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Transition spectra for a BCS superconductor with multiple gaps: Model calculations for MgB2
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We analyze the qualitative features in the transition spectra of a model superconductor with multiple energy
gaps, using a simple extension of the Mattis-Bardeen expression for probes with case I and case II coherence
factors. At temperatureT50, the far-infrared absorption edge is, as expected, determined by the smallest gap.
However, the large thermal background may mask this edge at finite temperatures and instead the secondary
absorption edges found atD i1D j may become most prominent. At finiteT, if certain interband matrix ele-
ments are large, there may also be absorption peaks at the gap difference frequenciesuD i2D j u/\. We discuss
the effect of sample quality on the measured spectra and the possible relation of these predictions to the recent
infrared absorption measurement on MgB2.
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Among the unusual features of superconductivity
MgB2 is the widely discussed possibility that there may ex
several distinct energy gaps. The larger gap or gaps
thought to be associated with electrons in the boronpxy
bands, frequently referred to as ‘‘two-dimensional~2D!
bands’’ because of their very weak dependence onkz , the
component ofk parallel to thec axis. These bands appear
be strongly coupled to a particular (E2g) phonon mode and
are believed primarily responsible for the high supercondu
ing Tc (;40 K). Interactions between these 2D electro
and those in other bands~specifically, the ‘‘3D’’ bands
formed by the Bpz states! lead to superconducting gaps
the spectra of these other electrons. A multiple-gap struc
can be described either with a simple BCS framework1 or by
more detailedab initio calculations using the Eliashber
theory.2 The result of such theories is that the average 2D
D2D is about 3 times larger thanD3D .3 These predictions are
supported experimentally by heat capacity,2,4,5 tunneling,6–9

photoemission,10 and penetration depth11 measurements.
In this work, we present a simple model calculation of t

transition spectra in a superconductor with multiple ga
using a natural extension of the Mattis-Bardeen~MB!
formulas.12 We find that this model is not only consiste
with the observed infrared absorption edge in MgB2, which
occurs at anomalously low frequencies relative to the sin
gap BCS prediction, but also predicts that a characteri
additional structure in the absorption may be observed un
certain conditions.

In our calculations, we consider only the effects of m
tiple gaps on coherence phenomena and on the supe
ducting density of states, and neglect nonlocal electro
namic effects. Such an approximation is known to beco
exact in either the dirty limit (l !j0, wherel is the quasipar-
ticle mean-free path andj0 is the coherence length! or the
‘‘extreme anomalous’’ limit (kj0@1, wherek is the wave
vector of the perturbation!. In fact, neither of these limits
may actually be applicable to samples of MgB2 with multiple
gaps~in particular, a single gap would normally be expect
in the dirty limit.13!. Nevertheless, previous calculations su
gest that the MB formalism gives at least a reasonable qu
tative description of experiment in single-gap supercondu
ors, even when used beyond its nominal validity limit. T
calculation is also very easy. Thus, it is reasonable to do s
0163-1829/2002/66~17!/172501~4!/$20.00 66 1725
t
re

t-
s

re

p

,

-
ic
er

-
on-
y-
e

-
li-
t-

ch

a calculation as a first step in understanding the absorp
spectra in MgB2. Various further corrections should be in
cluded in the strong-coupling limit,15 although they may not
change the calculated absorption spectra qualitatively.16

We adopt a BCS-like multiple-gap model proposed by L
et al.1 In this model, the self-consistent gap equation is w
ten as

D i5(
j

Ui j D jE
2vD

vD
Nj~j!

tanh~bEj~j!/2!

Ej~j!
dj, ~1!

where b51/kBT, with T the temperature,D i one of then
gaps,Ui j the correspondingn3n effective phonon-mediated
electron-electron interaction matrix calculated in Ref.
Ni(j) the normal density of states for thei th band, and
Ei(j)5AD i

21j2, j5e2m ~where e is the single-particle
energy andm is the Fermi energy!. Finally, vD is a cutoff
energy, which is assumed to be the same for alln bands. The
solution of then equations~1! givesD i(T). In a single-gap
BCS superconductorvD is of order the Debye frequency. I
MgB2 the value vD'7.5 meV needed to produceTc
'40 K is much smaller than the physically relevant logari
mically averaged phonon frequencyv ln556.2 meV~Ref. 1!;
this discrepancy would probably be removed by the inc
sion of strong-coupling corrections omitted from Eq.~1!. In
any case, the BCS model predicts gaps in MgB2 whose ratio
and temperature dependence agree fairly well with deta
calculations employing the Eliashberg theory
superconductivity2 @cf. Fig. 1~a!#. We therefore use the
model of Eq.~1! to calculate absorption spectra in MgB2 in
the hope that the results will apply at least qualitatively.

