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Physics 263: 1094 Session 7

Directions: Step through this sheet and write down answers to the questions/problems in italics
as you go. Hand it in at the end of the period for credit. Please work in pairs (but hand in
individual sheets) and feel free to check your answers against those from other groups.

I. Path Independence (15 minutes)

Here we’ll quickly step through some of the basic ideas of path independence, using the force from
BTM problem 7.6.3 as our example: −→F = 2xy î + x2 ĵ.

1. For a conservative vector field −→F , the integral of −→F · d~r between two points is independent of
the path. The test for a conservative field is whether the curl ∇×−→F = 0. In two dimensions
we look at the z-component of the curl, which is:

∂Fy

∂x
− ∂Fx

∂y
.

Is the −→F given here conservative? Show your work.

2. If a field is conservative, it can be written as the gradient of some scalar field. Guess a scalar
field φ(x, y) for which −→F = ∇φ. [Hint: You have two equations to satisfy, ∂φ/∂x = Fx and
∂φ/∂y = Fy.]

3. Show that the integral of −→F ·d~r from the origin to the point (1, 1) along a path of your choosing
is equal to 1.

4. Verify that
∫~rf

~ri
∇φ · d~r = φ(~rf )− φ(~ri) gives you the same result.

II. Volcano in Polar Coordinates (15 minutes)

Suppose the temperature on a volcano is given by T (r, θ) = re−2θ where r is the distance from
the center of the volcano. You have to walk counterclockwise on a circular path of radius R = 2
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starting at θ = 0. Figure out in polar coordinates how much the temperature changes when you
take your first step, which takes you 1/4 radian around the circle. Here are some helpful facts: In
polar coordinates, the gradient of φ(r, θ) is

∇φ =
∂φ

∂r
r̂ +

1
r

∂φ

∂θ
θ̂ and d~r = dr r̂ + r dθ θ̂ .

As always, we find the change in φ(r, θ) after a step d~r from dφ = ∇φ · d~r.

III. Visualizing Vector Fields (15 minutes)

Here we’ll use MATLAB to get a feel for what vector fields look like. We’ll look at the vector fields
from BTM Problem 7.6.2 (which is on PS#13) as examples.

1. Download the MATLAB script vector fields.m from the 263 web page to your 263 directory.
Take a look at it in the editor. You’ll find that the x and y components of a variety of vector
fields −→W are defined as Wx and Wy, but all but one of them is “commented out” with %$. What
is the only uncommented vector field? Is it conservative or does it have a nonzero curl?

2. Run the script and look at the two figures. Figure 1 shows the vector field in the vicinity of
the origin. Think of the vectors as indicating the velocity of water at any given point (x, y).
Then the curl is nonzero if a little paddle wheel placed in the water would rotate; that is, if
there would be a net torque on it. Note that the water can be moving in the same direction
and still make the wheel spin if the paddle on one side is struck with greater velocity than the
other side. Can you see that this vector field has a nonzero curl? What is its value according
to Figure 2?

3. Uncomment Problem 7.6.2 (iii), which is −→W = sin(x)̂i+cos(y)̂j. Verify that the curl vanishes.
Now change it to −→W = y sin(x)̂i + x cos(y) (don’t forget to use .*). What is the curl now?
Can you see how the difference in the vector field implies nonzero curl?

4. Try some of the other −→W’s to build some intuition about what zero and non-zero curls look
like. You may need to adjust the length of the vectors using scale. In some cases, you’ll get
a nonzero curl in Figure 2 even when it should be zero, because of approximate derivatives.

5. BONUS: Modify the code to add a calculation of divW = ∇ ·−→W.
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IV. Extending BTM Problem 7.5.1 (BONUS)

Problem 4 on Problem Set 12 (due Wednesday) is BTM Problem 7.5.1. The problem stated:
Consider a sphere of radius R centered at the orgin. Write a formula for h(x, y), the
height of the hemisphere above the point (x, y). Calculate its gradient and compare the
results against your expectations.

Let’s visualize this problem in MATLAB and repeat it for a different shape.

1. You should have found h(x, y) =
√

R2 − x2 − y2 and ∇h = −x
h î− y

h ĵ. Draw a rough version
of what you expect a contour plot of h(x, y) shold look like and draw in arrows (of appropriate
lengths) to indicate the gradients. Also try drawing a three-dimensional sketch of the hemi-
sphere itself, with gradient arrows at each height on the sphere (make them point outward).

2. Download the MATLAB script gradient hemisphere.m from the 263 web page to your 263
directory. Run the script and look at the two figures. Does the contour figure look like your
sketch? How about the three-dimensional version? If not, figure out which ones are correct.

3. Take a look at the script in the editor and see how it calculates the height matrix one element
at a time. How does the program know to only calculate the height for points inside the circle
in the x–y plane?

4. Write a formula for the height h(x, y) of a cone of radius R and central height L and calculate
its gradient.

5. Draw the same rough plots as before.

6. Modify the code to generate the same figures as before but now of the cone with L = 2 and
R = 1. (Do it one step at a time; first just program the h(x, y) function.)
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