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2. 780.20 Session 2

a. Follow-ups to Session 1

First, some general comments on the course and the sessions.

• It is not required that you finish all tasks in a session. I’ll let you know if you need to continue
working on a session in the next class period. [Note: Sometimes sessions will be designed for
more than one period, such as Session 2.]

• The various groups of two in the class will work at different rates, particularly at the beginning
of the quarter. There is no problem with this. If you fall way behind, I might suggest to you
that you spend some time outside class catching up. I will have special office hours for that
purpose.

• Please read the session instructions very carefully as you go so you don’t miss things!

• While you don’t need to hand anything in from the 2082 sessions, please try to address all
the questions asked in the session guide or the background notes (but you won’t be able to
answer them all at first!). It’s easy to get sloppy and skip some of the tasks and questions,
but it will pay off in the long run to do and discuss everything.

Second, some follow-up explanation on underflows. The theoretical discussion of minimum
numbers in the notes for Session 1 was based on assumptions not completely consistent with what
is called the IEEE floating point standard (which is what is used in C++ on almost all computers).
That is why the theory didn’t match the Session 1 computer experiment! The following discussion
is based on the the section on “IEEE floating-point arithmetic” in the online GSL manual.

The way our notes for Session 1 define m1, it is the coefficient of 2−1 in the mantissa. That is,
it is the beginning of the fraction, and the fraction is between 0 and 1. The IEEE 754 standard is
that there is always a 1 in front of the mantissa (i.e., 20) for what is called a normalized number.
Thus, the mantissa is always between 1 and 2, rather than between 0 and 1 (i.e., 1.ffffff. . . ,
where the f’s can be either 0’s or 1’s). The exponent for the normalized numbers are not allowed
to be all 0’s, as allowed in the Session 1 notes, so the minimum exponent for normalized single
precision numbers is 0000001, meaning 21−127 = 2−126.

But there are also denormalized numbers, which are signaled by exponents with all 0’s but a
nonzero fraction. For these, the mantissa is assumed to be of the form 0.fffff. . . , with the f’s
again either 0 or 1. This means that the smallest possible mantissa is 2−23 (0’s everywhere but the
last place on the right), so that the smallest positive number is 2−149, as found in Session 1. An
analogous discussion applies for double-precision numbers. Zero is represented with 0’s everywhere
(exponent and mantissa) and can have either sign.

To summarize, single-precision floating-point numbers can be normalized:

(−1)sign × (1 + m1 × 2−1 + m2 × 2−2 + · · ·+ m23 × 2−23)× 2[(exponent field)−bias] , (2.1)
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with the mi’s either 0 or 1 and the “exponent field” from 1 to 255, or denormalized:

(−1)sign × (m1 × 2−1 + m2 × 2−2 + · · ·+ m23 × 2−23)× 2−126 , (2.2)

or zero. For double precision, 23 → 52, 255 → 2047, and 126 → 1022.

b. Round-Off Errors

We can envision various classes of errors that might occur in a computation physics project. For
example [1]:

1. Blunders — typographical errors, programming errors, using the wrong program or input
file. If you invoke all the compiler warning options (see the handout on “Recommended C++
Options”) and don’t proceed further until you have eliminated all warnings, you will catch
most of the first two types of errors. (We’ll try this in Session 2.)

2. Compiler errors — that is, bugs in the compiler. These are really insidious but do happen (I
could tell you stories . . . ). Fixes include trying more than one compiler (we’ll use both g++
and the Intel C++ compiler, called icpc) or check another way, such as using Mathematica.

3. Random errors — e.g., cosmic rays or power surgers changing bits in your machine. This is not
likely to be a problem, but you can detect them (and detect other problems) by reproducing
at least part of your output with repeated runs and/or on a different computer.