To calculate the absorption coefficients, we use the
nonical transformation approach as described, for exam
in Tinkham.18 If there are multiple gaps, one may generali
the standard single-gap expression for the coherence fa
(un86nu8)2 and (uu87nn8)2 by replacingD2 in these ex-
pressions byDD8 ~in the notation of Ref. 18!, so that, e.g.,

~uu87nn8!25
1

2 S 11
jj8

EE8
7

DD8

EE8
D . ~2!

Here the upper and lower signs correspond to the so-ca
case I and case II coherence factors determined by the t
©2002 The American Physical Society01-1
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reversal symmetry of the matrix elements. If theNj (j)’s near
the Fermi level are constant for each band and equa
Nj (0), and if theelectron-phonon interaction is linear~both
in j and in the ionic displacementsu), so that the upper and
lower limits of integration in Eq.~1! are equal, then the term
linear in j and j8 cancel when the integral over the cohe
ence factors is carried out. Both of these assumptions
fail to some extent in MgB2 @in particular, the electron-
phonon interaction in MgB2 is exceptionally nonlinear inu
~Refs. 1 and 19!#. We will nevertheless assume that the ca
cellation is almost complete and neglect the terms linearj
andj8 in Eq. ~2!.20 We also assume that the matrix eleme
Mi j for a one-electron transition between an electronic s
in band i and a state in bandj are the same for all states i
given bandsi and j. The transition rate in the superconduc
ing state induced by a perturbation of frequencyv is then
found to be proportional to

aS5(
i j

uMi j u2Ni~0!Nj~0!I i j , ~3!

I i j [E uE~E1\v!7D iD j u

AE22D i
2A~E1\v!22D j

2

3@ f ~E!2 f ~E1\v!#dE. ~4!

Here f (E)51/@eE/kBT11# is the Fermi function, and the in
tegration in Eq.~4! extends from2` to 1`, except for the
regions where the argument of either square root beco
negative. The absorption coefficient in the normal state,aN ,
is given by the same formula but with allD i50.

FIG. 1. ~a! The temperature dependence of the two gaps for
model discussed in the text.~b! and ~c! The frequency dependenc
of the case I and case II absorption coefficients for the same m
~normalized to the normal state values! at T50.05Tc assuming~b!
Eq. ~9! and ~c! Eq. ~10! for the transition matrix elements.~d! and
~e! Same as~b! and ~c! but with T50.5Tc .
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In the single-gap case, the ratioaS /aN calculated from
Eqs.~3! and ~4! is usually referred to as the Mattis-Bardee
formula. The corresponding ratio for the multiple-gap case
readily calculated using Eqs.~3! and ~4!. The normal-state
value is justaN5( i j uMi j u2Ni(0)Nj (0)\v, and hence

aS

aN
5

(
i 51

n

(
j 51

n

uMi j u2Ni~0!Nj~0!I i j

(
i 51

n

(
j 51

n

uMi j u2Ni~0!Nj~0!\v

, ~5!

with I i j given by Eq.~4!.
The required integrals take very simple forms atT50. In

this case,f (E)51 for E,0 andf (E)50 otherwise, and Eq
~4! becomes

I i j
T505E

D j 2\v

2D i uE~E1\v!7D iD j udE

AE22D i
2A~E1\v!22D j

2
. ~6!

Introducing ki j
(1)[(\v)22(D i1D j )

2 and ki j
(2)[(\v)2

2(D i2D j )
2, we can write this integral in terms of comple

elliptic integralsE and K. For the case I coherence factor
Eq. ~6! simply reduces to

I i j
I ,T505u~ki j

(1)!Aki j
(2)ES ki j

(1)

ki j
(2)D , ~7!

whereas for the case II factors

I i j
II ,T505u~ki j

(1)!FAki j
(2)ES ki j

(1)

ki j
(2)D 2

4D iD j

Aki j
(2)

KS ki j
(1)

ki j
(2)D G

~8!

@the step functionu(x) appears because the upper integrat
limit in Eq. ~6! should always be larger than the lower one#.

