Chapter 1

Orthonormal Functions

1.1 Introduction

Previous experience:
1. College-level linear algebra: expand finite-dimensional vectors in a basis
2. Quantum Mechanics: expand a wavefunction in an eigenbasis

Today: Treatment of expanding a function in terms of an orthonormal set of functions.

(You won’t necessarily understand all the words used in this paragraph; that’s OK). We will
be thinking about expanding a function in the eigenbasis of a linear differential operator that we
don’t necessarily associate with the Hamiltonian. We are just touching upon the sophisticated
topic of spectral decomposition of self-adjoint (more restrictive than Hermitian) operators in
infinite dimensional vector spaces (see, e.g., Richtmyer’s “Principles of Advanced Mathematical
Physics”).

Why do we want to do this? We want to solve PDEs in general, the Poisson equation in
particular.

1. You will learn (today?) the very powerful technique of Separation of Variables. We will
find that SoV yields complete, orthogonal sets of basis functions

2. You will learn very powerful methods for finding Green’s functions using an orthonormal,
complete basis of functions (see Jackson chapter 3.12).

1.2 General Notions for Expanding in a Basis

1.2.1 Finite Dimensional Vector Space

Finite number of bases.
Suppose we wish to decompose a vector a in terms of a set of basis vectors, say {é;} (i runs
from 1 to N, where N is the dimensionality of the space). Let’s take as a concrete example R2.

Then )
a:Zaiéi. (11)
i=1

One property we’d like to have satisfied by our basis is that the decomposition is unique.
Specifically

2
= Zéiajéj (13)
j=1



In order to get to the last line we see that the é; have to be orthonormal; i.e.,
éi-é5 =10 . (1.5)

So we see that uniqueness of the decomposition requires orthonormality of the basis vectors
(really we just need orthogonality, but the normalization of orthonormality makes our lives
easier).

Note that any finite dimensional vector space is complete; i.e. any sequence of vectors in the
space converges to a vector that is still in the space.

1.2.2 Hilbert Space with a Countably Infinite Number of Basis Vec-
tors

Let’s first think about countably infinite dimensional vector spaces (really we’re thinking about
Hilbert spaces). Under very general conditions the solution set of differential equations (e.g. of
Sturm-Liouville type) on a finite domain is a vector space with only a countably infinite number
of basis functions. (The quantum mechanics of a particle in an infinite potential well is in this
class of problems.) Let’s think about spaces of functions, f(x), with a set of basis vectors, {u, }
with n € N. For definiteness let’s take = € [a, b]. Then we will have

f@) =" anun(2), (1.6)

b
an:/ f(z)u) (x)dx. (1.7)

What properties of the basis vectors, {u, }, do we want? First, uniqueness of decomposition.
Then

p oo
an, = / Z U U ()0, () d (1.8)
a4 m=1

b
= Zam/ U (X)) (z)dx (1.9)
m a
= ay,. (1.10)
Again, in order to get to the last line we require orthonormality of our basis functions:
b
/ um(x)u;(x)dz = 5m,n (111)

We also want an additional condition on the basis functions, namely that we can recover our
function. Specifically

b
flx) = anun(a) = Z/ f@')uy, (2')dz"u)n(z) (1.12)

n

b
:/ f(g:')Zu;(x’)un(x)dx' (1.13)
= f(=x). (1.14)

In order to get to the last line we require completeness of our basis:
D uh (@ yun(x) = d(x — ). (1.15)

Completeness guarantees that I can decompose in my basis any function that is continuous
almost everywhere.



1.2.3 Hilbert Space with Uncountably Infinite Number of Bases

Often the solution set of differential equations whose domain is unbounded is an uncountably
infinitly dimensional Hilbert space. (From QM think wavepackets exp(ikz).) Now our set of
basis functions is {ux} with k € R:

fl@) = /OO dkaguy(x), (1.16)

— 00

ay = /00 dx f(z)ug(z), (1.17)

— 00

where we’re now integrating over the index,k. Let’s see what uniqueness of coefficients nets us.
ap = / dx f(z)ur,(z) (1.18)
= / dx/ dk' aprup (x)uf(z) (1.19)

_ [ O; K ap [ dzug (@)@ (1.20)

= a. (1.21)

So in the case of an uncountably infinite number of basis functions we see that orthogonality
now requires a Dirac as opposed to a Kronecker delta function:

/ daup (2l (z) = 3k — ). (1.22)
As for uniqueness of functions we have that
@) = / dhagug(z) = / dk / da’ (2 Yl (2 Yun () (1.23)

= /jo da’ /:)O dkuj (2" )ug () (1.24)
= f(z). (1.25)

We still need a Direc delta function for completeness:
/ dkuy (2" ug(z) = 6(z — 2'). (1.26)

Notice the symmetry between the orthonormality and completeness relations. We will come
back to this later.

