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Physics 263: 1094 Session 9

Directions: Step through this sheet and write down answers to the questions/problems in italics
as you go. Hand it in at the end of the period for credit. Please work in pairs (but hand in
individual sheets) and feel free to check your answers against those from other groups.

I. Matrices and MATLAB Redux (25 minutes)

Here is a somewhat random assortment of matrix-related activities with MATLAB. The “MATLAB
Cheatsheet VIII” has some relevant documentation on using matrices in MATLAB.

1. One lesson problem set #16 is that matrix manipulations with matrices larger than 2 × 2
are tedious and prone to error. Thus it is important to have an alternative to doing them
by hand. Here we’ll just check that you can apply MATLAB to one of the practice problems
from last week. Solve the following simultaneous equations:

2x + 3y − 4z = −3

3x− 2y + 5z = 24

x + 4y − 3z = −6

using MATLAB. This week’s cheatsheet reminds you how to enter matrices and column
vectors. From “MATLAB Cheatsheet VII” (last week), we learned that MX = B can
be solved by matrix inversion: X = inv(M)*B or matrix left division: X = M\B (which is
preferred). Try both and write the answers for x, y, and z next to the equations above.

2. Trace theorems. In Problem (8.4.19), you’ll prove some theorems about traces. (The
trace of a matrix A, denoted TrA, is the sum of the diagonal elements). Let’s try them
out “experimentally” in MATLAB. This week’s cheatsheet shows how to generate matrices
with random entries and how to calculate the trace of a matrix, which we can use to test the
theorems. Create three random 5×5 matrices A, B, and C. Compare trace(A) to calculating
it by hand. Compare TrAB to TrBA and TrBC to TrCB. What do you expect the general
rule is? Next compare TrABC to TrBCA and to TrCAB. Now try TrBAC. Conclusion?

3. Problem (8.4.3). Let’s verify that (MN)† = N †M †. Generate two random complex 4 × 4
matrices M and N (see the cheatsheet). In MATLAB, we get the adjoint M † from M’, so
(MN)† is found from (M*N)’ (see the cheatsheet). Does the theorem work?
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4. Hermitian matrices. Generate a random complex matrix A (you pick the dimension!) and
then a random hermitian matrix by H = (A + A†)/2. Show that H is hermitian. What can
you say about the diagonal matrix elements of H?

5. Unitary matrices. Generate a random 3 × 3 Hermitian matrix H as in the last problem.
According to the bonus problem (8.4.10), if H is hermitian, then U = eiH is unitary (so
UU † = I). Use the MATLAB matrix exponentiation function expm (see the cheatsheet) to
find U . Record your the Hermitian matrix H and the unitary matrix U. How can you prove
via MATLAB that U is unitary? Is it?

6. Timing of matrix operations. Download the MATLAB script matrix timing.m from the
263 web page to your 263 directory. Take a look at the script and see how it times how long
MATLAB takes to calculate the determinant and inverse of random matrices with dimensions
ranging from 100 × 100 to 1000 × 1000. From the plots, deduce roughly how the time scales
with the dimension n of the matrix (e.g., as n, n2, n3 or what?). BONUS: Modify the code
to graph the time for evaluating the trace and the exponential of the each matrix.

7. BONUS: Determinant exploration. If M is an n × n matrix and a is a real number,
what is |aM |? Show that |aM | = an|M | by trying a representative set of results. Make a
copy of the timing program and modify it to produce a plot showing this result.

II. Laplace Equation via Relaxation Revisited (20 minutes)

Last week we used MATLAB to implement the “relaxation method” to solve for the electric field
in a box that has fixed potentials on its edges. We first solved Laplace’s equation for the electric
potential φ(x, y) and then found −→E = −∇φ at the end. Laplace’s equation inside the box is

∇ ·−→E = −∇ · ∇φ = −∇2φ = 0 =⇒ ∂2φ

∂x2
+

∂2φ

∂y2
= 0 .

We divided the box into an X–Y grid, with the value of φ on the outside points fixed (e.g., by
hooking up a battery). We set φ on the points inside to some starting value, then stepped through
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the grid a point at a time, using

φ(x, y) ≈ [φ(x + δ, y) + φ(x− δ, y) + φ(x, y + δ) + φ(x, y − δ)]/4 (1)

to change the value of φ at the current point to the average of the surrounding points. When the
result is stable (e.g., the colors don’t change noticably), we have a solution to Laplace’s equation.

