as the Mattis-Bardeen

S formula. The corresponding ratio for the multiple-gap case is

BT K readily calculated using Eq$3) and (4). The normal-state
value is justay=3;|M;;|?N;(0)N;(0)% », and hence

=
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i @(meV) h@(meV) with IIJ given by Eq(4)

The required integrals take very simple formsTat0. In
this casef(E)=1 for E<0 andf(E)=0 otherwise, and Eq.
(4) becomes

|T:O—J\7Ai |E(E+ﬁw)1A,AJ|dE
! Ao E2=AZ\(E+hw)? =AY
o) AT Introducing k{"=(hw)?—(A;+A)? and k{)=(fiw)?
— (A —AJ-)Z, we can write this integral in terms of complete

FIG. 1. (a) The temperature dependence of the two gaps for thex|liptic integralsE and K. For the case | coherence factors,
model discussed in the texb) and(c) The frequency dependence Eq. (6) simply reduces to
ki o
k(D)

6

of the case | and case Il absorption coefficients for the same model

(normalized to the normal state valjies T=0.05T ; assuming(b)

Eq. (9) and(c) Eqg. (10) for the transition matrix elementéd) and Ii'j’T:°= o( ki(j+)) kij_ E
(e) Same aghb) and(c) but with T=0.5T.

reversal symmetry of the matrix elements. If thg&)’s near whereas for the case Il factors

the Fermi level are constant for each band and equal to KON aaA KD
N;(0), and if theelectron-phonon interaction is lineésoth |i'J!'T:0: 0(ki(j+)) k(" E(L - #K(LH

in & and in the ionic displacements, so that the upper and k(™ \/ki(j ) k™
lower limits of integration in Eq(1) are equal, then the terms (8)

linear in £ and ¢’ cancel when the integral over the coher- e step functiorg(x) appears because the upper integration
ence factors is carrle_d out. Bqth of t_hese assumptions Maymit in Eq. (6) should always be larger than the lower dne
fail to some extent in MgB [in particular, the electron- |, order to demonstrate the qualitative features of this

phonon interaction in MgBis exceptionally nonlinear in - model, we have carried out the numerical integration for the
(Refs. 1 and 1. We will nevertheless assume that the can-yyo-gap model of MgB.1” Even using this model, the ma-

cellation is almost complete and neglect the terms linedr in ¢ elementsM;; still remain to be calculated. Now, in

and&’ in Eq. (2).2° We also assume that the matrix eIementsMgBZY these two gaps are thought to come from two discon-
M;; for a one-electron transition between an electronic stat@ected Fermi surfaces. Since these are disjoint, the normal-
in bandi and a state in bandare the same for all states in state resistivity is likely to be determined primarily bytra-
given bands andj. The transition rate in the superconduct- hanq scattering. If so, theff-diagonal matrix elements\l |
ing state induced by a perturbation of frequeneys then  yyould be very small. Various scattering procesges., im-
found to be proportional to purity scattering, electron-phonon scattering involving a
large-wave-vector phongoncould, however, produce non-
aS:Z |Mij|2Ni(0)Nj(0)|ijv ©) zero off-diagqnal matrix elements in principle. We have
ij therefore carried out two model calculations, based on Eq.
(5). In the first, we have simply made the crude assumption

L |E(E+ﬁw)IAiAj| that all the factorsvi;;N;(0)N;(0) are equal, so that the Eq.
ij= \/EZ—A?\/(E+ﬁw)2—A]~2 (5) becomes simply
X[f(E)—f(E+hw)]dE. (4) (adan) =[S |ij/n2hw), ©
Heref(E)=1/[e%¥*e"+1] is the Fermi function, and the in- !

tegration in Eq(4) extends from— to + oo, except for the wheren is the number of bands. In the second, we have taken
regions where the argument of either square root becomed;;=0 for i #j, as suggested by the above argument, but
negative. The absorption coefficient in the normal state,  still assuming all diagonal elemeni;;N;(0)? to be equal,