1.3 Specific Examples of Expanding in a Basis

1.3.1 Finite Dimensional Vector Space Example
Orthonormality

Suppose we’re again in R?, and we choose our basis vectors to be

élz((l)) @:(?). (1.27)

It’s clear that our basis vectors are orthonormal,

é; - éj = (5:57]'. (1.28)



Decomposition Example

Suppose I have some vector a. I can find its decomposition:

é1-a=3 (1.29)
éy-a=4. (1.30)
Then I know that I can write

1.3.2 Countably Infinite Dimensionality Example
Orthonormality and Completeness

We will prove that on the domain of (—a/2,a/2) the set of functions

{un (2 }_{\/11112"1” \/> o&zm”|m N}U{f} (1.32)

is a complete, orthonormal basis.
First, to make our lives easier, let’s take a — 2. Let’s do orthnormality:

/_1 dx sin(mmaz) sin(mnz) = % /_1 [cos (mz(m — n)) — cos (rz(m +n))] (1.33)

2

(1.34)

1 | sin (rz(m —n)) _ sin (rz(m + n))
m(m —n) m(m+n)

r=—1

The first term is clearly 0 for m # n. Since m, n > 0 the second term is always 0. When m =n
we may return to the original integral and see that the normalization is correct. On the other
hand we may also exploit 'Hopital’s rule to the same effect:

sin(m(m — n))

Jm = =L (1.35)

Therefore we have that )
/ dx sin(mma) sin(mnz) = o p.- (1.36)

-1
This argument follows in exactly the same way for the cosines. Sines and cosines are always
orthogonal to each other on a domain such as this; similarly sines and cosines are also orthogonal

on this domain to a constant. The constant basis funciton is clearly normalized properly.
Now let’s check completeness. We want to check that

I = % + Z sin(nmz) sin(nmy) + cos(nmwz) cos(nmy) = §(x — y). (1.37)
n=1

Note that the 1/2 our front comes from the 1/4/2 basis function.
How would we go about proving that I; is a delta function? Well, what are the salient
properties of a delta function? It turns out we need to show that

1. d(x—y)=0forz#y
2. [dxzé(z —y) = 1, where we require that y be within the region of integration

These two properties guarantee that the delta function behaves as we expect it; i.e., that
Jdxf(z)é(xz —y) = f(y) for any smooth function f, and where again the region of integra-
tion is taken such that it includes y. This is because we can always Taylor expand the smooth
function:

/ def(2)(z - y) = / def(y) + F)a—y) +...]6( — ) (1.38)
~ (). (1.39)



Let’s get back to I;. We have that

1 N 1 1 N imm(z— —imm(z—
11:§+Zcos(m7r(x—y)):—5—1—526 @y 4 e (@=y), (1.40)
m=1 m=0
Examine
3 {e”(w—w} = lim {ei”(w—y“ﬂ (1.41)
m=0 =0 m=0
=1 .t 1.42
= M T einte—yri0) (142)
1
Therefore
1 1 1 1
L= R L ey T 1 e”(*”y)] (1.44)
1 1[1—e @) 41— ¢inle—y)
=—= 4= , , 1.4
33 L e B 1] (1.45)
=0forxz#y (1.46)

So we know that the function is 0 everywhere that x # y. Now we just have to show that
it has the right normalization to prove that it’s a delta function. To make our lives easier, let’s
take y = 0. Then we need to integrate I; over a region in z that contains 0. We could integrate
from —e to ¢; it turns out our lives will be even easier still if we simply integrate from -1 to 1:

1 1y >
I = -+ = 1.4
/_1 1dx /_1 5+ 2mzzzlcos(mmc)dx (1.47)

(1.48)

—1. (1.49)

Note that with the integration region we chose the entire weight of the delta function came from

the constant 1/2; if we decided to shrink the integration region down the contribution from the

constant would decrease with the contribution from the infinite sum compensating exactly.
Check notes online for a hint for HW problem 2.15.

