Chapter 12

Eigensystems

12.1 Introduction

Together with linear equations and least squares, the thd@jdr problem in matrix computations deals
with the algebraic eigenvalue problem. Here we limit ouemtibn to the symmetric case. We focus in
particular on two similarity transformations, the Jacohéthod, the famous QR algoritm with House-
holder's method for obtaining a triangular matrix and Fiahalgorithm for the final eigenvalues. Our
presentation follows closely that of Golub and Van Loan,Reé [27].

12.2 Eigenvalue problems

Let us consider the matriA of dimension n. The eigenvalues &f are defined through the matrix
equation
Ax®) = \Wx®), (12.1)

whereA®) are the eigenvalues and”) the corresponding eigenvectors. Unless otherwise stafeeh
we use the wording eigenvector we mean the right eigenvethar left eigenvector is defined as

XA = \Px®)

The above right eigenvector problem is equivalent to a setexfuations with unknownsz;

a11T1 + a1222 + -+ + A1 TH = AT
211 + a22%2 + - -+ + A2p Ty, = AX2
Ap1T1 + Qp2T2 + - + AppTy = ATy,

We can rewrite Eq[{I2 1) as

(A - A(”)I) x) =0,

with I being the unity matrix. This equation provides a solutiothi® problem if and only if the deter-
minant is zero, namely

‘A . M”)I( —0,
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Eigensystems

which in turn means that the determinant is a polynomial gfréen in A\. The eigenvalues of a matrix
A e C™*" are thus the: roots of its characteristic polynomial

P(\) = det(A\I — A), (12.2)

or

P =T[—N. (12.3)
1=1
The set of these roots is called the spectrum and is denoteas If A(A) = {1, \2,..., A, } then
we have
det(A) = MAa... Ay,

and if we define the trace o as

TT’(A) = Zn: QAiq
i=1

thenTr(A) = A\ + Ao+ -+ A\

Procedures based on these ideas can be used if only a srotiiriraf all eigenvalues and eigenvec-
tors are required or if the matrix is on a tridiagonal formt the standard approach to solve Hq. (12.1)
is to perform a given number of similarity transformatiosas to render the original matriX in either
a diagonal form or as a tridiagonal matrix which then can beliagonalized by computational very
effective procedures.

The first method leads us to Jacobi’'s method whereas the demun is given by Householder’s
algorithm for tridiagonal transformations. We will dissusoth methods below.

12.3 Similarity transformations
In the present discussion we assume that our matrix is readymmetric, that is\ € R™*". The matrix

A hasn eigenvalues\; ... A, (distinct or not). LefD be the diagonal matrix with the eigenvalues on the
diagonal

A0 0 0 ... 0 0

0 X 0 0 ... 0 0
D— 0O 0 X3 0O 0 ... 0

0 ... ... . 0 A

0 ... ... L 0 A

If A isreal and symmetric then there exists a real orthogonaixr@such that
STAS = diag(A1, A2, ..., An),

and forj = 1: n we haveAS(:,j) = A;S(:,j). See chapter 8 of Ref. [27] for proof.

To obtain the eigenvalues & € R™*", the strategy is to perform a series of similarity transfor-
mations on the original matriXA, in order to reduce it either into a diagonal form as abovento &
tridiagonal form.

We say that a matriB is a similarity transform ofA if

B = STAS, where s’s=s's=1.
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12.4 — Jacobi’'s method

The importance of a similarity transformation lies in thetféghat the resulting matrix has the same
eigenvalues, but the eigenvectors are in general differ@otprove this we start with the eigenvalue
problem and a similarity transformed matisk

Ax = \x and B = STAS.
We multiply the first equation on the left I8/ and inserS”'S = I betweenA andx. Then we get
(STAS)(STx) = ASTx, (12.4)
which is the same as
B (STx) = A (STx).
The variable) is an eigenvalue dB as well, but with eigenvectdTx.
The basic philosophy is to
— either apply subsequent similarity transformations so tha
S%...STAS;...Sx =D, (12.5)
— or apply subsequent similarity transformations so thdiecomes tridiagonal. Thereafter, tech-
niques for obtaining eigenvalues from tridiagonal masican be used.
Let us look at the first method, better known as Jacobi’s miktlidsiven’s rotations.

12.4 Jacobi’'s method

Consider anif x n) orthogonal transformation matrix

1 0o ... 0 0 0 O
0 1 ... 0 0 0 O
S 0 0 ... cosb 0 ... 0 sinf
0 0 0 1 0 0
o 0 ... 0 0 1 0
0 0 ... —sind 0 cosb

with propertyST = S—1. It performs a plane rotation around an angla the Euclideam—dimensional
space. It means that the matrix elements that differ froro aeg given by

Sk = Sy = €080, 8 = —s;p, = —sinb, s, = —s; =1 i#£k  i#£I,

A similarity transformation
B =STAS,

results in
bii = ai,iFki#l

birk. = a;pcosl —aysind i #£k,i#l

by = agcost + a;psind i £ ki #£1
b = aprcos?0 — 2axcoslsind + aysin’6

by = aycos?d + 2aycoslsind + agysin’0

by = (agk — ay)cosfsind + akl(00329 — sin29)
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The angled is arbitrary. The recipe is to choo$eso that all non-diagonal matrix elemerig become
zero.

The algorithm is then quite simple. We perform a number ofttens untill the sum over the squared
non-diagonal matrix elements are less than a prefixed testlly equal zero). The algorithm is more or
less foolproof for all real symmetric matrices, but becommegh slower than methods based on tridiag-
onalization for large matrices.

