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Physics 263: 1094 Session 8

Directions: Step through this sheet and write down answers to the questions/problems in italics
as you go. Hand it in at the end of the period for credit. Please work in pairs (but hand in
individual sheets) and feel free to check your answers against those from other groups.

I. Visualizing Vector Fields (cont.) (15 minutes)

Here we’ll (briefly) continue the exercise from last time to use MATLAB to get a feel for what
vector fields look like when they have a divergence. We’ll use almost the same MATLAB script as
last time, only now it calculates the divergence instead of the curl (some of you made this change
last time as a bonus problem). Also, it shows two plots of the divergence but not immediately.

1. Download the MATLAB script divergence.m from the 263 web page to your 263 directory.
Take a look at it in the editor. You’ll find that the x and y components of six vector fields
−→W are defined as Wx and Wy, but all except one of them is “commented out” with %$. What
is the uncommented vector field? Calculate its divergence.

2. Run the script and look at Figure 1, which shows the vector field in the vicinity of the origin.
The divergence is the flux per volume. So imagine a small volume like a cube (we only see
the x–y projection of it, which would be a square) and see whether there is a net flux in or
out (you can orient the square at any angle to make it easier to account for the dot product).
Does the vector field look like the flux is nonzero anywhere? Now press “return” to show the
divergence in Figures 2 and 3. Is the result consistent with your previous answers?

3. Uncomment Vector Field 2, which is −→W = xy2̂i + x2ŷj. From the plot of the vector field,
predict where the divergence is positive (net flux out) and negative (net flux in) and close to
zero. Draw a little sketch here to indicate your prediction. Then check your answer against
Figures 2 and 3 (and re-analyze as needed).

4. Repeat the last part with some other Vector Fields until it is time to move on.
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II. Matrices and MATLAB (15 minutes)

Here we’ll quickly step through some matrix stuff to make sure you’re ready for PS#15, while
learning (or reviewing) how matrices work with MATLAB. See the “MATLAB Cheatsheet VII”
and “Practice Problems” sheets for instructions on carrying out the operations required below.

1. Let’s consider BTM Problem 8.2.3, which says to use a matrix inverse to find the solution to

x1 + 2x2 = 9 , 3x1 + 4x2 = 23 .

Write the equations in matrix form MX = B (next to the equations), then enter the matrix
M and column vector B into MATLAB. Calculate the inverse by hand and compare it to
calculating it in MATLAB. Find the solution for x1, x2 as described in the cheatsheet.

2. When you try to apply the same method to calculate the solution to

x− 3y = 2 − 3x + 9y = −6 ,

what happens? How do you explain the result? [Hint: Find the determinant of your matrix.]

3. (BONUS) The rotation matrix Rθ is given by

Rθ =

[
cos θ sin θ

− sin θ cos θ

]

Calculate in MATLAB the matrix R = Rθ′Rθ and then Rθ+θ′ for θ′ = π/6 and θ = π/3 and
write the answers down below. What is the general result?

III. Laplace Equation via Relaxation (20 minutes)

We’ll use MATLAB to implement a simple “relaxation method” to solve for the electric field in a
box that has fixed potentials on its edges. We do this by solving Laplace’s equation for the electric
potential φ(x, y) and then finding −→E = −∇φ at the end. Laplace’s equation inside the box is

∇ ·−→E = −∇ · ∇φ = −∇2φ = 0 =⇒ ∂2φ

∂x2
+

∂2φ

∂y2
= 0 .

We apply the result that if φ(x, y) satisfies this equation, then for small δ,

φ(x, y) ≈ [φ(x + δ, y) + φ(x− δ, y) + φ(x, y + δ) + φ(x, y − δ)]/4 . (1)

We break the box into a grid, with the value of φ on the outside points fixed (e.g., by hooking
up a battery). We set φ on the points inside to some starting value, then step through the grid a
point at a time, using Eq. (1) to change the value of φ at the current point to the average of the
surrounding points. We keep doing this until the result is stable (e.g., it doesn’t change noticably).
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1. Download the MATLAB script laplace relax.m from the 263 web page to your 263 directory.
Run the program until it stops at 50 iterations. What you see is the box divided into the grid
points, with the colors indicating the value of the potential. Roughly to what values does it
look like the values of φ on the edges are set? Hit a return to see the final electric potential
and electric field plots.

2. Let’s make the result a bit less coarse. Look at the script in the MATLAB editor (there is
also a printed copy). What are the boundary conditions on φ according to the code? Modify
the code so there are twice as many grid points on each side and re-run. Do you think it is
converged at 50 iterations? How can you tell? Increase the number of iterations if needed.
Look at the final potential. Where should the electric field be greatest?

3. Now let’s try to change the problem. Currently one side of the box is set to 100 volts. Modify
the code so that the other side of the box is also set to 100 volts. Run the code and sketch
your prediction for the electric field below based on the potential, before looking at the electric
field plot. [Hint: phi(1,1:gridsize) = 100; sets the value of every column (1:gridsize)
in the first row to 100. Now you want to also set the value of all in the last row to 100.]

4. (BONUS) Check whether the initial conditions matter by changing the initial values of the
interior points. At first, they are set to zero. Try another value, such as 50. You can specify
the interior by phi(2:gridsize-1,2:gridsize-1). What do you find?

5. (BONUS) Verify Eq. (1) by expanding each term on the right-hand side to second order in δ

and then applying Laplace’s equation.

6. (BONUS) Try changing the value of relax to see if you can make the solution converge faster.
Try values both less than and greater than one.
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