4. Approximation (or truncation) errors. Here’s an example, calculating a function using a
truncated Taylor series expansion:

ex =
∞∑

n=0

xn

n!
≈

N∑
n=0

xn

n!
= ex + E(x,N) , (2.3)

where E is the total absolute error. We’ll look at these type of errors in more detail starting
in Session 3. In this case, we can say that for small x the error goes like the first omitted
term, which we can approximate:

E(x, N) ≈ xN+1

(N + 1)!
≈

(
x

N + 1

)N+1

for x � 1 . (2.4)

For fixed x, this means that E ∝ N−N . We will typically find that truncation errors follow a
power law Nα for constant α (e.g., for numerical integration using the trapezoid or Simpson’s
rules). We can discover whether this is true and identify α by plotting log E against log N .

5. Round-off errors. These come about because the computer representation of floating-point
numbers is approximate:

zc = z(1 + ε) with |ε| ≤ εm , (2.5)

where εm is the machine precision (the largest number such that 1 + εm = 1). Operations
accumulate errors, depending on how numbers are combined (e.g., subtracting or multiplying).
This is the type of error we’ll focus on in this session.
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Round-off errors show up most dramatically when there is a subtractive cancellation: subtracting
two numbers close in magnitude. So, for example, if we have 5 decimal digits of accuracy and we
add z1 = 1.234567 and z2 = 1.234569, then the answer is still accurate to five digits, but if we
subtract them we get garbage rather than 0.000002 because the computer representations z1c and
z2c don’t have enough digits.

Let’s see how it works formally. Let

z3 = z1 − z2 , (2.6)

which on the computer becomes:

z3c = z1c − z2c = z1(1 + ε1)− z2(1 + ε2) = z3 + z1ε1 − z2ε2 . (2.7)

Then the relative error in z3, which is ε3 from

z3c = z3(1 + ε3) , (2.8)

is

|ε3| =
∣∣∣∣z3c − z3

z3

∣∣∣∣ =
∣∣∣∣z3c

z3
− 1

∣∣∣∣ =
∣∣∣∣z1

z3
ε1 −

z2

z3
ε2

∣∣∣∣ . (2.9)

What does this imply? Consider cases. If z1 and/or z2 is comparable in magnitude to z3, then the
error in z3 is the same magnitude as ε1 or ε2, e.g.,

z1 � z2 or z2 � z1 or z1 ≈ −z2 =⇒ ε3 ∼ ε1, ε2 . (2.10)

(Note that |ε1 − ε2| is the same order of magnitude as ε1 since they are assumed to be randomly
distributed.) So the error stays about the same size. But if z1 and z2 are about the same magnitude
and sign, the error is magnified, since in this case

z1 ≈ z2 =⇒ z3 � z1, z2 (2.11)

and so

|ε3| ≈
∣∣∣∣z1

z3
(ε1 − ε2)

∣∣∣∣ � εm (in general). (2.12)

The ordinary quadratic equation provides an instructive example. There are two ways we can
solve it, by writing it in two ways:

ax2 + bx + c = 0 or y =
1
x

=⇒ cy2 + by + a = 0 , (2.13)

and then applying the usual quadratic formula to obtain two formulas for each of the roots:

x1 ≡
−b +

√
b2 − 4ac

2a
= x′1 ≡

−2c

b +
√

b2 − 4ac
, (2.14)

x2 ≡
−b−

√
b2 − 4ac

2a
= x′2 ≡

−2c

b−
√

b2 − 4ac
. (2.15)
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Which is the best to use for numerical calculations, x1 or x′1?