The main idea is thus to reduce systematically the norm obftfhdiagonal matrix elements of a

matrix A
n n
2
Z Z -
i=1 j=1,j#i
To demonstrate the algorithm, we consider the simple2 similarity transformation of the full matrix.
The matrix is symmetric, we single olt< k& < | < n and use the abbreviatiors= cos § ands = sin 6

to obtain
b, O [ c —s Ape Qg c s
0 b” - S C aip  anq —S C ’

We require that the non-diagonal matrix eleménis= b;, = 0, implying that

ar(c® — %) + (apk — ay)es = by = 0.

If ax; = 0 one sees immediately thats # = 1 andsin 6 = 0.
The Frobenius norm of an orthogonal transformation is admargserved. The Frobenius norm is

defined as
DD layl

i=1 j=1

|AllF =

This means that for oWy x 2 case we have
2aj, + ayy, + ajy = by, + bjp,

which leads to .
off(B)? = ||B|[% — > b} = off(A)? — 243,
i=1

since . N
1Bl =Y b5 = |Al[F =Y afi + (afy + af; — by, — bi)-
i=1 =1
This results means that the matéxmoves closer to diagonal form for each transformation.
Defining the quantitiesan § = ¢t = s/c and

Ak — ay
QCLM

we obtain the quadratic equation
t2+21t—1=0,

resulting in

t=—7+V1+72
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12.4 — Jacobi’'s method

andc ands are easily obtained via
1

V142
ands = tc. Choosingt to be the smaller of the roots ensures tftat< =/4 and has the effect of
minimizing the difference between the matri@@sand A since

n
2a7
IB—Al7=4(1—-¢) > (af +aj)+ C—gkl
i=1i#k,l

The main idea is thus to reduce systematically the norm obthdiagonal matrix elements of a matrix
A

To implement the Jacobi algorithm we can proceed as follows

— Choose a tolerance making it a small number, typically0—2 or smaller.

— Setup avhile-test where one compares the norm of the newly computediadiedal
matrix elements

This is however a very time-comsuming test which can be ocepldy the simpler
test
2

max(a;;) > €.

— Now choose the matrix elemenig; so that we have those with largest value, thatjls
lag| = max;+j|a;;).

— Compute thereafter = (ay; — axk)/2ax;, tan 6, cos 6 andsin 6.

— Compute thereafter the similarity transformation for #esof valuesk, (), obtaining
the new matrixB = S(k,1,0)T AS(k,1,0).

— Continue till

The convergence rate of the Jacobi method is however poemeeds typicallyn? — 5n? rotations
and each rotation requires: operations, resulting in a total @2n3 — 20n> operations in order to zero
out non-diagonal matrix elements. Although the classieabbi algorithm performs badly compared
with methods based on tridiagonalization, it is easy tolpize.

The slow convergence is related to the fact that when a neatioatis performed, matrix elements
which were previously zero, may change to non-zero valudseimext rotation. To see this, consider the
following simple example.
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We specialize to a symmetricc 3 matrix A. We start the process as follows (assuming that= aso
is the largest non-diagonal matrix element) witk cos § ands = sin

1 0 0 ail a2 ais 1 0 0
B= 0 ¢ —s as1 Qo G923 0 ¢ s
0 s C a3y az2 ass 0 —s

We will choose the anglé in order to haveiss = ass = 0. We get the new symmetric matrix

a1y a12C — @138 a128 + ai3c
B= a12C — 138 a2202 + CL3382 — 2(12386 (agg — a33)SC + (123(62 — 82)
a128 + aisc (a22 — a33)sc + CL23(02 — 82) CL22$2 + CL3362 + 2as3scC
Note thata;; is unchanged! As it should.
We have
a1l a12C — @138 a128 + ai3c
B = a12C — 138 a2202 + CL3382 — 2(12386 (agg — a33)SC + (123(62 — 82)
a12s + ajzc  (age — asz)sc+ CL23(02 — 82) CL22$2 + CL3362 + 2a93scC
or
bi1 = an
bia = aiocosf —ajzsinfd, 1 #2,1#3
bis = ai3cosf + ajgsinfd, 1 #2,1#3
by = a99c0s°0 — 2a93c0s80sinf + aggsin20
bss = as3c08%6 + 2a23c0s0sinf + azesin’o
bas = (ag2 — ass)coshsinb + a23(00329 — sin29)

We will fix the anglef so thatb,s = 0.
We get then a new matrix
bi1 b2 b3
B == b12 b22 O
biz 0 ass

We repeat assuming thag, is the largest non-diagonal matrix element and get a newixnatr

c —s 0 bll b12 blg C s 0
C = S C 0 b12 b22 0 —s ¢ 0
0 0 1 biz 0 b33 0 01

We continue this process till all non-diagonal matrix eletseare zero. It is easy to convince oneself
that when performing the above operations, the matrix etl¢me which was previously set to zero may
become different from zero. This is one of the problems wklclws down the Jacobi procedure.

12.5 Diagonalization through the Householder's method fordiagonalization

In this case the diagonalization is performed in two stefrst,Rhe matrix is transformed into tridiagonal
form by the Householder similarity transformation. Sedgnithe tridiagonal matrix is then diagonalized.
The reason for this two-step process is that diagonalisitgdimgonal matrix is computational much
faster then the corresponding diagonalization of a gesgrametric matrix. Let us discuss the two steps
in more detail.

