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Characterizing the Structure of Small-World Networks
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We give exact relations for small-world networks (SWN's) which ardependenif the “degree
distribution,” i.e., the distribution of nearest-neighbor connections. For the original SWN model, we
illustrate how these exact relations can be used to obtain approximations for the corresponding basic
probability distribution. In the limit of large system sizes and small disorder, we use numerical studies to
obtain a functional fit for this distribution. Finally, we obtain the scaling properties for the mean-square
displacement of a random walker, which are determined by the scaling behavior of the underlying SWN.
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Networks occur in many contexts in the sciences andermined without the need for further, expensive computer
humanities. Among these are neural networks [1], sociasimulations. We also study how the structural properties
networks [1-3], food webs [4,5], and the Internet and theof this particular SWN model affect an important example
World Wide Web [6,7]. Many properties of such complex of dynamics on SWN's: the time-dependent mean-square
systems can be understood by considering the network afisplacement of a random walker.
interactions which connects their components. For this The SWN’'s are defined by starting from a one-
reason, much recent research has focused on the structulienensional regular network with periodic boundary
of these networks [8—13]. conditions and. = 2N nodes, each node being connected

The study of network models has recently been adto its 2k nearest neighbors. We add shortcut ends to
vanced by the introduction of small-world networks each node according to a given degree distribution by
(SWN's) by Watts and Strogatz [1]. These networks havdollowing the prescription of Refs. [17,19]. For the origi-
an ordered structure locally, but are random on a globahal SWN model (withk = 1), the degree distribution is
scale. This combination of features suggests that SWN'D, = (1 — p)Py(p) + pP,-1(p), where P, () =
can be used to describe the behavior of many real-worléxp(—A)A?/q! is the Poisson distribution. We then select
interacting networks [14]. However, as originally defined, pairs of shortcut ends at random and connect them to each
SWN'’s do not exhibit a property found in some large-scaleother, thus creating a shortcut. This procedure (with the
networks such as the World Wide Web, in which theabove D,) of generating the networks is equivalent to
probability distribution for the number of nearest-neighborthe procedure outlined by Newman and Watts [8], with
connections to a given site (the “degree distribution”) iskp as the probability of having a shortcut at a given site.
a power law, rather than Poisson-like, as in the SWN’sThus, on average, there will be= kpL shortcuts in the
[9]. Alternative models which do exhibit this power-law network. The present numerical results were calculated
distribution have been proposed [15-18]. for k = 1; however, generalization to othéris straight-

In this Letter, we study SWN'’s where shortcuts accordforward and indicated in our equations (which we have
ing to a given degree distribution are superimposed on gerified numerically). The “small disorder” regime corre-
regular network. For this class of networks, we show exsponds top < 1, and we will work in the limit of large
act results which aréndependenbf the specific degree system sizes such that terms@®f1/L) can be omitted.
distribution employed. This independence is noteworthy, The SWN is characterized by two types of distances:
since the major point of difference between the various netthe “Euclidean distance,” defined as the shortest distance
work models currently studied is the degree distributionbetween two sites before any shortcuts are introduced into
Our results indicate that there exist “universal” propertieghe network; and the “minimal distance,” which denotes
of random networks which are independent of the degrethe shortest distance after shortcuts have been added. We
distribution. Furthermore, they can also be used to findhow defineP(m|n) (the basic probability distribution) as
approximations for the basic probability distribution (asthe probability that two sites have minimal separation
defined below) of the network. On the basis of numericalgiven that their Euclidean distancesis For the original
simulations of the original SWN model (with Poisson-like SWN model, we have previously proved [13] thatn|n)
degree distribution), we propose that the basic probabilean be written in the form
ity distribution is characterized by a function of a single

. . o X . f(m), m<n,
variable in the limit of small disorder (as defined below) POm|n) — et B 1
and large system size: the so-called “small-world” regime. (m [ n) 1 i=1 [, m=n, ()
Using this functional form, various structural properties of 0. m=n.
networks in the small-world regime can be accurately deThe proof is quite general, however, and the above result is
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exactfor SWN'’s with arbitrary degree distributions. Fur- 0.4 . . .
thermore, it is also true for two (and higher) dimensional
SWNs, which have attracted attention as models for dis-
ease spreading among plants [20,21].