Decomposition Example

Let’s do an example where we explicitly determine the coefficients for a specified function using
the previous basis. Suppose we have the function

f(@) =1 o] (1.50)

on the domain € (—1,1). Since f is an even function the coefficients of the sines are identically
0. The coefficient of the constant function is

1 1 9 1
ag = [1 (1-— |x|)%dx = %/0 (1 —z)dx (1.51)
1

_ ﬁ(gx_ﬁ)ﬁ) - % (1.52)

The coefficients a,,, n > 0 are found from

1
ap = 2/0 (1 — z) cos(nmzx)dz. (1.53)



The 1 of the 1 — x is identically 0 after integration over the cosine. For the contribution from
the x, I don’t like doing integration by parts so I'll use Feynman’s trick. Consider

g(a)z/o sin(ax)dz. (1.54)

Note that by differentiating under the integral sign
1
Ong(a) = / dzdq (sin(az)) (1.55)
0

= /1 x cos(ax)dx (1.56)
0

gives us exactly the definite integral we wish to evaluate. Simple integration yields

1
cos(ax 1 — cos(a
g(a) = — loz) | _ @), (1.57)
a g !
The value of the definite integral is then
1 sin(a) = cos(w)
agla) = —— —— =+ —3 (1.58)
-1 -7 -1
= cos(n) = (=1) , for a = nr. (1.59)
(nm)? (n7)?
Plugging in the factor of -2 in the original integral we find then that
—, nodd
a, =14 () (1.60)
0, n even
Putting everything together we find that
1 4 X cos ((2m+ 1)7rsc)
1—|z|==z+4+—= 1.61
=3t Zl (2m + 1)2 (1.61)
1.3.3 Uncountably Infinite Basis Example
Orthonormality and Completeness
An example of a set of basis functions for the unbound interval of z € (—oo, 00) is
u(z, k) = {le“”|k € R} . (1.62)
’ V2

These are so important we call the coefficients we find using « Fourier Transforms. Specifically

1 * oz ikx
f(z) = E/m f(k)e*edx (1.63)

1 > —ikx
f(k) = m/m f(z)e *=dk (1.64)

One can think of Fourier Transforms as the continuum limit of Discrete Fourier Transforms,
in which the (countably) infinite complete orthonormal basis is taken to be

Uy () = {\}aemm/a\m € Z} . (1.65)

This DFT basis is intimately related to the basis example given in the previous section; unlike
the previous section the use of exponentials the nonconstant basis functions here have the same
normalization as the constant basis function.



Let’s check orthonormality.

% /_o; dpeiw(k=k) %ehi?%) /OOC dwein(h—k+ie) | /_000 dxeim(k—k’—is)] (1.66)
[ etw(k—k'+ie) glw(k—k' +ie)

= 9r 20 i(k — k' +ie) | Tk i) N (1.67)

B %Ehg(l’ -_i(/f—li’v%e) * i(k—li’—is)} (1.68)

=0, for k#k. (1.69)

Now let’s check the normalization to finish the proof that it’s a delta function. We can do this
quite easily using contour integration (see, e.g., Brown and Churchill’s “Complex Variables and
Applications”). Let’s set &’ = 0 again. Then by choosing to close the contour above (we can
just as easily close below),

— dk dee™ — = dk lim | ———— — 1 L
2 oo /—oo re 271 al—>0 |:k — 1€ k + Z€:| ( 70)

A less sophisticated, but no less correct, derivation uses common denominators:

1 . o 2ie 1 . 1 k
i R (5>

R (1.71)

k=—oc0

Symmetry between x and k demands that the completeness relation also holds; i.e.

