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Abstract

Extrasolar planet seartieshave found a statistically signi cant number of systemswith
gas-gianh planets orbiting at distancescloserthan that of Mercury in our own solar
system. Our current understandingsuggestghat theseplanetsdo not form there, instead
a protoplanetary core will migrate to those positions through interactions with the the
protoplanetary disk. This study is an extensionof 2-D hydrodynamic simulations of
this phenomenapresened in JosefKoller's PhD. thesis, \P otertial Vorticity Evolution
in the Co-orbital Region of Embedded Protoplanets,” with the motivation to resohe
convergenceissuesin the plot of the azimuthally averaged potertial vorticity of the
disk which strongly a ect the torque ewlution of the protoplanet. Higher resolution
simulations using more robust codes have shovn that the vortex production does not
occur in the samelocation that the previous simulations suggest,and that the lack
of corvergencewas due to unresohed structure in the co-orbital region. There are still
other numerical concernsput animportant featureof the azimuthally averagedpotential

vorticity is now understood.



1 Intro duction

As of July 2004, 123 planets outside of our solar system have been discovered (The
Extrasolar Planets Encyclopedia 2004). This has sparked considerableinterest in the
public and astronomersalike of the nature of these newly discorered worlds, and the
possibility of better understandingthe origins of our solar systemas well asthe allure
of discovering earth-like planets and perhapsewertually detecting life.

The technique responsiblefor the succes®f extrasolarplanet seartesis the Doppler
shift method. The tug of the planet in orbit around the star causesminute changesin
the wavelength of the star's spectral lineswhich are detectablefrom earth. Although the
Doppler shift method is particularly sensitive to nding large planetsin closeorbits to
the parert stars, there appearsto be a statistically signi cant number of systemswith
gas-gian planets orbiting at distancescloserin than the orbit of Mercury to the sun.
(Udry et al. 2003)

Our current understanding suggeststhat gas-gian planets form from gravitational
accretiononto a small rocky core about ten times the massof the earth. This proto-
planetary core is embeddedin a disk of gasand dust, at distancescomparableto the
orbits of Jupiter and Saturn. Thus the problem of explaining the surplus of gas-giars
in closeorbits involves explaining the migration of the protoplanetary core from those
distancesto the scortingly hot orbits where planets have beenfound.

There hasbeena number of studies, both analytic and numerical to investigate the
gravitational torque on the protoplanetary corein the disk and infer the timescale of
migration. Gravitational scattering has beenconsidered. This can can occur when an
asteroid is de ected to the outer solar system by Jupiter, for example. As a result,
Jupiter inchescloserto the sunfrom consenation of momertum. It is thought that this

e ect, or interactions with other planets is not strong enoughto explain tight orbits
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Figure 1: A snapshotof a protoplanetary disk simulation from JosefKoller's Ph.D.
Thesis. Color indicatespotertial vorticity, (r v)= wherev is the velocity vector and

is the surfacedensity. The planetis locatedat r = 0, = 0. Vorticescan be seen
that make closeencourers with the planet causingrapid oscillationsin torque. (Figure

courtesy of JosefKaoller)

of extrasolar planets. The interactions with the disk are likely the primary causeof
migration. (Koller 2004and referencegherein)

From modeling of infrared, radio and optical obsenations, the disk is semi-empirically
estimatedto have a lifetime between1(® 10’ years(Hollenbad et al. 2000)which places
another constraint on migration scenarios.JosefKoller's 2004Ph.D. thesis, \P otential
Vorticity Evolution in the Co-orbital Region of Embedded Protoplanets,” provides a
good review of the literature on protoplanetary migration. The results preseried here
are an extensionof that numerical work at higher resolutions motivated by somevery
important corvergence-relatedissueswhich strongly a ect the torque on the planet.

(JosefKoller will often be abbreviated JK in this report.)



