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6810 Computational Physics Endgame
Six class periods left! (April 21 is last day)

Problem set #4 has been released
Just a progress report on your project
Due April 8 by email

Projects are due at the end of Tuesday, April 29
For graduating seniors: noon on Monday, April 28
Create Dropbox folder lastname 6810project
Include codes, makefiles, plots, etc. (like for problem sets)
Include an explanation of how it all fits together in a separate
file or in comments of the codes.
It is recommended that you turn in something earlier than the
due date to get feedback while there’s time for iteration.

Session guides and homework will be accepted until 5pm on
Thursday, April 24

Remember that you can always upgrade a check
Get in some version (even if incomplete) soon!
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Which one is not really random?
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Comments on probability distribution functions (PDFs)
Two common ones are uniform and gaussian

Always normalized:
∫∞
∞ p(x) dx = 1 (total probability is one)

Uniform: p(x) = 1
b−aθ(x − a)θ(b − x)

Gaussian is fully characterized by mean µ and variance σ2

p(x) =
1

2πσ2 e−(x−µ)
2/2σ2

Standard deviation σ is square root of variance
About 2/3 of numbers in [−σ,+σ] “within 1 sigma”
PDG requires a “5σ signal” to declare a new particle is found

2D random walk and
√

N: How far away after N steps? (label by i)
R2

avg ≈ 〈(∆x1 + ∆x2 + · · ·+ ∆xN)2 + (∆y1 + ∆y2 + · · ·+ ∆yN)2〉
This is not one walk, but the average of many (note 〈〉’s)
∆xi and ∆yi chosen by p(x) with means 〈∆xi〉 = 〈∆yi〉 = 0
Uncorrelated steps means 〈∆xi ∆xj〉 = 〈∆yi ∆yj〉 = 0 if i 6= j

=⇒ R2
avg ≈ N〈∆x2

i + ∆y2
i 〉 ≡ N〈r2〉 =⇒ Rrms ≈

√
Nrrms

Applies generally to processes with combined random errors
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Things to watch for in Session 12 and beyond

For Monte Carlo methods, we need a set of random numbers

uncorrelated means we can’t predict xi+1 given x1, x2, · · · , xi

Doesn’t have to be uniform

the histogram of random numbers will approach the shape of
the corresponding probability distribution function (PDF)

We’ll use pseudo-random numbers from GSL random number
generators (rng)

trade-offs between period and speed
see Session 12 notes for tests (e.g., using your eye) and
Session 13 notes for pitfalls!
You need to seed the rng, or you’ll get the same numbers!
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Things to watch for in Session 12 and beyond (cont.)
Random walks in two dimensions: N steps

Be able to derive standard deviation distance R ≈
√

Nrrms
Remember how to find the average of a function in an
interval:

〈f 〉 =
1

b − a

∫ b

a
f (x) dx =⇒ 〈r2〉 =

1
(b − a)2

∫ b

a
dx
∫ b

a
dy (x2+y2)

(Crude) approximation of an integral I

〈f 〉 =
1

b − a

∫ b

a
f (x) dx ≈ 1

N

N∑
i=1

f (xi ) =⇒ I =

∫ b

a
f (x) dx ≈ b − a

N

N∑
i=1

f (xi )

Better approximation: sample according to an appropriate pdf

I =

∫ b

a
dx f (x) =

∫ b

a
dx w(x)

f (x)

w(x)
=

〈
f
w

〉
w
≈ 1

N

N∑
i=1

f (xi )

w(xi )

=⇒ Sample the integrand (i.e., choose points) where big or steep
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Ways to do Importance Sampling
In general, identify a pdf P(x) in your integrand:∫ b

a
f (x) dx −→

∫ b

a
g(x)P(x) dx ≈ 1

N

N∑
i=1

g(x̃ (i))

where the points {x̃ (i)}, i = 1,N, are sampled from P(x)
Note that P(x) does not appear explicitly in the sum

This is called “Importance Sampling”

Pick a distribution P(x) that matches the integrand as best as
possible (e.g., make g(x) as close to constant as possible)

Ways to determine the x̃ ’s:
1 Choose an explicit P(x) if you know how to sample it (e.g., a

Gaussian distribution)
2 Determine P(x) adaptively. E.g., vegas in GSL
3 Build up a set of configurations {x̃ (i)} via a Markov chain

(e.g., via the Metropolis algorithm or some variation)
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Workaround for Session 13 Java Applet (Windows)

The first part of Session 13 builds intuition using a Java applet that
simulates the 2D Ising model

However, Java applets are disabled by default for security reasons

Here is how to override this on Windows:
1 From the main menu: Programs->Java->Configure Java
2 Select the Security tab of the Java Control Panel when it pops up
3 Select Edit Site List... and then Add
4 Copy/paste into the box the link from the Session 13 guide (online):

http://www.pha.jhu.edu/˜javalab/ising/ising.html
and hit Ok.

5 Bring up the Session 13 guide in Internet Explorer and follow the link
6 Answer Yes or Continue when asked about Java

This may also work on Firefox, but it has been tested on IE

(Probably) a similar procedure will work on the Linux side (untested)
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First pass at statistical mechanics basics
The state of our (approximated) system is specified by a configuration

For example, for an N-particle quantum system, it could be where
each particle is located (plus other quantum #’s)
For the Ising model, it is whether each “spin” on the lattice (which
could be in any number of dimensions) is up or down
Our approximation to the system is such that specifying a
configuration takes a finite amount of data but the number of
possible configurations can still be (and usually is!) enormous.

The partition function tells us what we need for thermodynamics

E.g., the expectation value of the energy or of an observable like the
pressure or magnetization
We can express it two equal ways (canonical ensemble here)

Z =
∑

i

e−E (i)
/kT =

∑
Ej

(# of Ejs)e−Ej/kT

The first sum is over all configurations, labeled by i
The second sum is over all energies, labeled by j
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Example of one-dimensional Ising model with N spins
Specify a configuration by whether each of N spins is up or down:

↑ ↓ ↑ ↑ ↑ ↓ · · · ↑
0 1 2 3 4 5 N − 1

Suppose the Hamiltonian specified the energy as: −J
∑
〈ij〉 SiSj

Here J is a constant with dimensions of energy
〈ij〉 means all adjacent spins (“nearest neighbors”)
Si = 1 for ↑ and Si = −1 for ↓ (e.g., so SiSj = 1 if both down)

Consider N = 3 with periodic boundary conditions: states and energies
config. i state energy (with J = 1)

0 ↓↓↓ E (0) = −(+1 + 1 + 1) = −3
1 ↓↓↑ E (1) = −(+1− 1− 1) = +1
2 ↓↑↓ E (2) = −(+1 + 1 + 1) = +1
3 ↓↑↑ E (3) = −(+1 + 1 + 1) = +1
4 ↑↓↓ E (4) = −(+1 + 1 + 1) = +1
5 ↑↓↑ E (5) = −(+1 + 1 + 1) = +1
6 ↑↑↓ E (6) = −(+1 + 1 + 1) = +1
7 ↑↑↑ E (7) = −(+1 + 1 + 1) = −3

There are 7 different
configurations but
E0 = −3 and E1 = +1
are the only two choices
for Ej .

Find Z by summing over
configurations i or
energies Ej
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