From Eq. (1)we see tha(m | n) is fully characterized
by the functionf(m) [22], which can be regarded as the
probability that two diametrically opposite sites have mini-
mal separatiom:. Many structural properties, such as the
average minimal separation between two randomly cho-
sen points£, can be expressed in terms ffn) [13], and
these expressions can be used to dexkatrelations con-
necting various quantities of interest. An important rela-
tion derived in this manner relates the average number of
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FIG. 1. Plot of the universal functiog(y) [cf. Eq. (6)] for
V(m) = 2km + [L — 2km]F(m). (2) three choices of system siZeand probability of shortcutsp

(see text): ()L = 107, p = 10~* (full line); (ii) L = 107, p =
) ) ) _ 1073 (stars and full line); and (ii)L =2 X 10°, p = 1073
Through our simulations, we have confirmed the validity(circles and full line).

of Egs. (1) and (2) for several different types of degree

distributions for 1D networks, including networks with the form

power-law degree distributions. These exact relations can

be used to obtain quantities of interest for the network. In we  ce

a simple model for disease spreading [11], for example, N (5)

V(m) corresponds to the number of infected sites after

time steps. Furthermore, Eg. (2) tells us how to calculatevherecy is the £th central moment of the logistic distri-

F(m) [and hencef (m)], once we knowV (m). Thus, any bution. We have confirmed through numerical simulations

approximation forV/ (m) can be converted into an approxi- that Eq. (5) holds for at least the first four central mo-

mation for f(m). In the remainder of this paper, we will ments off (m), however, with coefficients, which differ

illustrate this procedure by focusing on the original SWNsignificantly from those obtained from the logistic growth

model. equation. For example, from our simulations, we find
We will now use the mean-field result of Newmenal. ¢, = 1.21, whereas the corresponding mean-field value is

for V(m) to obtain an approximation fof(m), and hence, 3 = 0.82. Equation (5) also implies that, ~ p ¢,

to motivate a new scaling form for this function. In the and hence, for fixe@, is independent ak. Consequently,

asymptotic limit ¢ > 1), using Eq. (2) in conjunction the probability distributiong'(m), for fixed p and differ-

with the mean-field results of Ref. [12], we obtain a re-ent values ofv, are simply related by a translation of the

lation betweerny(m) and F (m): mean values. We have confirmed this translation property
by simulations carried out for a wide range of parameters
Fee(m) = 4k*> pFus(m)[1 — Fp(m)], (3) in the small-world regime.

On the basis of these features, we propose the following
which is the logistic growth equation, as pointed out byscaling form forf(m) in the asymptotic limit { > 1):

Barbour et al.[23]. Equation (3) can easily be solved ke T hx
for fur(m) [24]. We note that the final expression for f(m;N,p) = —g[—(m — (m))}, (6)
fmet(m) is consistent with the scaling forif(m; N, p) = N N
h(m/N,pN)/N derived in Ref. [13]. .. whereg(y) is a universal function. It is readily seen
We now consider the central moments of this distribu+h4t the above scaling form is consistent with Eq. (5).
tion, defined as In Fig. 1, we show calculations gf(m) for three differ-
v ent combinations of the parametdis, L): (1074,107),
_ _ ¢ (1073,107), and (1073, 10°). For all three choices of pa-
= . . 4 5 ’ 5
e mz:l i = ] fimeelom) @ rameters; (m; N, p) can be collapsed onto a single curve.