Josefconducted\brute force" 2-D hydrodynamic simulations of a protoplanetary core
embeddedin a disk to investigatethe role of vortices on the torque ewlution and studied
a quantity called potential vorticity to better understandthe disk dynamics. Among his
results wasthe conclusionthat the torque ewlution consistedof three phases.In phase
I, the planet core experiencednegative torques modulated by a period similar to the
libration period. ( i, = P 4=27 40P whereP is the period of the planet. This is the
sameperiod as particles orbiting around the Lagrangianpoints, L4 or Ls.) In phasell,
JK foundthat vorticesappearedwhich periodically on their orbits make closeencourters
with the planet and causerapid uctuating impulsesof torque. In phaselll the vortices
mergeinto one and impart strongertorque impulsesat a slower period. Unfortunately,
the results of resolution tests were not conclusiwe that the physics of the region where
the vortices were being generatedwas well understood. Hui Li and | extendedJosefs
work to higher resolutionswith a more robust and modern code to better understand
the regionwherevortices were emerging. We found that the vortices seenin JK's thesis
weregeneratedin regionswith important underresolhed ne structure, and werenot seen
in higher resolution simulations. In Section2, a more detailed description of the disk is
given, and in Section3 potential vorticity is de ned and its value to understandingthe
disk dynamicsis explained. In Section4 the results from our extensionof JK's work
is presened and in Section5 unresohed issuesand future work is discussed.Section 6

restatesthe conclusionsof our study.

2 Disk Dynamics and Features

In Fig. 2 the disk density is showvn to give a more physical picture of the disk and

the protoplanet. Following the convertions of JK's thesis, the disk can be divided into
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Figure 2. The disk density is shavn with a more physically intuitiv e visualization than

represemations like Fig. 1. (Figure courtesy of JosefKoller)

three regions: the streamingregionj rj > P 12ry (wherery is the Roche lobe radius,
which is the point wheretidal forcesare strong enoughto rip apart a satellite with no
cohesion),the separatixregionry <j rj< P 12r, andthe horsesheregionj rj < ry.

The motivation for dividing the disk in this way is also apparert in the potertial
vorticity (PV) which is the curl of the velocity eld (always in the z direction in 2-D)
divided by the density. Potential vorticity is preserted in Fig. 3 (aswell asin Fig. 1to
shaw the presenceof vorticesin JK's study). The PV shows important featuressud as
the gasstreamingcloseby the planetat = . Another important featureis the spiral
shock waves causedby the planet's motion through the disk.

Initially the disk is givena Keplerian angular velocity pro le, with the radial velocity
componert of the gassetto zero. The densily is set sothat the PV is approximately
constart over the disk. The planet's gravitational potential, which is smoothed to pre-

vert a numerical singularity and correctedfor 2-D by consideringthat the disk has a



Figure 3: A potential vorticity snapshotof the entire disk. The streaming region is
dened asj rj > pl_ZH, the separatix region from ry < j rj < pl_zH and the
horseshe regionfromj rj<ry.

de nite scaleheight. The planet potertial is activated over the rst few orbits to prevert

the disk from being disrupted by a suddenpresenceof the planet.

The codesusedin thesesimulations solve the equationsof hydrodynamics:

% +r (v)=0 Continuity Equation (massconsenation) (1)
@V .
@ +r ( w)= r r P Momentum Equation (2)

where is surfacedensity, P is pressure, is the gravitational potential from the star
and planet, and v is the velocity vector. The energyequationis not consideredsinceit
is assumedhat the disk is isothermal. This is equivalert to assumingthat the radiation
from the star keepsthe disk at a constart temperature and that the heating within the
disk is radiated away instantly. It is alsoimportant to note that the disk is considered

in the inviscid limit. Both the simulations in this study and in Josefs thesis sharethe



sameinitial conditions, assumptionsand geometry;only the codesand resolutionsdi er.