332



12.5 — Diagonalization through the Householder's method fmidiagonalization

12.5.1 The Householder’'s method for tridiagonalization

The first step consists in finding an orthogonal masixvhich is the product ofn — 2) orthogonal
matrices
S=5:S,...S,_9,

each of which successively transforms one row and one cobfrdninto the required tridiagonal form.
Only n — 2 transformations are required, since the last two elemestaleeady in tridiagonal form. In
order to determine ead® let us see what happens after the first multiplication, ngmel

all €1 0 0 0 0

/ / /

T 61 a22 CL23 a2n
/ / /

S1AS; = 0 az aszg ... ... ... ag,
! / !

0 apy Gz -0 oo L. Gy

where the primed quantities represent a matixof dimensionn — 1 which will subsequentely be
transformed byS». The factore; is a possibly non-vanishing element. The next transfolngtroduced
by S, has the same effect & but now on the submatirA’ only

ail €1 0 0 0 0

ep ahy e 0 ... ... 0
(Slsg)T A8182 = 0 €2 agg PN PN PN agn

0

0 0 aly ... ... ... d,

Note that the effective size of the matrix on which we apply ttansformation reduces for every new
step. In the previous Jacobi method each similarity transition is in principle performed on the full
size of the original matrix.

After a series of such transformations, we end with a setagjahal matrix elements

/ " n—1
ai11, @92, 033 - - - App

and off-diagonal matrix elements

617627637"'7677/_1'
The resulting matrix reads
an e2 0 0 0 0
€1 Gy e 0 0 0
"
es a e 0 0
STAS = "
-1
0 a1(1n—1n)—1 €n—1
0 €n—1 a%_l)

It remains to find a recipe for determining the transformratsy,. We illustrate the method fd8,
which we assume takes the form
S, < 1 oT >
o P )’
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with 0T being a zero row vectof™ = {0,0,--- } of dimension(n — 1). The matrixP is symmetric
with dimension (n — 1) x (n — 1)) satisfyingP? = T andP” = P. A possible choice which fullfils the
latter two requirements is

P=1- 2uuT,

wherel is the(n — 1) unity matrix andu is ann — 1 column vector with norma”'u = 1, that is its inner
product.
Note thatuu’ is an outer product giving a dimensiofn(— 1) x (n — 1)). Each matrix element of
P then reads
Pij = dij — 2uquy,

wherei andj range froml to n — 1. Applying the transformatioi$; results in

Pv A’
wherevT = {as1,a31,- - ,a,1} andP must satisfy Pv)” = {£,0,0,---}. Then
Pv=v —2u(ulv) = ke, (12.6)

with eT = {1,0,0,...0}. Solving the latter equation gives usand thus the needed transformatiBn
We do first however need to compute the scéléy taking the scalar product of the last equation with
its transpose and using the fact tit = I. We get then

Pv)IPv=k =vlv=|v]= Zall,

which determines the constaint= +v. Now we can rewrite Eq[{12.6) as

T

v — ke =2u(u’ v),

and taking the scalar product of this equation with itself abtain
2u?v)? = (v? £ agv), (12.7)
which finally determines
_ v—ke
- 2(ulv)’
In solving Eq. [(I2J7) great care has to be exercised so asowsehthose values which make the right-

hand largest in order to avoid loss of numerical precisiohe @bove steps are then repeated for every
transformations till we have a tridiagonal matrix suitafdeobtaining the eigenvalues.

12.5.2 Diagonalization of a tridiagonal matrix via Frantegorithm

The matrix is now transformed into tridiagonal form and thstIstep is to transform it into a diagonal
matrix giving the eigenvalues on the diaganal

Before we discuss the algorithms, we note that the eigeesailtia tridiagonal matrix can be obtained
using the characteristic polynomial

P(\) = det(\L - A) = f[ (i — A),
=1

1This section is not complete it will be finished end of fall 200
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12.5 — Diagonalization through the Householder's method fmidiagonalization

which rewritten in matrix form reads

d1 - A €1 0 0 0 0
€1 d2 - €9 0 0 0
P()\): 0 €2 d3—>\ €3 0 0
0 stmp_g—/\ € Natep—1
0 € Nstep—1 stmp—l_/\

We can solve this equation in a recursive manner. W&jJéh) be the value ok subdeterminant of the
above matrix of dimension x n. The polynomialP;()) is clearly a polynomial of degrele. Starting
with P;()\) we haveP;(\) = d; — A. The next polynomial readB,()\) = (dz — A\)Pi()\) — e3. By
expanding the determinant fé#,(\) in terms of the minors of theth column we arrive at the recursion
relation

P(\) = (dg — \)Pr_1(\) — €51 Pr_o(N).

Together with the starting value; (\) and P»(\) and good root searching methods we arrive at an
efficient computational scheme for finding the rootdht\). However, for large matrices this algorithm
is rather inefficient and time-consuming.

The programs which performs these transformations arebmatk — tridiagonal matrix —
diagonal matrix

C: void trd2(doublexxa, int n, double d[], double e[])
void tgli(double d[], double[], int n, doublexz)
Fortran: CALL tred2(a, n, d, )
CALL tqli(d, e, n, 2)

The last step through the functidgqli() involves several technical details. Let us describe thehdsa
in terms of a four-dimensional example. For more detaile,Ref. [27], in particular chapters seven and
eight.

