PHYSICS 847
Home Work Assignment # 1 4/2/2009
Due: Thurs., Apr. 9, 2009

1. The goal of this problem is to help you understand in detail why it suf-
fices to explicitly keep track of just one state, corresponding to k = 0, and
account for all other states using the DOS, in the study of Bose-Einstein
Condensation (BEC).

Consider N non-interacting bosons of mass m in a large box of dimensions
L x L x L =V with rigid walls. For simplicity, consider periodic boundary
conditions. In addition to the single-particle ground state with k = 0, let
us also explicitly keep track of the excited state with the lowest non-zero
energy, say €] corresponding to momentum kj. (Actually this state is triply
degenerate, but lets ignore this since it does not affect the arguments that
follow).

(a) Show that e; ~ O (V_Q/?’) and the the chemical potential for T' < T
is negative with |u| ~ @ (V~1). Using these results, show that the number
density of bosons in the state ky in the condensed phase is of O (V‘Ug),
as opposed to the number density in the k = 0 condensate which is O (1).
Thus argue that one does not need to individually keep track of any states
other than k = 0.

(b) To get a better feel for the argument of part (a), make the following
numerical estimates for a system of 1022 *He atoms, assumned to be noninter-
acting, in a cubic container of side L = 1 cm. Assuming the wavefunctions
correspond to periodic boundary conditions, estimate €; in degrees K. Next
estimate the chemical potential p (in degrees K) at a temperature of 1 mK.
Compute the average occupancy of the k = 0 and k; states, and show that
the fraction of bosons in the k; state is negligible compared to that in the
k = 0 state.

2. Consider a uniform gas of N non-interacting bosons in a d-dimensional
“volume” L¢ with an energy dispersion ¢(p) = Ap®. (We had considered
the case of s = 2 and d = 3 in class.) Find the condition on s and d for
Bose-Einstein condensation (BEC) to occur at a finite temperature. Does
BEC occur for non-relativistic bosons (s = 2) in d = 2 dimensions?

3 & 4 Two problems on dimensional analysis and scaling (see other side).
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