3 Potential Vorticit y (PV)

Potential Vorticity is consideredan important diagnostic for investigations of disk dy-
namicsbecausan an inviscid disk it should be consered in areaswithout shocks. This
result is derived by rst taking the curl of the momerium equation (Eq. (2)). It is

perhapsusefulto rst restatethe momerium equation,

%+(v r)vs= er r 3)

and taking the curl becomes,

@ r r P
@ r (v !')=s ——— 4)
wherethe vorticity isdened ! = r v and the gravitational term has dropped out

sincer (r ) = 0. The sourceterm on the right hand sideof Eqg. (4) is normally zero
exceptin a shack where pressureand density gradierts will be misaligned. When this
sourceterm is zerothe gasis referredto as having a barotropic equation of state. It is
alsoworth noting that the mathematicsand conceptsbehind Eq. (4) are applicableto
ux freezingin magnetolydrodynamics,and the Biermann Battery (discussedn Orban
2004).

In barotropic conditions the vorticity equation can be manipulated to become,

%+(v rY ( r)v+!( v)=0 (5)

while the cortinuity equation (Eg. 1) can be rewritten as

%+ r v)+vr =0 (6)

Except near shocks or compressiorr v, is usually zero. (The minimum of r v at ead
radius was actually usedto nd the site of the shack in the next section. Physically this
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is the site of maximum compression. The assumptionthat r v = 0 is equivalent to
assumingthat the gasis incompressible.) Substituting r v = 0 into Egs (5) and (6),
and acknowledging that in 2-D the vorticity only has a z componert, can be usedto

simplify those equations:

@

6+(vr)!:O (7)
%+vr =0 (8)

using (w r )v = 0 from the 2-D restriction. The vorticity, ! , can now essetially be
treated as a scalar, and by dividing Eqg. (7) by , and multiplying Eqg. (8) by ! = 2,
setting them equalto ead other (they are both equalto zeroafter all) and doing some

manipulation the following equation can be obtained,
@,! !
—(=)+r (=v)=0 9
@( ) (—Vv) 9)

which bearsstriking resenblance to the cortinuity equation. Essetially, the quartity
I = is consened a similar way that massis consered if there are no shacks around.
In JosefKoller's thesisa more detailed derivation is given that evenlifts ther v =10
restriction, but hasthe samequalitative conclusion.

With this knowledgeit is useful to glance badk at Figs. 1 and 3 and note that
if vortices are presen they will have constart constart PV exceptin periodic passes
through the shock. Also notice that most of the PV is generatedin the spiral shack
waves. An azimuthal averageof the PV acrossthe disk as shavn in Fig. 4 is also
useful. It conrms that the spiral shocks deposit potential vorticity in the streaming
regions, but also shaws that the vortices emergefrom regions where the azimuthally
averagedPV has a valley. Though more quartitativ e treatment is given in the next
section,the most troubling result from JK's thesiswas the lack of convergenceof these
valleys. High resolution simulations preseirted in the next section have shown that the

7



Figure 4: Azimuthally averagedpotential vorticity for 200x800,300x1200and 400x1600
resolutionsfrom JosefKoller's thesiswork. The vortices seenin Fig. 1 originate in the
valleysnear r = 2ry. The lack of corvergenceof the valleys is concerningfor

understandingthe physicsof this region. (Figure courtesy of JosefKoller)

valley disappears,and hasalsobrought to light the reasonsfor this e ect, which is due
to the corvergenceof someof the ner structure of the shack.

It is important to mertion here that vorticity and potential vorticity are di cult
guartities. Vorticity itself is calculatedfrom derivativesof the velocity eld which creates
error through the nature of nite dierencing and by dividing vorticity with a density
eld asshawvn in Fig. 5. Eventwo smooth vorticity and density distributions can create
what appearto be oscillationsin PV. Wedo not nd that thesesorts of issueso detract
from the results preserned here, or cast doubt on the accuracyof the codes, but it is
frustrating that quartities as valuable as vorticity and PV su er from these numerical

€ ects.



Figure 5. The vorticity, density and potenrtial vorticity proles through a shack at
constart radius( r = 2:5ry) is shovn. The smooth vorticity and density pro les do

not createa smooth potential vorticity pro le.