In order to demonstrate the qualitative features of t
model, we have carried out the numerical integration for
two-gap model of MgB2.1,17 Even using this model, the ma
trix elementsMi j still remain to be calculated. Now, in
MgB2, these two gaps are thought to come from two disc
nected Fermi surfaces. Since these are disjoint, the nor
state resistivity is likely to be determined primarily byintra-
bandscattering. If so, theoff-diagonalmatrix elementsMi j
would be very small. Various scattering processes~e.g., im-
purity scattering, electron-phonon scattering involving
large-wave-vector phonon! could, however, produce non
zero off-diagonal matrix elements in principle. We ha
therefore carried out two model calculations, based on
~5!. In the first, we have simply made the crude assumpt
that all the factorsMi j Ni(0)Nj (0) are equal, so that the Eq
~5! becomes simply

~aS/aN! 5 S (
i j

I i j /n
2\v D , ~9!

wheren is the number of bands. In the second, we have ta
Mi j 50 for iÞ j , as suggested by the above argument,
still assuming all diagonal elementsMii Ni(0)2 to be equal,
so that
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~aS/aN! 5 S (
i

I i i /n\v D . ~10!

In Figs. 1~b!–1~e!, we show the transition rates as calc
lated from these expressions, for processes with cas
~dashed lines! and case II~solid lines! coherence factors, an
making either of assumption~9! or ~10! at T50.05Tc and
T50.5Tc , as indicated. The case II coherence factors co
spond to ordinary far-infrared absorption or, equivalently,
real part of the frequency-dependent conductivity. We c
sider two temperaturesT;2 and 20 K. At very low tempera
tures, the absorption spectra for assumption~9! resemble a
sum of three single-gap spectra which become nonzero a
three different possible values ofD i1D j . If the matrix ele-
ments are diagonal, the spectra would resemble the su
two single-gap spectra. In either case, the lowest freque
where absorption occurs is determined by the smallest
which we denoteD i 0

, and occurs at frequencyv52D i 0
/\.

Other absorption edges, whereaS /aN has a slope disconti
nuity at T50, occur at other values ofD i1D j , but are not
very prominent, especially for the case II spectra. For
present model, the smaller gapD3D'2.5 meV, and the cor-
responding absorption edge is at 2D3D /kBTc'1.4, well be-
low the BCS value.

The case II absorption coefficients at finite temperatu
@Figs. 1~c! and 1~d!# show features not present in the lowe
temperature plots, whether the transition matrix elements
assumed to obey Eq.~9! or ~10!. First, there is a weak below
gap absorption for all frequencies\v,2D i 0

. This absorp-
tion is also present in the single-gap case. But in
multiple-gap superconductor, this background absorption
gether with the peak feature discussed below, may mask
case II absorption edge at 2D i 0

. ~This edge is still visible for
case I spectra, even at finiteT.! Instead, for case II spectra
one of the secondary edges atD i1D j.2D i 0

may become
more prominent than the minimum absorption edge. In ad
tion, if the nondiagonalmatrix elements are substantial as
Eq. ~9!, there is an extra peak at the frequency of thegap
difference, \v i j 5uD i2D j u. At this frequency, the integran
in Eq. ~4! has two multiplicative singularities@square roots in
the denominator of Eq.~4!# As a result, theaS calculated
from Eqs.~3! and~4! is proportional to2 ln(uv2vij u), with a
coefficient which is proportional to the number of therma
excited quasiparticles. However, if the matrix elements s
isfy the diagonality assumption~10!, this extra peak is ab
sent. The origin of this peak~s! is the same as that of th
better-known peak atv50 in the single-gap case. This latte
peak is responsible for the rise of the nuclear relaxation
1/T1 to a value exceeding the normal-state value as the
perconductor is cooled throughTc .21 As in the 1/T1 case, the
actual height and width of the peak atuD i2D j u can be de-
termined only when thek dependence of the supercondu
ing gaps,D i(k), is included.

We now move on to discuss recent measurements of
infrared conductivity in MgB2 films.14 In Fig. 2 ~adapted
from Fig. 2 of Ref. 14!, we show the measured real part
the optical conductivity,s1(v), normalized to its value in
17250
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the normal state at 40 K,s1N(v). These data show severa
unusual features. First, there is an apparent absorption
at 5 meV ~well below both the weak- and strong-couplin
single-gap BCS values! and a large background absorptio
below this edge. Second, the experimental data show
weaker and more slowly risings1S /s1N ratio above the ap-
parent absorption edge than a single-gap Mattis-Bardeen
culation ~shown for 2D55 meV andT56 K as a dashed
line!. Finally, these spectra appear to have a character
structure between 3 and 4 meV, present only in the superc
ducting state and reminiscent of the peak structure discu
above. However, this experimentally observed struct
could lie within the experimental uncertainty, which is lar
est at low frequencies, where it is comparable to the sca
in the data points.22 Indeed, earlier data by Proninet al.23 is
inconclusive regarding the presence of such 3–4 meV st
ture. More accurate measurements are needed to deter
whether the peak structure is actually present in the Mg2
spectra.