1 e ' /
o dke*@=2) = §(z — 2'). (1.72)
m

—0Q0

This symmetry between x and k means there’s a complete equivalence between working with
f(z) and f(k).
Note that in the process above we’ve found two (very) useful expressions for the delta func-
tion: |
2r J_ ¢
o(x) = (1.73)

. 1 1
— lim — — — .
2me—0|x —1e T+ 1€
Decomposition Example

Let
flz)=e""". (1.74)

Then

1 © ) 1

f(]f) = \/72?/ dxe_lkme_mZ = \/72?\/%6—]62/4- (175)
Therefore we can write

> 1 ikx 1

dk——e
oo V2T V2

Note that, as must be true, performing the last integral returns f(z) = exp(—z?).

1o
fz) = e*’“2/4:ﬁ/ dke e/, (1.76)



1.4 Aside

In higher dimensions

0 (x —x') = 6(xy — ) 0z — ) (1.77)
_ dky ik1(z1—)) /dkn ik (zn—27,)
—/ 5 € 1 5 € (1.78)
A"k e (e
= X=X . 1'
/(27r)"e (179)

1.5 Fourier Transforms for Solving ODEs and PDEs

As an example, let’s use FT to find the Green’s function for the Laplacian in Cartesian coordi-
nates in 3 dimensions:

ViG(x,x') = —4n6®) (x — x). (1.80)
Let’s begin by Fourier transforming G. Ordinarily we’d have to perform a double FT:
3k BE o~
AN ik-x ik’ -x /
G(x,x') = /(271_)3/26 /(27r)3/2€ G(k, k). (1.81)

However we notice that the RHS of Eq. (1.80) is symmetric with respect to x — x’; therefore G
must respect this symmmetry: G(x,x’) = G(x — x’). Therefore we can get away with only a
single FT:

G(x,x') = / @k e =) G (k) (1.82)

’ (2m)3/2 ' ’
Plugging this expression for G back in to Eq. (1.80) and simultaneously expressing the delta
function in the wavepacket basis yields

3k . g™ 3k . /
2 ik (x—x _ 1k (x—x
v2 / RN =) G(Kk) = —47r/ ek (=) (1.83)

&’k 2 ik (x—x' 4’k 24 Bk x4
/(27T)3/2G(k)vxek( ):/W[—k G (k)] :/(2@3/261(( )[W]' (1.84)

In finite-dimensional vector spaces you know that for two vectors to be equal, their compo-
nents in an orthnormal basis must be the same. Similarly, we showed that in infinite dimensional
vector spaces the components of a function are unique. Therefore we can simply set the inte-
grands in the last equation equal.

47 ~ 4 1

2 - = _
-k*G(k) = COEE = Gk)= e (1.85)
Therefore
ddk ik (x—x' 47 1 .
G(x,x') = /(27T)3/26 kel )WF (+ F(x,x') with VZF = 0). (1.86)



We have exchanged a nasty PDE for an unpleasant integral, which we’ll now evaluate.

1 "l cos
G(x,x') = e /k2dksm9d9d¢> eiklx=x| cosb (1.87)
71'
1 00 eiklx—x'] cos 0 T
=— —— 1.
27r227r/0 dk[ ik|x — x'| (1.88)
6=0
_ l OO 1 ik|x—x| —ik|x—x'|
_ 7T/ bt [e e ] (1.89)
sin k’\x—x |)
/ ke (1.90)
sint
= -7 dt— 1.91
™ |x—x’|/0 t (1.91)
1
= m (1.92)

Note that in the first line we use the physicist’s trick of choosing to align the z axis along the
direction of x —x’, and in the last line we used a definite integral derived in HW1 (after changing
variables to t = k|x — x/|.



Chapter 2

Separation of Variables

Separation of variables is a very powerful tool for solving PDEs (e.g. Poisson’s Equation). Gener-
ically the method is as follows. Once you have your PDE, choose a coordinate system (e.g.
Cartesian coordinates in 3D, x, y, z; there are generally 11 different coordinate systems which
permit the use of Separation of Variables for the Poisson Equation). Assume the solution fac-
torizes into functions that depend on only one coordinate (e.g. ¢(z,y,2) = X(2)Y (y)Z(z)).
Then the PDE turns into a system of ODEs. The differential operators that one finds are usu-
ally of the Sturm-Liouville type; more generally speaking they are usually self-adjoint, which
is in fact more restrictive in infinite dimensional spaces than Hermitian (see, e.g. Richt-
myer’s “Principles of Advanced Mathematical Physics,” Hassani’s “Mathematical Physics,”
or www.math.ohio-state.edu/~gerlach/math/BVtypeset for information on Sturm-Liouville
theory, Hermitian, and self-adjointness). As a result the eigenfunctions of these differential
operators, which are themselves solutions to the ODEs, will form a complete, orthonormal set.
Therefore we will be able to describe any separable solution with boundary conditions consistent
with the PDE.