4 Primary Results

The high resolution simulations preser two main puzzles:in the azimuthally averaged
PV plot (shown in Fig. 6) the valleys completely disappear, and in Fig. 7, a snapshot
of PV at the sametime, a distinct \ nger" of PV extendsfrom the spiral shack wave
at r = 3ry into the separatix region. This feature doesnot appearin Figs 1 and 4
which are from JK's thesiswork.

A fewimportant questionscan be asked about this feature: Is it a shack? If so, how
strong is it and wheredoesit start? And sincePV is consered why doesn't the nger
heavily pollute the separatix regionwith PV?

To answver any of thesequestionsa reliable way to locatethe shock position and nger
must be found. In JK's thesisthe maximum density at eat radius was usedto do this,
but at higherresolutionsthe minimum ofr v, in other wordsthe maximum compression,
was found to locate the shock and nger more accurately than the maximum density.
Figure 9 cortrasts the shock positions as determined by thesemethods. It is apparert
that r v is a better indicator for j rj < 3ry. The max density method is strongly

a ected by the overdensiy of material held in the planet's gravitational potential.

9



Figure 6: The azimuthally averagedpotential vorticity for 200x800(red), 400x16Q(blue),

and 800x3200(green) resolutionsis shovn for one side of the planet after 100 orbits.

Figure 7. A potertial vorticity snapshotof the disk including velocity vectors for the

800x3200run after 100 orbits.
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Figure 8: One the left the shack positions determinedby r v and maximum density
near the planet are indicated with potertial vorticity in the badkground. The shack
position determinedby the max density goesthrough the certer of the planet, while the
r v tracksthe nger rather well. The right side shavs a snapshotofr v in the same

region.

With the spiral shock wave and nger position determined,the relative speedof the
incidert gas on this boundary can be determined. If this relative speed exceedsthe
sound speed, which is constart acrossthe disk, then a shock is presen. A plot of the
perpendicular Mach number, M, , versesradius is shaovn in Fig. 9. From this plot it is
learnedthat M, stays below 1.5 soit is not an extremely strong shack, and that the
shock starts possibly ascloseas 1:.5ry. The scatterof r v in Fig. 8 castsdoubt on
the precisedistance where the shock starts, but it is still apparent that the ngers of
PV arein shacked regions.

This result makesthe questionof why the nger doesnot pollute the separatixregion
more perplexing sincea shack is present so PV is being generatedthere. A plot of the
streamlinesis very illuminating to this issue. Figure 10 shows the streamlinesnear the
planet. The planet's gravity attracts the gasand de ects it closerto the planet, but it

returns to essetially the sameorbit after the encouner. Streamlinesthat are de ected
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Figure 9: The perpendicular Mach number for the incident gason the shack boundary
determinedwith r v. The gasbecomesupersonicnear 1:5ry, sothe nger is de nitely

in a shacked area.

through the nger clearly return to the streaming region where the high PV is seen.
Potential vorticity is not deposited in the separatix region.

The vorticity jump acrossa shack can be calculated with a very useful result from

Kevlahan (1997),
2 @9
| = ’ 10
1+ @ (10)
where = ,=; 1, and , correspndsto the densily in the post shack region,

while ; correspndsto the pre-shak region. The @» =@ term the derivative of the
perpendicular componert of the wind tangertial to the shock. Since ,= ; = M2,

Eq. (10) can be rewritten,

M2 1)@
| = (MZ)% (11)

This equation can be usedto better understand the azimuthally averagedPV plot in
Fig. 7. The at prole for r > 2ry canbe explainedsinceewen if the shack starts
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Figure 10: Streamlinesare showvn in greenover the PV for an 800x3200run. The
streamlinesshow that the gravitational potential of the planet bendsthe path of the gas
streamingpast the planet, but after the encourter the gasreturns to roughly its original
radius. This explainswhy the nger doesnot seerely pollute the separatix region with

PV.
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Figure 11: Potential vorticity snapshotsof the planet regionfor 200x800,400x1600and
800x3200resolutions after 100 orbits. Notice that the large blue negative PV regions
near the planet in 200x800grow smaller with increasingresolution. This e ect is the
key to explaining the lack of corvergenceof the azimuthal averagePV from simulations

in JosefKoller's thesiswork sud asFig. 4.