Clearly, the simple model of in Fig. 1 cannot be direc
applied to the measurements shown in Fig. 2. First, thevD
parameter of the BCS model~1! was chosen to giveTc
;40 K, whereas the sample of Fig. 2 hasTc;30.5 K. At
minimum, we should multiply all the energy and temperatu
parameters used to obtain Fig. 1 by a factor of;3/4, to
account for this lowerTc . Also, the factorsMi j Ni(0)Nj (0)
need not be independent ofi and j, as was assumed for Figs
1~b! and 1~c!, and the factorsMii Ni(0)2 need not be inde-
pendent ofi as assumed in Fig. 1~d!; these factors could also
depend on the polarization of the radiation. Finally, the
tual distribution of gap values should be included. In t
clean limit this distribution@D i(k)# is predicted to be broad
and to have several peaks in both ‘‘2D’’ and ‘‘3D’’ regions2

But impurity scattering should lead to ‘‘averaging’’ of th
gap values in the experimental sample (l;100 Å). The re-

FIG. 2. ~a! Symbols: experimentals1(v), scaled to the 40 K
value in the normal state, as measured on a 100-nm-thick film
MgB2 (Tc'30.5 K) ~adapted from Ref. 13!. The dashed line shows
the fit of the 6 K data to the single-gap Mattis-Bardeen express
~with 2D55 meV!, as given in Ref. 13.~b!,~c! Calculated
s1(v)/sN(v) for ~b! a two-gap or~c! a three-gap model, assumin
nonzero off-diagonal transition matrix elements as discussed in
text ~solid lines!, and for a BCS single-gap model~dashed lines!
using 2D55 meV.
1-3
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sulting gap distribution depends strongly on the relat
magnitudes of various scattering rates, and in MgB2 these
rates are thought to be small for scatteringbetween2D and
3D states,13,24 thus justifying the use of a ‘‘two-gap’’ model
as mentioned above. But for relatively small impurity co
centrations, the gap values should still have some disper
around the averageD2D andD3D . The clean-limit results of
Ref. 2 suggest that two slightly different gapsD2D,1 and
D2D,2 might form on the two 2D Fermi surfaces if theintra-
bandscattering is stronger than scattering between two
ferent 2D bands, for relatively clean samples.

To illustrate these effects, we have calculatedaS /aN for
case II coherence factors using Eqs.~4! and~5!, with param-
etersarbitrarily chosen so as to give a reasonable fit betw
the calculated results and the measuredaS /aN . To illustrate
possible effects of nontrivial gap value distribution, we us
either two gaps (D2D andD3D) or three gaps (D2D,1 , D2D,2 ,
and D3D). In both cases, we have assumed that the
diagonal matrix elements are substantial.25 The calculated
curves shown in the insets of Fig. 2~solid line! have most of
the features of experiment: an apparent absorption edge
frequency well below the single-gap BCS value, a la
background absorption below this edge26 at finite T, and a
more slowly risingaS(v)/aN(v) with increasing frequency
above the absorption edge than is predicted by the single
BCS model~inset of Fig. 2, dashed line!. However, we em-
o-
r

rs
,
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phasize that the extra sharp peaks in the insets are pre
only if the off-diagonal matrix elementsMi j are substantial,
which may well not be the case in MgB2.

In conclusion, we have presented a simple calculation
far-infrared absorption in a model for MgB2, using a gener-
alization of the Mattis-Bardeen formula to several gaps. T
resulting absorption ratioaS(v)/aN(v) shows a qualitative
resemblance to the measured results. Specifically, the o
of absorption at a frequency well below the onset predic
by isotropic BCS theory, large background absorption bel
the apparent absorption edge, and a slower rise
aS(v)/aN(v) than in the single-gap case are all easily
produced by the multiple-gap model. Thus, the recent opt
conductivity measurements14 appear to be consistent with th
hypothesis of multiple superconducting gaps in MgB2. If
certain interband transition matrix elements are sufficien
large, the multiband model would lead to a peak at a f
quency corresponding to the gap differenceD2D2D3D ,
which might be observable at finite temperatures in mod
ately dirty samples.
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of the Ohio Supercomputer Center. We thank T. R. Le
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