Analysis for b > 0. Let

z1 = b and z2 =
√

b2 − 4ac ≈ b− 2ac/b , (2.16)

where we used (1 + x)n ≈ 1 + nx for small x. Then Eq. (2.12) tells us that

|ε3| ≈
∣∣∣∣ b

2ac/b
(ε1 − ε2)

∣∣∣∣ ≈ ∣∣∣∣ b2

2ac

∣∣∣∣ εm . (2.17)

Looking at Eqs. (2.14) and (2.15), we see that there will be two “bad” expressions, for x1 and x′2,
with relative errors ∣∣∣∣x1 − x′1

x′1

∣∣∣∣ ≈ |ε3| ≈ ∣∣∣∣ b2

2ac

∣∣∣∣ εm � εm (2.18)

and ∣∣∣∣x′2 − x2

x2

∣∣∣∣ ≈ |ε3| ≈ ∣∣∣∣ b2

2ac

∣∣∣∣ εm � εm . (2.19)

So we should use the formula for x′1 for the first root and the formula for x2 for the second root!
How do we see if the predicted behavior is correct? Generate roots for a wide range of small c

values and plot

Log10

∣∣∣∣x1 − x′1
x1

∣∣∣∣ vs. Log10

1
c

. (2.20)

If Eq. (2.18) holds, what should the slope be and what should be the approximate extrapolation
to c = 1?

We’ll investigate this example in Session 3 using a test case:

a = 1, b = 2, c = 10−n, for n = 1, 2, 3, · · · (2.21)

so that c � a ≈ b. We can devise a pseudo-code to investigate errors:
input a,b,c
calculate discriminant: disc =

√
b2 − 4ac

find roots:
x1 = (−b + disc)/2a

x′1 = −2c/(b + disc)
x2 = (−b− disc)/2a

x′2 = −2c/(b− disc)
output x1, x′1, x2, x′2 (with many digits)

This pseduo-code is implemented in quadratic equation 1a.cpp (see printout). This version has
several bugs and is not indented. You are to fix both problems in Session 2, ending up with the cor-
rected version quadratic equation 1.cpp. Then the extended version quadratic equation 2.cpp
generates an output file that you will plot using gnuplot to test the analysis above.
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This example illustrates an important maxim in numerical analysis (according to me!), which
we will cite repeatedly:

“It matters how you do it.”

Different algorithms for doing a calculation, although equivalent mathematically, can be very dif-
ferent in their accuracy (and efficiency). We must always remember that

“Computer math 6= regular math.”

Another good example of these maxims is given in section 2.2 of the Hjorth-Jensen notes [2]
(linked on the web page under “Supplementary Reading”. He considers the function

f(x) =
1− cos(x)

sin(x)
, (2.22)

for small values of x. An equivalent representation (mathematically!) is obtained by multiplying
top and bottom by 1 + cos(x) and simplifying:

f(x) =
sin(x)

1 + cos(x)
. (2.23)

Next he supposes that a floating-point number is represented on the computer with only five digits
to the right of the decimal point. Then if we take x = 0.007 radians, we will have

sin(0.007) ≈ 0.69999× 10−2 and cos(0.007) ≈ 0.99998× 100 . (2.24)

Using the first expression to evaluate f(x), we get

f(x) =
1− 0.99998

0.69999× 10−2
=

0.2× 10−4

0.69999× 10−2
= 0.28572× 10−2 , (2.25)

while using the second yields

f(x) =
0.69999× 10−2

1 + 0.99998
=

0.69999× 10−2

1.99998
= 0.35000× 10−2 . (2.26)

The second result is the exact result but the first one is way off! In fact, with our choice of precision
there is only one relevant digit in the numerator after the subtraction of two nearly equal numbers.
Note that this result doesn’t mean the second expression is always better; for x ≈ π the second
expression loses precision.

Hjorth-Jensen gives several more examples in section 2.2 [2], which I recommend you read
through. This includes an illuminating discussion of three possible algorithms for computing e−x.

c. How do you tell if two numbers are equal?

Here is a problem for you to think about. We’ll come back to it in a future session.
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Suppose in a computational physics program we want to compare two floating-point numbers.
The pseudo-code might be:

if x is equal to y
print "they are equal"

otherwise print "they are different"
How should we implement this? Why does the computer representation of floating-point numbers
make this a non-trivial problem?
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