as closeas 1:.5ry the streamlineswill carry PV further away, and closerin to the
planet there is no shock, sothere should not be a vorticity jump. The @, =@ term is
proportional to the vorticity jump and can be determined from the plot of M, verses

r in Fig. 9 and comparedto Fig. 6. The peakin Fig. 9at r = 5ry linesup with
the zerocrossingin Fig. 6, and a large negative slope around 4ry matchesup with the
peakin Fig. 6. Thesepoints seemto be well understood in the azimuthally averaged
PV. This corresppndencewas also noticed in JK's thesis.

Comparing Fig. 6 to Fig. 4 taken from JK's thesis, the 200x800and 400x1600runs
in Fig. 6 show similar featuresas thosein JK's simulations, but in the 800x3200run
the valley has disappeared. The nger is presem near the sameposition where valleys
appearin the lower resolution runs. Snapshotsof the PV near the planet are presened
for di erent resolutionsin Fig. 12. As the resolution increasesthe structure becomes
more de ned, but it is also apparert that the \blue area" behind the nger grows

smaller with increasedresolution, and is quite large in the 200x800run. This e ect is
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responsible for the corvergencein Figs. 4, and 6. Sincethe blue areais large in the

200x800resolutionshowvn in Fig. 11, this createsa correspnding dip in the azimuthally

averagedPV. In 400x1600the blue has shrunk, but is still signi cant enoughto cause
a noticeabledip, and in 800x3200it has nearly disappeared. This result is also seenby

averagingthe PV only over the azimuth in the vicinity of the planet. Essemially the

samepro le is seen,but is shifted closerto the planet becauseof gravity. There are
no other sourcesof PV in the separatix region, sothe pro le is largely the sameshape
through the rest of the disk.

The disappearanceof the valley at high resolutionsimplies that the vortices seen
in JK's simulations were generatedin areassu ering from now understood numerical
e ects. This hasimportant rami cations for the torque on the protoplanet which is
thought to be primarily causedby interactions with these vortices. It remainsto be
seenif the high resolution simulations presemned here carried out to longertimes would
ewventually createsimilar behavior in the torque ewolution sinceit is expectedthat vortices
will be generatedfrom the other peaksand valleys of the azimuthally averagedPV, but

after a longertime.

5 Unresolv ed Issues and Further Work

With the capabilities of the codesusedin this researt combined with the insight gained
from analytic expressionssud as Eqs. (9) and (11), many other explorations of disk
physics with embedded protoplanets can be accomplished.In JK's thesis, multiplanet
simulations were investigatedas well asthe e ect of varying a variety of disk constaris
sud as sound speed, and the massratio of the planet to the star (which was always

takento be 10 # in this study).
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Josefmentioned that lifting the requiremen that the planet be xed at a certain
radius allowing it to actually migrate may nd more complicated interactions between
the planet and the disk. The torque ewlution could be also investigated at higher
resolutionsas mertioned in the previoussection.

In this study the sound speed was set to 0.065which is large enoughto prevent
the spiral shock wave from originating near the planet so that the focus remains on
understanding the shack wave itself rather than the interactions between the shack
wave and the planet's roche lobe region. A wider rangeof soundspeedswere considered
in JK's thesis. There is no lack of interesting ideasfor future studies.

Despite this optimism there are still someunresohed numerical issues. The most
concerningis the growth rate of the Azimuthally averagedPV. Figure 12 plots the PV
growth of the peak of the azimuthally averagedPV plot astime ewlves. The slope
continuesto rise for higher resolutionsinstead of converging. This problem was already
apparern in Figs. 4 and 6.