The current tridiagonal matrix takes the form

d1 €1 0 0
€1 d2 €92 0
0 €9 dg €3
0 0 €3 d4

A=

As a first observation, if any of the elementsare zero the matrix can be separated into smaller pieces
before diagonalization. Specifically,df = 0 thend; is an eigenvalue. Thus, let us introduce a transfor-
mationS,

cosf 0 0 sinf
0 00 O
S1= 0 00 0
—sinfd 0 0 cosé
Then the similarity transformation
" e 0 0
STAS o A/ o 6/1 d2 €2
1 1= - 0 €2 d3 6,3
0 0 e d)
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produces a matrix where the primed elementdirhave been changed by the transformation whereas
the unprimed elements are unchanged. If we now chédsegive the element,, = ¢ = 0 then we
have the first eigenvalue a;, = d;.

This procedure can be continued on the remaining threerdiimeal submatrix for the next eigen-
value. Thus after four transformations we have the wantagatial form.

12.6 The QR algorithm for finding eigenvalues

In preparation for 2010

12.7 Schrddinger’s equation through diagonalization

Instead of solving the Schrodinger equation as a diffesbmijuation, we will solve it through diago-
nalization of a large matrix. However, in both cases we needetal with a problem with boundary
conditions, viz., the wave function goes to zero at the emmdpo

To solve the Schrodinger equation as a matrix diagonadiagiroblem, let us study the radial part of
the Schrodinger equation. The radial part of the wave fon¢t(r), is a solution to

h? (1 d od 1(1+1)

23" 7 2 > R(r)+ V(r)R(r) = ER(r).

“2m

Then we substitutd(r) = (1/r)u(r) and obtain

2 g2 2
—;—m%u(r) + (V(r) + l(l:; D 2h—m> u(r) = Eu(r).

We introduce a dimensionless variable= (1/a)r wherea is a constant with dimension length and get

h? d?

(1+1) R
2ma? dp?

)+ (Vo + 2 s Y i) = Bule)

In the example below, we will replace the latter equatiorhwitat for the one-dimensional harmonic
oscillator. Note however that the procedure which we giMeveeapplies equally well to the case of e.g.,
the hydrogen atom. We replagevith x, take away the centrifugal barrier term and set the potesqiaal

to )
Vix) = 51{73:2,

with & being a constant. In our solution we will use units so that 7 = m = o = 1 and the
Schradinger equation for the one-dimensional harmoniglasr becomes

d2
—@u(m) + z%u(z) = 2Fu(z).
Let us now see how we can rewrite this equation as a matrixiegdee problem. First we need to compute
the second derivative. We use here the following expredsiothe second derivative of a functigh

P f(w+h)—2J;L(2x)+f(x—h) +om?), (12.8)
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12.7 — Schrodinger’s equation through diagonalization

whereh is our step. Next we define minimum and maximum values for th@blex, R, and Ry ax,
respectively. With a given number of stepé,.,,, we then define the stépas

Rmax - Rmin

h =
Nstop

If we now define an arbitrary value afas
T; = Rpin + th i:1,2,...,NStOp—1
we can rewrite the Schrodinger equation fgras

_uwk+h)—m%?9+”@k_h)+x%¢w)=2EUWH»

or in a more compact way

R |
2

U — 2up + ug_
+ 22Uy = — bt hzk L4 Vi = 2By,

whereuy, = u(zy), up+1 = u(xg £ h) andVy = xi the given potential. Let us see how this recipe may
lead to a matrix reformulation of the Schrodinger equatidafine first the diagonal matrix element

2
d = 2 + Vi,
and the non-diagonal matrix element
1
(&% ——h2 .

In this case the non-diagonal matrix elements are given by roonstant.All non-diagonal matrix
elements are equalVith these definitions the Schrédinger equation takesahefing form

dpug + eg_1ugp—1 + epp1upy1 = 2Buy,

whereu;, is unknown. Since we havwl¥.,, — 1 values ofk we can write the latter equation as a matrix
eigenvalue problem

d1 €1 0 0 PN 0 0 ui ul

€1 d2 €9 0 N 0 0 (%) (%)

0 €2 dg €3 0 0 —9F (129)
0 sttcp_2 eNstcp_l

[an}

eNstep_l sttep_l uNstep_l uNstep_l

or if we wish to be more detailed, we can write the tridiaganalrix as

TR A— 0 0 ... 0 0
h 1 2 h 1
-& A _|_1V2 . 01 0 0
0 etV T 0 0 (12.10)
0 % + Vieep—2 &
0 —% %—i_sttep—l
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This is a matrix problem with a tridiagonal matrix of dimemsiNg, — 1 x Ngiep — 1 and will
thus yield Ny, — 1 eigenvalues. It is important to notice that we do not set upasrimof dimension
Nistep X Nitep Since we can fix the value of the wave functiorkat Ngiep,. Similarly, we know the wave
function at the other end point, that is fey.

The above equation represents an alternative to the nuathsdlution of the differential equation for
the Schrdodinger equation discussed in chdpikr 14.

The eigenvalues of the harmonic oscillator in one dimensi@enwell known. In our case, with all
constants set equal 1o we have

1
En =n-+ 5,
with the ground state being, = 1/2. Note however that we have rewritten the Schrédinger eguaio
that a constant 2 stands in front of the energy. Our progrdhthen yield twice the value, that is we will
obtain the eigenvaluek 3,5,7.... ..

In the next subsection we will try to delineate how to solve dlvove equation. A program listing is

also included.

12.7.1 Numerical solution of the Schrédinger equation lagdnalization

The algorithm for solving Eq[TIZ.12) may take the followiiogm

— Define values folViep, Rmin aNdRyax. These values define in turn the step gizdypical values
for Rn.x and Ryin could bel0 and —10 respectively for the lowest-lying states. The number of
mesh pointsV., could be in the range 100 to some thousands. You can checlathibtg of the
results as functions aVsep, — 1 and Ry,ax and Ryin against the exact solutions.

