Lecture 3: R-L-C AC Circuits !

AC (Alternative Current): !
Most of the time, we are interested in the voltage at a point in the circuit!
I~ will concentrate on voltages here rather than currents.!
le  1\We encounter AC circuits whenever a periodic voltage is applied to a circuit. !
le  The most common periodic voltage is in the form of a sine (or cosine) wave:!
V(t)=Vycoswt or V(t)=V,Sinwt
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IV, is theamplitude!

I5 IV,= Peak \oltage\(p)!
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w 1S theangular frequency
v lw=2"f, withf = frequency of the waveform.
'+ 1 Mrequency() and periodT) are related by:!
1 I 1 T (sec) = I/ (sec!)!
I Im IHousehold line voltagis usually 110-12Wg,,5(156-170V), f = 60 Hz.!

lit is extremely important to be able to analyze circuits (systems) with sine or cosine inputs!

= JAlmost any waveform can be constructed from a sum of sines and cosines.!

ls  This is the OheartOFafurier analysis(Simpson, Chapter 3).!

lm !The response of a circuit to a complicated waveform (e.g. a square wave) can be understoo
I lby analyzing individual sine or cosine components that make up the complicated waveform.!
ls  Usually only the brst few components are important in determining the circuitOs response!

' lto the input waveform.!

R-C Circuits and AC waveformg

There are many different techniques for solving AC circuits!

le IAll are based on Kirchhoff's laws.!

le  When solving for voltage and/or current in an AC circuit we are really solving a differential eq.!

le IDifferent circuit techniques are really just different ways of solving the same differentialleq:
Ibrute force solution to differential equation !
lcomplex numbers (algebra) !
ILaplace transforms (integrals)!
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We will solve the following RC circuit using the brute force method and complex numbers method.!
le ILet the input (driving) voltage P&t) = V,coswt and we want to Pnd(t) andV(t).!

Lo
+ R
V(t) @_ "j
—|— C
le IBrute Force Method:Start with Kirchhoff's loop law:!
: V(1) = V(@) + V()
Vocoswt =IR+Q/C

= RdQ(t)/dt+Q(t)/C
I l=  We have to solve an inhomogeneous D.E.!
I lm IThe usual way to solve such a D.E. is to assume the solution has the same form as the inpu

O(r) =" sin#t+ $costt
' 1= IPlug our trial solutior®(t) back into the D.E.:!

Vycos"t=#R" cos"t$ IR" sin " t+(#/C)sin "t+(%C)cos "t

=(#R" +%C)cos"t+(#/CHIIR" )sin " t
V, =#R" +9%C
#/C=IR"
RC*"V,

1+(RC" )2

o CY
=———
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lm  IWe can now write the solution ff(t):!

Vol Vo) =0Q/C

= (asinwt + fcoswt)/C

= M—W‘/()z Sin (Ut + %
1+ (RCw) 1+ (RCw)

'We would like to rewrite the above solution in such a way that only a cosine term appears.!
I 1 1, In this form we can compare it to the input voltage.!

Yo RCO  nowr+ ! cos wt
1+ (RCw)? |1+ (RCw)? J1+(RCw)?
I I 1 IWe get the above equation in terms of cosine only using the following basic trig:
cos("; # ") =sin";sin"y +cos " cos ",

COoSs wt

Ve@) =

Lo ! !
I I 15 IWe can now debne an angle such that:
1

1+ (RCw)?

RCw
J1+(RCw)?
tan¢p = RCw

Ccos ¢ =

sing =

Ve(@) = Yo cos(wt — @)
1+ (RCw)?

L1 L IV (t) andV(t) are out of phase.!
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lm !Using the above expression f¢k(t), we obtain:!

K.K. Gan!

VR (t) = IR
_r%
dt
dv,
dt

—RCwV, sin(wt — ¢)

1+ (RCw)?
'We would like to have cosines instead of sines by using:!
—sin O = cos(6 + %)
| V() = RCwV,
I \/ 1+ (RCa))2
V(1), Vk(1), andi(t) are all out of phase with the applied voltage.!
|(t) andV(t) are in phase with each other.!

V(1) andVi(t) are out of phase by 90
The amplitude oV(t) andV(t) depend omw.!

= RC

cos(wt — g+ %)
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lm |Example: RC Circuit
R1

1E3Q

VSINO +C2
60 Hz /+ sIN - {E-5F

-- V out
Vp=1V )

Time in m3C60.0000 )
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Solving circuits with complex numbets:

IPROS:!

idon't explicitly solve differential equations (lots of algebra).!
ican Pnd magnitude and phase of voltage separately.!

ICONS!!

ihave to use complex numbers!!
INo OphysicsO in complex numbers.!

IWhat's a complex number? (see Simpson, Appendix E, P835)!

IStart with j & /L1 (solution tax? + 1 = 0).!
IA complex number can be written in two forms:!
le: X=A+ Bl
I 15 AandB arereal numbers!
l IX=R @/
I 1Hb R=(A?+B)Y2and tap = B/A (remembeE? = co® + | sing)!
'DePne the complex conjugateXas:!
X*=A" jB or X*=Re *
'The magnitude oX can be found from:!
|X |= (XX,\-)]./Z — (X* X)l/2 — (A2 +B2)1/2
ISuppose we have 2 complex numb&randY with phasesr andg respectively,!