The simulations presered here usea total variational diminishing code (TVD) de-
veloped by Shengtaili at Los Alamos National Laboratory. The simulations in JK's
thesis useda highly optimized hybrid Lax-Wendro /Lax-F riedrich code. A classictest
of hydrodynamics codesis its ability to capture shacks. The two can be comparedby
viewing the vorticity pro le at constart radius acrossa shack in the protoplanet setup.
This is shavn in Fig. 13for the TVD code and a pure Lax-Wendro code. It is obvious
that TVD doesa much better job at capturing the shack.

Another concerningnumerical issueis PV generationfrom the planet itself. The
planet's presencds only commnunicated to the disk by its gravitational potential which
shouldnot introducePV sincer (r ) = 0, but in Fig. 14,an early PV snapshot(after

20orbits), it is obviousthat PV is beinggeneratedthere. The azimuthally averagedPV
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Figure 12: The growth rate of the peak of the azimuthally averagedpotential vorticity.
The y-axis unit is the di erence in potential vorticity from the value at 20 orbits. Circles
mark the measuremets from the 200x800simulations, diamonds for 400x1600,and

plusesfor 800x3200.

Figure 13: The vorticity prole acrossa shock in the protoplanet setup at constan
radius. The left plot shows the output from the TVD code, and the right plot shows
output from a pure Lax-Wendro method. The Lax-Wendro method su ers from sewere

oscillations.
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Figure 14: The potential vorticity from the 800x3200run after 20 orbits is shavn. High
potertial vorticity is seennear the planet, and streamingaway from it, indicating that

potential vorticity is being generatedthere- a purely numerical e ect.

doesappearto be very sensitive to this e ect, but nonethelesspecial treatments of the

gravitational potertial may be able to preven it.

6 Conclusions

Further investigations of disk dynamicswith an embedded protoplanet have beencon-
ducted to addresscorvergenceissuesin the simulations in JosefKoller's PhD. thesis.
More modern and robust codes were used at high resolutionsto show that the lack
of convergenceis due to unresoled structures in the co-orbital region. At the highest
resolution the \valley" in the azimuthally averagedpotential vorticity where vortices
previously emergedhasdisappeared. This discovery hasimportant consequencefor the
torque ewlution of the protoplanet since closeinteractions with vortices would cause

large impulsesof torque. Somenumerical issuesstill exist sud as the corvergenceof
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the growth rate of potertial vorticity and generationof potential vorticity at the planet,
but the mystery of the corvergenceissuesin JosefKoller's PhD. thesishasbeensolved.
Much thanks goesto my adviser, Hui Li, for his mertoring and patienceand to the

T-6 group at Los Alamos National Laboratory for supporting me.
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7 App endix A

All of the analysispresened in this report wasdonein MATLAB. A number of scripts
have beendeweloped and are accessibleas world readablefrom the home directory of
corbanin T-6 and T-7. Until Decenber 2004the scripts are also postedto the web at

netfiles.uiuc.edu/corban/ wwwOrban_scripts.tar . They are designedto create
plots from the ASCII data output of the protoplanet simulations and are fairly well
commened. Scripts rather than functions are usedsothat the matricesthat are loaded

globally and can be accessedy the userafter the script is run.

Script Name Description

planet2.m The swissarmy knife of scripts. Can create21 di erent plots from the
data. Ex: Fig. 2, 6, 7, 14. Considerplanet2_lean.mfor large data sets.
growth_res.m Usedin conjunction with growth.m to createplots of the growth rate
of the potential vorticity. Ex: Fig. 12.

snapshotsPV.m Usedto createa collageof snapshotsof the potential vorticity at

di erent resolutionsand times. The HTML le, collage.timl, is a
conveniert display of the output of this plot (which are jpegimages).
Ex: Fig. 12

vorticity_quant _2x8.m, | Thesescripts create M, vsr plots for di erent resolutions,sud as
vorticity_quant _4x16.m, | Fig. 9. There is not a generalcode for the three resolutionssince
vorticity_quarn _8x32.m | the polynomial t often needsto be cheded by the user. An
uncertain shock position closeto the planet canleadto strange
results. Use snapshotsMerp.m with collageMperp.html to make this

plot for a variety of resolutionsand times automatically.
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