— Construct then two one-dimensional arrays which contdivadlies ofz; and the potential/;.
For the latter it can be convenient to write a small functidmol sets up the potential as function
of x. For the three-dimensional case you may also need to intheleentrifugal potential. The
dimension of these two arrays should go fromp to Ngiep.

— Construct thereafter the one-dimensional vectbemde, whered stands for the diagonal matrix
elements and the non-diagonal ones. Note that the dimension of these txaysaruns froml up
to Ngep — 1, SiNce we know the wave functianat both ends of the chosen grid.

— We are now ready to obtain the eigenvalues by calling thetioméqgli which can be found on the
web page of the course. Callinigli, you have to transfer the matricdsande, their dimension
n = Ngep — 1 @and a matrix: of dimensionNgep, — 1 X Nyiep — 1 Which returns the eigenfunctions.
On return, the array contains the eigenvalues. 4fis given as the unity matrix on input, it returns
the eigenvectors. For a given eigenvalyehe eigenvector is given by the colurmrin z, that is
Z[][K] in C, or z(:,k) in Fortran.

— TQLI does however not return an ordered sequence of eigegwalYou may then need to sort
them as e.g., an ascending series of numbers. The programowdepincludes a sorting function
as well.

— Finally, you may perhaps need to plot the eigenfunctions el or calculate some other expec-
tation values. Or, you would like to compare the eigenfuordiwith the analytical answers for
the harmonic oscillator or the hydrogen atom. We provideretion plot which has as input one
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12.7 — Schrodinger’s equation through diagonalization

eigenvalue chosen from the outputtgfi. This function gives you a normalized wave function
where the norm is calculated as

Rmax Nstcp
/ u(z)Pde —h > ul =1,
Rmin =0

and we have used the trapezoidal rule for integration dészlig chaptdr?.
12.7.2 Program example and results for the one-dimensioaahonic oscillator

We present here a program example which encodes the abaréhaly

http://www.fys.uio.no/compphys/cp/programs/FYS3150/chapterl2/cpp/programl . cpp

[ *
Solves the oneparticle Schrodinger equation
for a potential specified in function
potential (). This example is for the harmonic oscillator

*/

#include <cmath>

#include <iostream>

#include <fstream>

#include <iomanip>

#include "1ib.h"

using namespace std;

/!l output file as global variable

ofstream ofile;

/! function declarations

void initialise (double&, double&, int&, int&) ;
double potential (double);

int comp(const double %, const double x);

void output(double, double, int, double x);

int main(int argc, charx argv([])
{
int i, j, max_step, orb_lI;
double r_min, r_max, step, const_1, const_2, orb_factor,
xe, *xd, *W, *I, **xZ;
char xoutfilename;
/I Read in output file, abort if there are too few commaithe arguments
if ( argec <=1 ){

Cout << "Bad Usage: " << argv[0] <<
" read also output file on same line" << endl;
exit(1);
}
else{
outfilename=argv|[1];
}

ofile .open(outfilename);
/1 Read in data
initialise (r_min, r_max, orb_I, max_step);
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/!l initialise constants

step = (r_max— r_min) / max_step;
const_2 =-1.0 / (step s« step);
const_1 = — 2.0 x const_2;

orb_factor = orb_Ix (orb_I + 1);

/1 local memory for r and the potential w[r]

r = new double[max_step + 1];
w = new double[max_step + 1];
for(i = 0; i <= max_step; i++) {

r(i] = r_min + i % step;

w[i] = potential(r[i]) + orb_factor [/ (r[i] % r[i]);
}
/Il local memory for the diagonalization process
d = new double[max_step]; /I diagonal elements
e = new double[max_step]; /I tridiagonal off-diagonal elements
z = (double xx) matrix(max_step, max_step sizeof(double));
for(i = 0; i < max_step; i++) {

dfi] = const_1 + w[i + 1];

e[i] = const_2;

z[i][i] = 1.0;

for(j = i + 1; j < max_step; j++) {

z[i][j] = 0.0;

}

}

/! diagonalize and obtain eigenvalues
tqli(d, e, max_step— 1, z);
I/l Sort eigenvalues as an ascending series
gsort(d,(UL) max_step- 1,sizeof(double),
(int (x)(const void *,const void x))comp);
/Il send results to ouput file
output(r_min , r_max, max_step, d);
delete [] r; delete [] w; delete [] e; delete [] d;
free_matrix ((void xx) z); // free memory
ofile.close(); // close output file
return O;
} // End: function main()

/%

The function potential ()

calculates and return the value of the

potential for a given argument Xx.

The potential here is for the -Adim harmonic oscillator
x/

double potential (double x)
{
return XxXx;

} /1 End: function potential ()

[ %
The function int comp()
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is a utility function for the
to sort double numbers after

library function qgsort()
increasing values.

*/

int comp(const double xval_1, const double xval_2)
{
if ((¢val_1) <= (xval_2))

else if((xval_1) > (xval_2))
else return
/!l End:

return -1;

return +1;
0;

}

/1
void

{

function comp()

read in min and max radius, number of mesh points and |
initialise (double& r_min, double& r_max, int& orb_I, int& max_step)

cout << "Min vakues of R
cin >> r_min;
cout << "Max value of R
cin >> r_max;
cout << "Orbital momentum
cin >> orb_|I;
cout << "Number of steps
cin >> max_step;
} // end of function
/! output of results
void output(double r_min

initialise

, double r_max, int max_step, double xd)

{ . .
int i;
ofile << "RESULTS:" << endl;
ofile << setiosflags(ios::showpoint | ios::uppercase);
ofile <<"R_min = " << setw(15) << setprecision(8) << r_min << endl;
ofile <<"R_max = " << setw(15) << setprecision(8) << r_max << endl;
ofile <<"Number of steps = " << setw(15) << max_step << endl;
ofile << "Five lowest eigenvalues:" << endl;
for(i = 0; i < 5; i++) {
ofile << setw(15) << setprecision (8) << d[i] << endl;
}
} // end of function output

There are several features to be noted in this program.