is given by the same formula but with all,=0. so that
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, 6K =
(ozS/aN) = (2 |ii/nﬁw) . (10) 100 (o .,/:;,“"3’ 50 | ! %
| . E
M 25 3
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In Figs. Xb)-1(e), we show the transition rates as calcu- 3 ,,-'-/-;T 6K SrRract
lated from these expressions, for processes with case | 5 g joi/'
(dashed lingsand case I(solid lineg coherence factors, and g 00 o @f’& ¢
making either of assumptiof®) or (10) at T=0.05T, and R SO 3
T=0.5T;, as indicated. The case Il coherence factors corre- 025| e ;7 &
spond to ordinary far-infrared absorption or, equivalently, the .',.-’/ T =30.5K 3
real part of the frequency-dependent conductivity. We con- ! / o
sider two temperatureb~ 2 and 20 K. At very low tempera- R R S ST T RERY
tures, the absorption spectra for assumpti®nresemble a Photon Energy (meV) Photon (meV)
sum of three single-gap spectra which become nonzero at the Bretgy
three different possible values af +A; . If the matrix ele- FIG. 2. (a) Symbols: experimenta;(w), scaled to the 40 K

ments are diagonal, the spectra would resemble the sum Qhlue in the normal state, as measured on a 100-nm-thick film of
two single-gap spectra. In either case, the lowest frequencygB, (T.~30.5 K) (adapted from Ref. )3The dashed line shows
where absorption occurs is determined by the smallest gafhe fit of the 6 K data to the single-gap Mattis-Bardeen expression
which we denoteAiO, and occurs at frequenay= 2Ai0/ﬁ. (with 2A=5 meV), as given in Ref. 13.(b),(c) Calculated
Other absorption edges, whesig/ay has a slope disconti- @1(@)/an(w) for (b) a two-gap or(c) a three-gap model, assuming
nuity atT=0, occur at other values Uﬁi+Aj . but are not nonzero_ off_—dlagonal transition ma_tnx elements as dlscuss_ed in the
very prominent, especially for the case Il spectra. For thdeXt (solid lines, and for a BCS single-gap modéashed lines
present model, the smaller gagp~2.5 meV, and the cor- using 24=5 mevV.

responding absorption edge is ak 2, /kgT.~1.4, well be-
low the BCS value.

The case |l absorption coefficients at finite temperature
[Figs. 1c) and Xd)] show features not present in the lowest-
temperature plots, whether the transition matrix elements a
assumed to obey E) or (10). First, there is a weak below-
gap absorption for all frequencie’au<2Ai0. This absorp-

the normal state at 40 Kgy(w). These data show several
ynusual features. First, there is an apparent absorption edge
at 5 meV (well below both the weak- and strong-coupling
rsingle-gap BCS valugsand a large background absorption
below this edge. Second, the experimental data show a
weaker and more slowly risings/ o1y ratio above the ap-
éaarent absorption edge than a single-gap Mattis-Bardeen cal-

tion .is also present in the s!ngle—gap case. But jn th culation (shown for 22=5 meV andT=6 K as a dashed
multiple-gap superconductor, this background absorption, toI'ine). Finally, these spectra appear to have a characteristic

gethelrl Wgh th?. pealé feature d(l_?ﬁ_ussgd b_e IO\;‘.Il’l mailm?Sk thEetructure between 3 and 4 meV, present only in the supercon-
case Il absorption edge af?,. (This edge is still visible for —y ing state and reminiscent of the peak structure discussed