I 7 = { = —‘X‘ej = @ej(” $#)
I 15 Imagnitude ofz: [X|/|Y]!
I 15 phase oZ: o - !

lm  So why is this useful?!
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le !Consider the case of the capacitor and AC voltage:!
V(t) =V, coswt

= ReaI(Voeja’t)

Q=CV
dv
Ih=C

= -CwV, sinwt

= Real(ijVoej“’t)

Voejwt
LjaC

= Real l
Xc

I lm  VandX.are complex numbers!
I L. IWe now have Ohm's law for capacitors using the capacitive reactamhce

[ T B 1
b
JaC

= Real
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le We can make a similar case for the inductor;!
V= Lﬂ
dt

1
lt)=—/Vd
O=, v

=%fVO coswt dt

_ Vysinwt

Lo
joL

= Real l)
XL
=V andX_are complex numbers!
I IWe now have OhmOs law for inductors using the inductive readtahce
1 IX =jol!
IXc andX act like frequency dependent resistors.!
lm !They also have phaseassociated with them due to their complex nature.!
lm IX # 0 lasw# 0 I(short circuit, DC)!
lm IX #9 lasw#$  Ypen circuit)!
lm IXc# 0 lasw#$ !(short circuit)!
lm IX. #%  lasw# 0 !(open circuit, DC)!
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Back to the RC circuit. !
= Allow voltages, currents, and charge to be complex:!
V., =V, cos wt

=Re al(VOejw) v(r) -ﬁ@i .-j R

C
=Real(Vg + V() 1
s 'We can write an expression for the chai@gtaking into account the phase differengpg (
I Ibetween applied voltage and the voltage across the capa&itor (
Q) =CVc (1)
= A/ 1#9)
I 1o .QandV, are complex
1o JAandC are real!
We can bnd the complex current by differentiating the above:
I(t) =dO(t)/ dt
J(wt-¢)

= jwAe
= joQ(r)
= JoCVc(7)
Vin =V + Vg
=V +IR
=V + joCVeR
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Yo
_ "C
VRZ+@" 0y
-V
\/1+ (RC" )2

Isame as the result on page 4.
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lls this solution the same as what we had when we solved by brute force page 37!

Ve =Real - in__
1+ JwRC
Voeja)t

1+ JwRC

1+ (wRC)%el?
Vel @-9)

1+ (wRC)?
_ Vo cospt - ¢)

1+ (ooF\’C)2

I 1 L. 1IYES the solutions are identicial

= Real

¢ is given by tap = wRC

= Real
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We can now solve for the voltage across the resistor.!
Start with the voltage divider equation in complex form:!

V,,R
V, =_in
K R+X,
_ [Viu|R
V.=
Vi R+X(|
_ ViR
VR2+(1/" C)?
V," RC

V1+("RC)Y
I I L IThis amplitude is the same as the brute force differential equation case!!
In adding complex voltages, we must take into account the phase difference between them.
I I 1o Ithe sum of the voltages at a given time satisfy:!
2 2 2
| Vg =l Ve P +1V, |

LV, = Ve 41V, |

R-C Filters!
le 1Allow us to select (reject) wanted (unwanted) signals on the basis of their frequency structure.!
lIAllow us to change the phase of the voltage or current in a circuit.!
IDebPne the gain@) or transfer i) function of a circuit:!
e IG(jw) =H(jw) =V, Vi, (o is often denoted bs).!
lm |G is independent of time, but can dependwR, L, C.!
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le IFor an RC circuit we can dep@g andG!!

. §R RV, R+Xc R+1j"C

V(t) @_ = C G VC XC 1/J "C
| = = .

' Vi, R+Xc R+1j"C

le IWe can categorize th@'s as follows:!

Gr Gl
High Frequencies & 1, no phase shift & 1/JwCR &0, phase shift
high pass filter

Low Frequencies & JwCR &0, phase shift | &1, no phase shift
low pass filter

IDecibels and Bode Plots:!
le IDecibel (dB) describes voltage or power ghin:

dB=201log(V,,,/V,,)
=101log(P,,,/P;,)
ls+ Bode Plotis a log-log plot with dB on the y axis and lag(r log{) on the x axis.!
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le 13 dB point or 3 dB frequency: !
' lm also called break frequency, corner frequency, 1/2 power point!
' lm At the 3 dB point:!

‘/7 t :L H

—out —_—_ since3=20log(V,,, !V,
: NG o[\ )
Pow _1 since3 =10log(P,

T P, 2 o

[By)

l
wRC =1 for high or low pass plter!
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Phase vs frequency for capacitor Phose

G0, 0

20.0

-20.0

—-G60.0

1 10 100 1k 10K 100E, 1M
Fregquency in hz

K.K. Gan! L3: R-L-C AC Circuitd