The main program calls the functiamtialise, which reads in the minimum and maximum values of
r, the number of steps and the orbital angular momerituiimereafter we allocate place for the vectors
containingr and the potential, given by the variablejg] and w[i], respectively. We also set up the
vectorsd[i| ande[i| containing the diagonal and non-diagonal matrix elemedédling the functiontql:
we obtain in turn the unsorted eigenvalues. The latter atedby the intrinsic C-functiogsort.

The calculaton of the wave function for the lowest eigenwatidone in the functioplot, while all
output of the calculations is directed to the fuctmnput.

The included table exhibits the precision achieved as foncif the number of mesh poinfg. The
exact values aré, 3,5, 7, 9.

The agreement with the exact solution improves with indnrggsumbers of mesh points. However,
the agreement for the excited states is by no means impeesBdoreover, as the dimensionality in-
creases, the time consumption increases dramaticallytiMtiagonalization scales typically as N3.
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Table 12.1: Five lowest eigenvalues as functions of the msrobmesh pointsV with r.,;;, = —10 and
Tmax = 10.
N Ey E; Ey E5 Ey
50 9.898985E-01 2.949052E+00 4.866223E+00 6.739916E+0868842E+00
100 9.974893E-01 2.987442E+00 4.967277E+00 6.936913E-8)896282E+00
200 9.993715E-01 2.996864E+00 4.991877E+00 6.984335E-80974301E+00
400 9.998464E-01 2.999219E+00 4.997976E+00 6.996094E-8)993599E+00
1000 1.000053E+00 2.999917E+00 4.999723E+00 6.99935BE-8)999016E+00

In addition, there is a maximum size of a matrix which can lbeest in RAM.

The obvious question which then arises is whether this sehemothing but a mere example of
matrix diagonalization, with few practical applicationsioterest. In chaptekl6, where we deal with
interpolation and extrapolation, we discussed also cdRethardson’s deferred extrapolation scheme.
Applied to this particualr case, the philosophy of this suhevould be to diagonalize the above matrix
for a set of values ofV and thereby the step length Thereafter, an extrapolation is madefito— 0.

The obtained eigenvalues agree then with a remarkablespyravith the exact solution. The algorithm
is then as follows

— Perform a series of diagonalizations of the matrix in HQ.T32) for different
values of the step sizk. We obtain then a series of eigenvaluBgh/2*) with
k = 0,1,2,.... That will give us an array of 'x-valuesh, h/2,h/4,... and an

array of 'y-values’E(h), E(h/2), E(h/4),.... Note that you will have such a se
for each eigenvalue.

— Use these values to perform an extrapolation calling éhg.function POLINT with
the point where we wish to extrapolate to giventy- 0.

— End the iteration ovek when the error returned by POLINT is smaller than a fixqd
test.

The results for the 10 lowest-lying eigenstates for the dingensional harmonic oscillator are listed
below after just 3 iterations, i.e., the step size has bedncetl toh/8 only. The exact results are
1,3,5,...,19 and we see that the agreement is just excellent for the ek#imol results. The results
after diagonalization differ already at the fourth-fifthyidi

Parts of a Fortran program which includes Richardson’sapxiation scheme is included here. It

performs five diagonalizations and establishes resultgdous step lengths and interpolates using the
function POLINT.

I start loop over interpolations,
DO interpol=1, 5
IF ( interpol == 1) THEN
max_step=start_step
ELSE
max_step=(interpol1)x2«xstart_step
ENDIF

here we set max interpoilahs to 5
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Table 12.2: Result for numerically calculated eigenvaloethe one-dimensional harmonic oscillator
after three iterations starting with a matrix of sit€) x 100 and ending with a matrix of dimension
800 x 800. These four values are then used to extrapolate the 10 ldyiegteigenvalues té = 0.. The
values ofz span from—10 to 10, that means that the starting step viias: 20/100 = 0.2. We list here
only the results after three iterations. The error test easguall0~6.

Extrapolation

Diagonalization

Error

0.100000D+01
0.300000D+01
0.500000D+01
0.700000D+01
0.900000D+01
0.110000D+02
0.130000D+02
0.150000D+02
0.170000D+02
0.190000D+02

0.999931D+00
0.299965D+01
0.499910D+01
0.699826D+01
0.899715D+01
0.109958D+02
0.129941D+02
0.149921D+02
0.169899D+02
0.189874D+02

0.206825D-10
0.312617D-09
0.174602D-08
0.605671D-08
0.159170D-07
0.349902D-07
0.679884D-07
0.120735D-06
0.200229D-06
0.314718D-06

n=max_step-1
ALLOCATE ( e(n) , d(n) )
ALLOCATE ( w(0O:max_step), r(0:max_step))
d=0. ; e =0.
I define the step size
step=(rmaxrmin) /FLOAT(max_step)
hh(interpol)=stepstep
I define constants for the matrix to be diagonalized
constl=2./(stepstep)
const2=1./(steptstep)
! set up r, the distance from the nucleus and the function w femergy
=0
! w corresponds then to the potential
! values at
DO i=0, max_step
r(i) = rmint+ixstep
w(i) = potential (r(i))
ENDDO
! setup the diagonal d and the nemliagonal part e of
! the tridiagonal matrix matrix to be diagonalized
d(l:n)=constl+w(1:n) e(1l:n)=const2
I allocate space for eigenvector info
ALLOCATE ( z(n,n) )
I obtain the eigenvalues
CALL tqli(d,e,n,z)
I sort eigenvalues as an ascending series
CALL eigenvalue_sort(d,n)
DEALLOCATE (z)
errl=0.
I the interpolation part starts here
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DO 1=1,20

err2=0.