case | spectra, even at finife) Instead, for case Il spectra, apove. However, this experimentally observed structure
one of the secondary edges &t+A;>2A; may become could lie within the experimental uncertainty, which is larg-
more prominent than the minimum absorption edge. In addiest at low frequencies, where it is comparable to the scatter
tion, if the nondiagonalmatrix elements are substantial as in in the data pointé? Indeed, earlier data by Pronéat al?® is
Eqg. (9), there is an extra peak at the frequency of @@  inconclusive regarding the presence of such 3—4 meV struc-
difference 7 w;; =|Ai—A]-|. At this frequency, the integrand ture. More accurate measurements are needed to determine
in Eqg. (4) has two multiplicative singularitigsquare roots in  whether the peak structure is actually present in the MgB
the denominator of Eq4)] As a result, theag calculated spectra.
from Egs.(3) and(4) is proportional to—In(jo—w;), with a Clearly, the simple model of in Fig. 1 cannot be directly
coefficient which is proportional to the number of thermally applied to the measurements shown in Fig. 2. First,dhe
excited quasiparticles. However, if the matrix elements satparameter of the BCS modél) was chosen to givel,
isfy the diagonality assumptiofl0), this extra peak is ab- ~40 K, whereas the sample of Fig. 2 hfis~30.5 K. At
sent. The origin of this pe#® is the same as that of the minimum, we should multiply all the energy and temperature
better-known peak ab=0 in the single-gap case. This latter parameters used to obtain Fig. 1 by a factor~e8/4, to
peak is responsible for the rise of the nuclear relaxation rateccount for this lowefT . Also, the factorsv;;N;(0)N;(0)
1/T, to a value exceeding the normal-state value as the sureed not be independentiodndj, as was assumed for Figs.
perconductor is cooled through. .?* As in the 1T, case, the 1(b) and Xc), and the factorsv;N;(0)? need not be inde-
actual height and width of the peak [a@;—A;| can be de- pendent of as assumed in Fig.(d); these factors could also
termined only when th& dependence of the superconduct- depend on the polarization of the radiation. Finally, the ac-
ing gaps,A;(k), is included. tual distribution of gap values should be included. In the
We now move on to discuss recent measurements of thelean limit this distributio A;(k)] is predicted to be broad
infrared conductivity in MgB films.2* In Fig. 2 (adapted and to have several peaks in both “2D” and “3D” regiofs.
from Fig. 2 of Ref. 14, we show the measured real part of But impurity scattering should lead to “averaging” of the
the optical conductivityo;(®), normalized to its value in gap values in the experimental sample-@00 A). The re-
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sulting gap distribution depends strongly on the relativephasize that the extra sharp peaks in the insets are present
magnitudes of various scattering rates, and in MdgBese only if the off-diagonal matrix elementdl;; are substantial,
rates are thought to be small for scatterlmgfweer2D and  which may well not be the case in MgB
3D states;>*thus justifying the use of a “two-gap” model, |n conclusion, we have presented a simple calculation of
as mentioned above. But for relatively small Impurlty CoNn-far-infrared absorption in a model for MgBusing a gener-
centrations, the gap values should still have some dispersiof)ization of the Mattis-Bardeen formula to several gaps. The
around the averagk,p andAsp . The clean-limit results of - regiting absorption raties(w)/ay(w) shows a qualitative
Ref. 2 suggest that two slightly different gapsp, and  regemblance to the measured results. Specifically, the onset
Azp » might form on the two 2D Fermi surfaces if tiera- - of apsorption at a frequency well below the onset predicted
band scattering is stronger than scattering between two d'fby isotropic BCS theory, large background absorption below
ferent 2D bands, for relatively clean samples. the apparent absorption edge, and a slower rise of
To illustrate these effects, we have calculated ay for  , (4)/ay(w) than in the single-gap case are all easily re-
case Il coherence factors using EG.and(5), with param- 1, 5q(ced by the multiple-gap model. Thus, the recent optical
etersarbitrarily chosen so as to give a reasonable fit betwee onqyctivity measuremerfsappear to be consistent with the
the calculated results and the measuseday . To illustrate  pynothesis of multiple superconducting gaps in MgBf
possible effects of nontrivial gap value distribution, we usedeertain interband transition matrix elements are sufficiently
either two gaps4,p andA;p) or three gapshzp.1, Asp 2, arge, the multiband model would lead to a peak at a fre-
and Agp). In both cases, we have assumed that the offguency corresponding to the gap differenagy—Asp,

diagonal matrix elements are substanffalhe calculated \yhich might be observable at finite temperatures in moder-
curves shown in the insets of Fig.(olid line) have most of  4te)y dirty samples.

the features of experiment: an apparent absorption edge at a

frequency well below the single-gap BCS value, a large This work has been supported by NSF through Grant No.
background absorption below this edyjat finite T, and a DMR 01-04987 and the U.S.-Israel Binational Science Foun-
more slowly risingag(w)/ an(w) with increasing frequency dation, and also benefited from the computational facilities
above the absorption edge than is predicted by the single-gay the Ohio Supercomputer Center. We thank T. R. Lem-
BCS model(inset of Fig. 2, dashed lineHowever, we em- berger for valuable conversations.
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Y"From the parameters of Ref. 1 the produgts=U;;N;(0) take

the Va|ueSA11:0.96, A12:O.16, A2120.22, andA22:0.28,

with “1” referring to the 2D and “2” to the 3D bands. The
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cell)].

26The apparent absorption edge-aé meV in our fitted model is

actually due to transitions between the 2D and 3D bands that
begin atA,p+Agp (0r Ay 1+ Azp). The trueT=0 absorption
edge is at A;5=2 meV and is responsible for the large back-
ground below 5 meV, again consistent with experiment.



