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5. Scattering Theory 2

Here we consider what nucleon-nucleon (NN) phase shifts can tell us about the nuclear (two-body!)

force.

a. Allowed quantum numbers for NN scattering

Consider first the quantum numbers that specify NN scattering:

• orbital angular momentum L, L = 0, 1, 2, · · · =⇒ not conserved (because of tensor force)

• total spin S = 1
2(σ1 + σ2), S = 0, 1 =⇒ conserved

• total angular momentum J = L + S, J = |L − S|, · · · , L + S =⇒ conserved by rotational

symmetry. Possible values are:

J =

{
L S = 0

|L− 1|, L, L+ 1 S = 1
(1)

• total isospin T = 1
2(τ1 + τ2), T = 0, 1 =⇒ conserved

What are the allowed partial waves if we account for the Pauli principle for fermions; that is, that

the total wave function must be totally antisymmetric? All the possibilities are spelled out in this

table:

even L = 0, 2, 4, . . . S = 0 =⇒ T = 1 total

spatial wf is symmetric antisymmetric symmetric antisymmetric

even L = 0, 2, 4, . . . S = 1 =⇒ T = 0 total

spatial wf is symmetric symmetric antisymmetric antisymmetric

odd L = 1, 3, 5, . . . S = 0 =⇒ T = 0 total

spatial wf is antisymmetric antisymmetric antisymmetric antisymmetric

odd L = 1, 3, 5, . . . S = 1 =⇒ T = 1 toal

spatial wf is antisymmetric symmetric symmetric antisymmetric

So if we are given L, S, and J , then T is completely specified by the Pauli principle.

We use a spectroscopic notation to specify NN scattering channels:

2S+1LJ with L = 0, 1, 2, 3, 4, . . . =⇒ S,P,D,F,G,. . . (2)

At low energies, low L will dominate. (Why? How does the centrifugal barrier, which depends on

L, influence the scattering?) The lowest allowed states are therefore:

1S0,
3S1,

1P1,
3P0,

3P1,
3P2,

1D2,
3D1,

3D2,
3D3,

1F3,
3F2,

3F3,
3F4, . . . (3)

But a consequence of the Pauli principle from the table is that if we have neutron-neutron scattering

at very low energies, for example, the only available channel is 1S0, with 3S1 not allowed.
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b. Coupled channels

The values of S and J are conserved in NN interactions but L can change in some cases as a result

of the tensor force. This only happens for S = 1, where for a given J there are matrix elements

between |L − 1| and L + 1, while J = L doesn’t mix because of parity conservation. These are

called “coupled channels”.

Coupled channels mean that the partial wave potential or the S- or T-matrix has an additional

2× 2 matrix structure:

J< = |L− 1| J> = L+ 1


J< coupled

J> coupled

e.g.,

3S1
3D1


3S1 coupled

3D1 coupled

(4)

To parametrize the S-matrix in this case, we introduce a “mixing angle”. In the “bar” convention,

we then have the phase shifts δJ< , δJ> , and mixing angle εJ , with the S-matrix taking the form: e2iδJ< cos 2εJ iei(δJ<+δJ> ) sin 2εJ

iei(δJ<+δJ> ) sin 2εJ e2iδJ> cos 2εJ

 (5)

Note that in the εJ → 0 limit, the usual decoupled result is recovered.

c. Electromagnetic interactions

Our focus here is on the strong interactions, but we note that a quantitative comparison with

experimental cross sections requires electromagnetic interactions to be included. A good reference

for these is Physical Review C 51, 38 (1995), which describes in detail the electromagnetic part of

the Argonne V18 potential. Some contributions:

Table 1: Electromagnetic contributions to NN interactions.
Vem(pp) one- and two-photon exchange Coulomb terms

Darwin-Foldy correction

vacuum polarization

magnetic moment interactions

Vem(pn) Coulomb term due to neutron charge distribution

magnetic moment interactions

Vem(nn) magnetic moment interactions
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d. Analysis of particular partial waves

Let’s look at the NN phase shifts using the Nijmegen partial-wave analysis on nn-online.org/NN.

Among the questions we can ask for each channel: Are the phase shifts attractive or repulsive? Are

there bound states? Is it a coupled channel? Can we identify the influence of particular parts of

the NN interaction?

Start with the S-waves, 1S0 and 3S0. Both have large scattering lengths compared to the

potential range of 1–2 fm, and the signs tell us about whether or not there is a bound state (see

Table 2).

Table 2: S-wave NN scattering lengths.
1S0 ann ≈ (app − em. effects) ≈ −18 fm

anp ≈ −23.7 fm =⇒ almost bound (resonance)
3S0 anp ≈ +5.4 fm =⇒ bound deuteron

mixing angle ε < 5◦ small for Elab < 300 MeV

Note that the subtraction of electromagnetic effects from app is model dependent [Ref! ].

Figure 1: S-wave phase shifts from the Nijmegen partial wave analysis. Figures from

arXiv:0904.4132.

Recall the unitary limit, which corresponds to 1/|a0| → 0 and all other effective range parameters

are zero. This in turn means that k cot δ(k) = 0 for all k, or δ = π/2 for all k. So the differential

cross section is bounded by 1/k2:

dσ

dΩ
=

1

(k cot δ(k))2 + k2
≤ 1

k2
, (6)

Comparing this to the phase shifts in Fig. 1. We see that the NN interaction in the S-waves are

strong at low energies from the large a0 but weakens at higher energies (cf. to δ = π/2) due to

effective range effects.