1. Let’s derive Eq. (1) by applying Taylor expansions to the four neighboring points. Expand
the last three about φ(x, y), working to second order in δ (i.e., to O(δ2):

φ(x + δ, y) = φ(x, y) + δ
∂φ

∂x

∣∣∣∣
x,y

+
1
2
δ2 ∂2φ

∂x2

∣∣∣∣∣
x,y

φ(x− δ, y) =

φ(x, y + δ) =

φ(x, y − δ) =

Now add the four equations together. What happens to the first-derivative terms? What
happens to the second-derivative terms if φ satisfies Laplace’s equation?

2. Download the MATLAB script laplace relax random.m from the 263 web page to your 263
directory. This has several changes from the script used last week. The number of iterations
is 100 and the relax parameter is 1.8, to make it converge faster (as you’ll see). Look at the
script in the editor. What is the new initial condition for φ(x, y) in the interior of the box?
With the new value of relax, what is the formula for updating the value of phi(i,j)?

3. Run the script a couple of times to see if it converges to the same result even though the
initial conditions are different. What do you expect for the divergence and curl of the electric
field in interior of the box? Does this seem to agree with the figure?

4. Now let’s see how to treat the problem with the same voltages on the lower and upper plates
but with the size of the plates effectively infinite (e.g., the interior of a very large capacitor).
Download the MATLAB script laplace relax pbc.m and run it. Does the potential look like
the interior of a capacitor? Predict the electric field (before checking it).

Now look at the code, which uses “periodic boundary conditions” (pbc’s). Find where the
pbc’s are implemented; how is the potential on the left edge and right edge calculated?
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III. BONUS: Using the arXiv E-Print Server

You can find the latest papers in physics (and also mathematics, non-linear science, computer
science, and quantitative biology) by accessing the arXiv e-print server run by Cornell University
Library (often still referred to as the Los Alamos preprint server). These papers are freely accessible
(i.e., they don’t cost anything and don’t require access through a library) from any computer and
in several different formats (including PDF and postscript).

1. Open a web browser and go to http://arxiv.org/, which is the main page of the arXiv.
You’ll see under the heading “Physics” many links to subfields such as “Astrophysics”, “Con-
densed Matter” and so on.

2. Let’s suppose we want to check out the brand-new papers in Astrophysics. Find the “Astro-
physics” bullet and click on the “new” link. This will take you a page with abstracts (i.e.,
short descriptions) of all the papers uploaded the previous day. Each paper (which is gener-
ally called a “preprint” when it has not yet been published in a scientific journal) is identified
by the archive name (for astrophysics it is astro-ph) and a unique number (which is built
from the year, then the month, then a number that counts up from 1). So, for example,
one of the papers from Thursday, May 18, 2006 is astro-ph/0605424, entitled “Direct X-ray
Constraints on Sterile Neutrino Warm Dark Matter” and authored by OSU astrophysicists.

3. Select a paper whose abstract looks interesting. After each preprint number there are four
links to choose from [abs, ps, pdf, other]. Get a copy of the paper by clicking either on
ps (to get postscript) or pdf (to get PDF). Once the paper has appeared in your postscript
or PDF viewer, you can print a copy from the viewer.

4. Let’s try searching by author. Return to the main page and find the bullet for “Nuclear
Theory” (which is the nucl-th archive). Follow the “find” link. You will reach a web
form page that can be used to fine tune a search. Let’s do an easy one. In the blank next
to “Author(s)”, type “furnstahl” (without the quotes) and then click on the “Do Search”
function. You should get a list of papers by R. J. Furnstahl, an obscure nuclear theorist,
going back about 10 years (when the arXiv started). If you return to the Search form, you
can search for all papers by any author with “black hole” in the title by clicking on “Reset”
to reset the form and then entering “black hole” in the title field and “Do Search” again.
Note that nucl-th is probably not the archive you want; toward the top of the search form
is a pulldown menu that lets you select another archive or “All”, which searches them all.

5. If instead of following the ps or pdf links to get a copy of a paper, you click on the other

link, you’ll be able to get the “source” for the paper. It is not actually stored as postscript or
PDF, but in a typesetting language called TEX (usually a version of TEX called LATEX). If you
looked at the TEX file, you’d find it is an ordinary text file, with special commands to typeset
mathematics and to format the paper. For example, eiθ is produced by $e^{i\theta}$. All
of the handouts used in 263 this quarter (including this one) were written in LATEX.
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