value (interpol ,1)=d(l)

inp=d(I)

IF ( interpol > 1 ) THEN
CALL polint(hh,value(:,Il),interpol ,0.d0 ,inp,err2)
errl=MAX(errl ,err2)
WRITE (6 ,'(D12.6 ,2X,D12.6 ,2X,D12.6) ") inp, d(l), errl

ELSE
WRITE (6,'(D12.6,2X,D12.6,2X,D12.6) ') d(l), d(l), errl
ENDIF
ENDDO
DEALLOCATE (w, r, d, e)
ENDDO

12.8 Discussion of BLAS and LAPACK functionalities

In preparation, ready 2010.

12.9 Exercises and projects

Project 12.1: Schrodinger’s equation for two electrons itheee-dimensional harmonic oscil-
lator well

The aim of this project is to solve Schroédinger’s equationtfam electrons in a three-dimensional har-
monic oscillator well with and without a repulsive Coulonmibdraction. Your task is to solve this equation
by reformulating it in a discretized form as an eigenvalueadigpn to be solved with Jacobi's method. To
achieve this you will have to write your own code which imptnts Jacobi’'s method.

Electrons confined in small areas in semiconductors, deecguantum dots, form a hot research
area in modern solid-state physics, with applications spanfrom such diverse fields as quantum nano-
medicine to the contruction of quantum gates.

Here we will assume that these electrons move in a threerdiim@al harmonic oscillator poten-
tial (they are confined by for example quadrupole fields) apkl each other via the static Colulomb
interaction. We assume spherical symmetry.

We are first interested in the solution of the radial part dirBdinger’s equation for one electron.
This equation reads

R (1d ,d 1l+1)
7‘2d7‘r dr r2

> R(r)+ V(r)R(r) = ER(r).

2m

In our caséV (r) is the harmonic oscillator potentiél /2)kr? with k = mw? and E is the energy of the
harmonic oscillator in three dimensions. The oscillategtrency isv and the energies are

Enl:hw<2n+l+g>,
withn=0,1,2,... andi =0,1,2,....
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Since we have made a transformation to spherical coordifitatgeans that < [0, o). The quantum
numberl is the orbital momentum of the electron. Then we substifite) = (1/)u(r) and obtain

h? d?

2mdr?

2
Ay Dh—) u(r) = Bu(r).

2 2m

u(r) + <V(r) +

The boundary conditions atg0) = 0 andu(cc) = 0.
We introduce a dimensionless variaple= (1/a)r wherea is a constant with dimension length and
get
n? 2
" 2ma? dp?

I1+1) R
2
We will set in this project = 0. InsertingV (p) = (1/2)ka?p* we end up with

o)+ (Vi + ) ulo) = Bulo)

2ma?

h? 2

k
—Md—pzum) + =a’p*u(p) = Eu(p).

2
We multiply thereafter witli2ma? /A2 on both sides and obtain

d? mk 2ma
—d—pgu(P) + ﬁa4p2u(p) = TEU(P)-

The constantr can now be fixed so that

e b
or
72\ /4
a:(m_k> .
Defining
A=

we can rewrite Schrddinger’s equation as
d? 9
—d—pgu(P) + pu(p) = Au(p).

This is the first equation to solve numerically. In three digiens the eigenvalues for= 0 are \y =
3B M =T, =11,....
We use the by now standard expression for the second deeaita functionu

= Wt h) —2ulp) +ulp —h)
h2

Lo, (12.11)

whereh is our step. Next we define minimum and maximum values for dreable p, p,,;, = 0 and
Pmax, fespectively. You need to check your results for the emergpainst different valugs, .., since
we cannot seb,.x = oo.

With a given number of stepss;.,,, we then define the stepas

Pmax — Pmin
h=—"——"-.
Tstep
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Define an arbitrary value qf as
Pi = Pmin + ih i=0,1,2,..., Nstep
we can rewrite the Schrédinger equation fp@as

o) Bulp) o B ) = ),

or in a more compact way

Ui — 2uy Ui Ui — 2uy Uiy

12 + p?ui = 72 + VZUZ = )\ui,
whereV; = p? is the harmonic oscillator potential. Define first the diagianatrix element
2
di = ﬁ + ‘/;;7
and the non-diagonal matrix element
1
€; = _ﬁ

In this case the non-diagonal matrix elements are given b reonstant.All non-diagonal matrix
elements are equalVith these definitions the Schroédinger equation takesdhewing form

div; + €;i—1Uui—1 + €i41Uit1 = AU,

whereu; is unknown. We can write the latter equation as a matrix eigele problem

d1 €1 0 0 PN 0 0 Ul Ul

€1 d2 €9 0 e 0 0 ug u9g

0 €9 d3 €3 0 0 Y (12.12)
0 dnstep_2 enstep_l

0 PN PN PN ce ensmp_l dnstcp unsmp_l unstcp_l

or if we wish to be more detailed, we can write the tridiaganalrix as

2+ - 0 0 ... 0 0
-7 mtV - 0 0 0
1 2 1
0 52 mtVs —3z 0 0 (12.13)
0 %+V7{5tcp‘2 ) _#
O T h? p—i_vnstep_l