2.1 Example: Poisson’s Equation in 3D Cartesian Coor-
dinates

This will often provide a very good means for solving box problems.
The partial differential equation we wish to solve is

Vid(x,y,z) = 020(x,y, 2) + 0y d(x,y, 2) + 029(x,y, 2). (2.1)

Now suppose that the solution is separable. Then

o(z,y,2) = X(2)Y (y)Z(2). (2.2)
Pluggin this back in to the original PDE yields
Ad(x,y,2) =Y (y)Z(2) X" (x) + X (2)Z(2)Y" (y) + X (2)Y (y) 2" (2). (2.3)
Dividing by ¢ gives us
1 1 1

X@ X @Y W 70

Since each of these terms depends only on x, y, or z, and these coordinates are all allowed to
vary freely, each term must be equal to a constant. If a term, say the x one, was not equal to a

constant, then in order for the whole to sum to zero the other terms would have to have some
dependence on x, too; we assumed this not to be the case so it is not a possibility. Let’s choose

Z"(z) = 0. (2.4)

10


www.math.ohio-state.edu/~gerlach/math/BVtypeset

these constanst such that

1 " _ —Ot2

= (x)X () = (2.5)
1 " _ _ 32

Ty)Y (y)=-8 (2.6)
1 1 2 2 2

Note that «, § € C are at this point completely arbitrary. We will find that their values become
restricted once we impose boundary conditions (for instance if the box is of finite volume then
they take on only discrete values). The solutions of these differential equations are trivially

X (2) = Ape'®® + Bye " (2.8)
Y (y) = AgeV + Bge PV (2.9)
Z(z) = Aye’* + Bye 77, (2.10)

where the A, and B, will be set uniquely by the boundary conditions. The general solution to
our problem is

o(z,y,2) = “/dadﬁ 7 (Aaeio”’ + Bae_i‘”) (Agewy + Bge_’ﬂy) (Ave"’z + Bﬂ,e_"’z) , (2.11)

where the integration is in quotes because it’s meant to represent a sum over all possibilities for
the constants o and (; in some cases this will result in an integral, in others a discrete sum.
Technically, then, it’s a Stieltjes integral (without the quotes), which allows one to incorporate
both summation over discrete terms and integration over the continuous terms in a single formula
(see Richtmyer).

Example of Determining A, and B, for a Specific Box

Suppose we take our box problem and assume that it is of finite extent—z € [0,a], y € [0, b],
and z € [0,c]—and we set all sides to have potential 0 except for the top, for which we take
V(z,y,z = ¢) = V(z,y) and leave V(x,y) unspecified. What is the solution? Immediately we
know that

X(0)=0 = X(x) ~ sin(az) (2.12)
X(a)=0 = X(z)~ sin (?) (2.13)
Y(0)=0 = ¥(y) ~ sin(dy) (2.14)
Y(b) =0 = Y(y) ~sin (%) (2.15)
Z(0)=0and o, B € R = Z(2) ~ sinh(7,.m2), (2.16)

where

Yo = /02 + B2, = \/(TZT)Q + (%)2 > 0. (2.17)

The general solution is then

d(x,y,2) = f: Apm sin(opx) sin(Bny) sinh (v, m2). (2.18)

n,m=1

We need to solve for A,, ,,. We will have one boundary condition left:

d(z,y,z=c) = Z n,m = 1%A, , sin(a,z) sin(Bpy) sinh(v,,me) = V(z,y). (2.19)

11



Let’s use the orthonormality of sines. Integrate both sides by

froe (e (50) [ () (757) -

Then we will have that

a b / /
Ay e sinh(yp, me) = %/0 d;v/o dy sin (n;rx) sin (m;y) Vix,y) (2.21)

4 @ b . (n'mx\ . [(m/my
A = absinh(fymmc)/o dx/o dysm( " )sm( b >V(x,y). (2.22)

12
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