Thus, numerical simulations for just one choice of the pa-
The scaling form forf (m) implies that the scaled moments rameter p, L) suffice to determing(y). To fully deter-
we/N¢ are functions ofc only; however,f,(m) has an  mine f(m) we need to find functional forms for bog{ y)
additional property: its central moments in this case takend{m), which we now proceed to do.
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FIG. 2. Comparison of the universal functigfy), as ob- 15 3 Numerically computed average minimal distance be-

tained from numerical calculations (full line), mean-field the- - :
: ! ; tween two randomly chosen nodés(stars) usingp values
ory (dashed line), and our two-parameter fitting function Eq. (7)ranging from10~* to 3{0_3 and system(sizes)from ﬂﬁ t0 107,

(stars and ful fine). Dashed line: mean-field result /L = log(2x)/4x. Solid line:
our fitting form €/L = €,,¢/L + 0.13/x. The inset shows the
We can represeni(y) using a two-parameter mixture absolute relative error between the numerical data and our fitting
of logistic distributions: form.

[sech(y + yB) + ysech(y — g)].  9venby

0w A

1
g(y) = m

This form ensures thai( y) is normalized, has zero mean, The three e : ;

; ! quations (6), (7), and (10) provide a full func-
and has the correct behavior for 'a@'- In Fig. 2, W€ " tional form for f(m) in the asymptotic scaling regime for
show a comparison of the mean-field result, the flttlnga SWN with degree distributiotD,. Note the striking

. . - B q-
fﬁnctmn, [I_Eq.”(7) ;\"thy L 0'49é a_lgd BI N g278f2]’ af‘d pattern of successive simplifications during our analysis
the numerically o ta_me@(y). vidently, this function ;¢ e probability functions. Initially,P(m | n) depended
Qescrlbes the numericgl y) very well, while the mean- on the four variablesm, n, p, and N. The exact re-
field g(y) agrees less well . . sults obtained in Ref. [13] reduced this dependence to
To de_termme(m>_, we use the exact relation, V\.’h'c.h Was 3 function of three variableg (m; N, p). Furthermore,
proved in [13] and is valid for a general degree dlstrlbutlon,the scaling properties discussed in [13] imply that, for
3 k k p <1, f(m;N,p) = h(m/N, pN)/N, a function of only
(= <m><1 + f) + (m?) 7 (8)  two variables. Finally, we have shown in the present work
that in the limitx > 1, the small-world network is char-
together with the definitioru, = (m2) — (m)?. Thus, acterized by a function of aingle variable, g(y). This

once we have fitting forms faf and ., we can determine functional form can be used to obtain detailed, accurate,

(m). From our simulations, we have already determinedptructural information about networks in the small-world
w> (see above). As fof, we find numerically that regimewithouthaving to perform computationally expen-
sive simulations.

k€  log(2x) a The scaling forms forf(m; N, p) can also be used to
T 4 + N (©) gain insight intodynamicson SWN’s. As an example,
we consider the dynamics of a random walker on SWN's,
with @ = 0.13. This numerical estimate agrees well with a problem which has been studied by several authors
the mathematically rigorous result derived in Ref. [23]. In[25—-27]. Here, we focus on the mean-square displace-
Fig. 3, we show a comparison between the fitting formment,(r?) of a random walker on a SWN, as a function of
(9), the numerically obtained values féy and the mean- time [28]. At long times,(r?) must saturate to the finite
field resultk?m_ft/L — log(2x)/(4x). As the inset shows, value¢Z(L, p), since, in the long-time limit, each node of
Eq. (9) givest with a relative error of less than%. the network has equal probability of being occupied by
Keeping only terms througl® (1/x), and recalling that the random walker. The other length scale determining the
w2/L? ~ 1/x?, we find that(m) = €. Hence,(m) is  behavior of the random walker i& = 1/p, the average
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FIG. 4. The mean-square displacemegt?), for a random
walker on SWN’s withx = 100 (upper curve), usingL =

5 X 10 (circles and full line), and X 10* (stars and full line).
By contrast we also showr?) for a regular networkx = 0;

dashed line).

distance the walker travels to reach a shortcut.

that in the scaling limit,¢2(L, p)/L?, and consequently

£2/€*(L, p), are functions ofx only. Correspondingly we
can write down the scaling ansatz

(r¥) = ﬁR(%;x).

Because of the diffusive behavior for smalland satura-
tion for largey, we expeciR(y) = y for y < £2/¢2, and

(11)
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