Recall that δ(k) > 0 means an attractive potential, while δ(k) < 0 means a repulsive potential.

We see that S-waves are attractive at low energies, repulsive at high energies. If we are calculating

nn-online.org/NN
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phase shifts from a local potential, we can use the Variable Phase Approach (VPA) to analyze what

happens. As we integrate from 0 to∞, every part of the potential contributes, but the weighting of

each region depends on the asymptotic momentum/energy. The consequence (see exercises) is that

a local potential that is attractive in the medium- and long-range must have a strong short-range

repulsion for the phase shift to change sign at higher energy. On the other hand, this potential is

not unique. We can make a unitary transformation to a potential that predicts the same phase

shifts but which does not have a short-range repulsion. In this case, the potential is non-local and

therefore velocity dependent, which means it can be attractive at low momentum and repulsive at

high momentum. We’ll come back to this later when we examine renormalization group methods.

Side note: the large scattering length in both spin channels leads to an approximate low-energy

symmetry:

SU(2)isospin ⊗ SU(2)spin = SU(4) , (7)

which is called the Wigner symmetry. The spin-orbit force breaks the symmetry between spin-up

and spin-down, which breaks the Wigner symmetry in nuclei. We’ll see later how this symmetry is

manifested in the pionless effective field theory for nuclei.

Figure 2: Selected phase shifts. From arXiv:1110.5116.

In Fig. 2, a selection of phase shifts are plotted as a function of laboratory energy until well above

the pion production threshold. Above this threshold, there is no longer only elastic scattering, so the

real phase shift does not tell the entire story. However, below this threshold we can deduce various

properties of the NN potential (or see how given properties manifest themselves in the phase shifts).

If we compare the 1S0, 1D2, and 1G4 phase shifts, we see the impact of the centrifugal barrier. In
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one of the exercises for Scattering 2, you are asked to use the comparison to estimate the radial

extent of the repulsive core of the central part of a local potential. (Hint: use the fact that at

250 MeV, which you should convert to center-of-mass momentum, the repulsion must dominate the

attraction for 1S0 because the phase shift crosses zero. But for 1D2, this doesn’t happen.)

(C) 

central plus tensor (C+T) and also including spin-orbit interactions (C+T+LS).  
Figure 3: Triplet NN P-wave phase shifts from Machleidt review. The heavy black dots are data

while predictions from an NN potential with only a central part (C), central plus tensor parts

(C+T) and central plus tensor plus spin-orbit (C+T+LS).

The triplet P-waves tell us another story. For these channels, S = 1 and L = 1, while J can

be 0, 1, or 2. The behavior of the phase shifts is quite different in the three channels, with pure

attraction, pure repulsion, or a zero crossing, as seen in Fig. 2 or in Fig. 3. The implication from

Fig. 3 is that a purely central interaction, of the form V1+Vσ1σ2σ1 ·σ2 would predict the same phase

shifts. In fact, we can isolate the central part of the 3P waves by averaging over them, weighted by

the degeneracy (2J + 1):

δL=1(k) =

∑
J(2J + 1)δL=1J (k)∑

J(2J + 1)
. (8)

This is evaluated in the exercises to show that δL=1 < 5◦ for Elab < 150 MeV, which means that

the central 3P interactions are small.

So what can contribute to the splitting of the 3P waves? The spin-orbit force is a prime

contender. In these states,

〈L · S〉 = 〈1
2

(J2 − L2 − S2)〉

=
1

2
[(J(J + 1)− S(S + 1)− L(L+ 1)]

=


−2 3P0

−1 3P1

1 3P2

(9)

so to match the pattern in the 3P2 and 3P1 phase shifts, we need VLSL ·S with attractive VLS < 0.

This only explains the high energy part of 3P0, but we also have the tensor interactions, which

explains the rest (see Fig. 3).
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e. Scales in nuclear forces

Consider the momentum scales (generically referred to as Q) underlying nucleon-nucleon forces

(recall ~c ≈ 200 Mev–fm):

1. The smallest momentum scale is set by the inverse of the fine-tuned large scattering length in

the 1S0 channel, with the 3S0 scattering also unnaturally large, but to a much lesser degree:∣∣∣∣ 1

a0

∣∣∣∣ ≈ 1

| − 20 fm|
or

1

5 fm
=⇒ ≈ 10–40 MeV . (10)

2. The pion mass mπ ≈ 140 MeV sets the scale for the longest-ranged part of the NN interaction.

This is reflected in the effective range [include both channels]

1

r0
≈ 1

2.7 fm
∼ 1

2
mπ . (11)

3. The virtual excitation of the nucleon to the Delta resonance in intermediate states is dictated

by the mass difference m∆ −mN ∼ 2mπ. This is important both for the NN force and for

the three-nucleon force.

4. The characteristic mass of non-Goldstone bosons (which we call “heavy”) is given very roughly

by mheavy ∼ 1 GeV and is typified by the rho and omega mesons.

Figure 4: Momentum scales relevant to nucleon-nucleon forces.

The separation of scales for nuclear forces: 1/|a0| � mπ < m∆−mN � mheavy (Fig. 4 is drawn to

scale, 0 to 1000 MeV) provides the opportunity to apply effective field theory methods.
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