Recall that the solutions are known via the boundary camulitiat; = n., and at the other end
point, that is forpy. The solution is zero in both cases.

a) Your task here is to write a function which implements Bésaotation algorithm in order to solve
Eq. (IZ1I2).
We Define the quantitiegan 6 = ¢ = s/c, with s = sin # andc = cos 6 and

ay — gk
2ar

cot20 =7 =
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b)

We can then define the andleso that the non-diagonal matrix elements of the transformattix
ax; become non-zero and we obtain the quadratic equation (usirzy) = 1/2(cot § — tan )

2421t —1=0,

resulting in

t=—7+V1+72

1
V1t
ands = tc. Explain why we should choogedo be the smaller of the roots. Show that these choice

ensures thal| < =/4) and has the effect of minimizing the difference betweenntiatricesB
andA since

andc ands are easily obtained via

n 2
2a
IB— Al =4(1-¢) ' Z (af + ai) + C_le
i=1,i#k,l

How many points, do you need in order to get the lowest three eigenvalues withléading
digits? Remember to check the eigenvalues for the dependenihe choice 0pax-

How many similarity transformations are needed before yaech a result where all non-diagonal
matrix elements are essentially zero? Try to estimate thebeu of transformations and extract a
behavior as function of the dimensionality of the matrix.

You can check your results against the code based on Hodeglsoalgorithm,tgli in the file
lib.cpp.

Comment your results (here you could for example computdiniie needed for both algorithms
for a given dimensionality of the matrix).

We will now study two electrons in a harmonic oscillatorllwehich also interact via a repulsive

Coulomb interaction. Let us start with the single-electeguation written as
n? d? 1
_%WU(T) + §l<:r2u(r) = EWuy(r),

where E(M) stands for the energy with one electron only. For two elestravith no repulsive
Coulomb interaction, we have the following Schrédingeragopun
( n? d? R d> 1

1
2 2 2
__m_l__m_+_krl+_kr2>u(rl’rz) E( )U(Tlﬂ‘g).

Note that we deal with a two-electron wave functiofr,, ;) and two-electron energi ().

With no interaction this can be written out as the productwad single-electron wave functions,
that is we have a solution on closed form.

We introduce the relative coordinate= r; — ry and the center-of-mass coordin®e= 1/2(r; +
r2). With these new coordinates, the radial Schrédinger eguagiads

h? d? h? d? 1
<—EW T imdR2 + Z]{?T‘Z + ]{7R2> u(r,R) = E(Q)’LL(T‘, R).
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The equations for and R can be separated via the ansatz for the wave funationR) =
¥(r)¢(R) and the energy is given by the sum of the relative endigyand the center-of-mass
energyFrg, that is

E® = E, + E.

We add then the repulsive Coulomb interaction between tect®ins, namely a term

pe pe

V(ry,re) = -t 7

with fe? = 1.44 eVnm.
Adding this term, the--dependent Schrodinger equation becomes

2 22 2
(—h—dT + lkrz + ﬁ%) W(r) = Ep(r).

This equation is similar to the one we had previously in (a) w&e introduce again a dimensionless
variablep = r /. Repeating the same steps as in (a), we arrive at

mafe? ma?

2 Y(p) = 7z

42 k
—d—p2w<p> + ﬂ;—za‘*pzw(p) + Ep(p).

We want to manipulate this equation further to make it aslamo that in (a) as possible. We
definek, = 1/4k The constant: is then again fixed so that

or b2\
“= (mkr> '
Defining

we can rewrite Schrodinger’s equation as

d? 2 Y A
—d—szb(p) + p*Y(p) + rin Y(p),

with
B maofe?
72
We treaty as a parameter which reflects the strength of the oscillattamgial.

Here we will study the cases= 0,y = 0.5, v = 1, v = 2 and~ = 4. for the ground state only,
that is the lowest-lying state.

For v = 0 you should get a result which corresponds to the relativeggnef a non-interacting
system. The way we have written the equations means you@stthe as in (a) foy = 0. Make
sure your results are stable as functiong,@f, and the number of steps.

We are only interested in the ground state with 0. We omit the center-of-mass energy.
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d)

You can reuse the code you wrote for (a), but you need to chtwegaotential fronp? to p® +~/p.
Comment the results for the lowest state (ground state)rasifun of varying strengths of.

For specific oscillator frequencies, the above equationdmadytic answers, see the article by
M. Taut, Phys. Rev. A 48, 3561 - 3566 (1993). The article carebigved from the following web
addresthttp://prola.aps.org/abstract/PRA/v48/i5/p3561_1.

In this exercise we want to plot the wave function for tweatlons as functions of the relative
coordinater and different values of. For~ = 0 your wave function should correspond to that of
a harmonic oscillator. Varying, the shape of the wave function will change.

We are only interested in the wave function for the groundestdth ! = 0 and omit again the
center-of-mass motion.

You can choose between two approaches; the first is to usexi$ting tgli function. Here the
eigenvectors are obtained from the mattjX[j], where the index refers to eigenvalug. The
index: points to the value of the wave function in positin That is,u*) (p;) = z[i][4].

The eigenvectors are normalized. Plot then the normalizaeiunctions for different values of
and comment the results.

The other alternative is to add a piece to your Jacobi rowtinieh also returns the eigenvectors.
This is the more difficult part. You will need to normalize thigenvectors.
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