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Lecture 2
Binomial and Poisson Probability Distributions

1) Bernoulli Distribution or Binomial Distribution:
Consider a situation where there are only two possible outcomes (these are called Bernoulli trials).
example: flipping a coin we either get a head or a tail
rolling a dice we either get a six or we do not get a six (we get 1, 2, 3, 4, 5)

Label the possible outcomes by the varidbléVe want to find?(k) the probability for everi to occur.
Since for this distributiol can take on only 2 values we define those values as:
k=0 ork=1
LetP(k=0) =q (remember 0@+ 1), then we have:
P(k=1) =p =1 -q sinceP(k=0) +P(k=1) = 1 éomethingnust happen)
We can write the probability distributid?(k) as:
P(K) = pkglk (this is a Bernoulli distribution)
Note: for the coin toss we could defiRgl) = probability for a head and assign its probability t&dg = 0.5
for the dice, defin€(1) = probability for a six to be rolled and assign its probability tB{i¢ = 1/6

What is the meanuj of P(k)?

1
1= kZloP(k)k Olg+1lp _
5 P(K) q+p
K=o
What is the Varianceog) of P(k)?
iP(k) k2
o’ =k%PT -@?=(1-9-(1-gY°=qd-g)=0gp
>
k=0

Suppose we hav trials (e.g. we flip a coilN times) what is the probability to getsuccesses (= heads)?

First consider tossing a coin twice. List all possible out comes from tossing to coins:
m=0 (no heads) P(m=0) =¢?
m=1 (one head) P(m=1) =qgp+ pq(toss 1 is atail, toss 2 is a head or toss 1 is head, toss 2 is a tail)
m= 2 (two heads) P(mr2) =p?

Note that for the case whare= 1 we don't care which of the tosses is a head so there are two outcomes that
give us 1 head. We can writg§nm=1) as:
P(n1) = 2q

We want the probability distribution functid®(m, N, p) where:

p = probability for a success (e.g. 0.5 for a head in a coin toss)

m= number of success (humber of heads)

N = number of trials (e.g. coin tosses)
If we look at the three choices for the coin flip example, each rarm1( 2, 3) is of the form:

Cop™gN-m  (m=0, 1, 2),N = 2 for our exampleg = 1 -p always!

The coefficientCy, takes into account the number of ways an outcome can occur.
Form= 0 or 2 there is only one way for the outcome to arise (both tosses give heads or tails). Thus:

Co = C2 =1
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Form=1 (one head, two tosses) there are two ways that this can occuGthua:

These coefficients are called the "Binomial Coefficients"!
The Binomial Coefficients are just the number of ways of takinigingsm at time and are given by:

N! . . -
Cym= E\'D: —————  Binomial Coefficient
Mo OO mi(N-m)!
remember your factorials: 0! =1'=1,2!/=1.2=2,3'=1-2:3m 6,1:2:3-m

Here the order of things is not important*.
e.g. 2 tosses, one head case=(1), we don't care if toss 1 produced the head or if toss 2 produced the head.
* Unordered groups such as our example are often aadi@tbinations

There are plenty of times where the order of occurrence is important, for example when We have
distinguishable objects and we want to group theat a time. For example, if we tossed a coin twite @)
and asked how many ways can we get one hmadl(), the answer would be 2. Ordered arrangements are
calledpermutatioNsland are given by:

P permutation

M -
(N =m)!
Example: Suppose we have 3 balls, one white, one red, and one blue. The number of possible pairs we coul
have, keeping track of order is 6 (rw, wr, rb, br, wb, bw). Using the permutation formula we have: 3!/(3-2)! = 6
However, if order is not important (rw = wr) then we would use the binomial formula to get (3!)/[(3-2)!(2!)] =

The binomial distribution is given by:

m -m ND m -m N| m -m
P(MN, p) = CynP 0" Emmp q "= —p"q

mi(N — m)!

Does this formula make sense, e.g. if we sum over all possibilities do we get 1?
To show that this distribution is normalized properly, first remember the Binomial Theorem:

(a+b)* _ZDDklbl
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For this exampla=q=1-p andb p, and (by deflnltlon)a+ b=1.

zP(mN p) = ZEmEquN "=(p+q)" =1

Thus the distribution is normallzed properly.

What is the mean of this distribution?
N

ZmP(m,N P NG
== =Y mPm.N, p)—Zm "q "
ZP(m, N,p ™° CncP

A cute way of evaluating the above sum is to take the derivative:

Emaom Nem _0 meaom 1 N-m iog':'&m(,\l_m)(l_ pyv-mt

N N N
Zm%n%m 1qN -m _ Z |j3 (N m)(l p)N -m-1

'O

N N EN
120@:1 "g " =(1- ID)‘lNZa\ID "a-p" " -1~ p)‘lzﬁngnpm(l— p" "

P u=(1-p*NQ)-A-p*u
= Np for a binomial distribution

What's the variance of a binomial distribution?
Using a similar trick as for the average we find:
N

Z (m - .u)2 P(m! N! p)
o’ =10 = Npq
z P(m,N, p)

m=0

Example 1: Suppose you observedspecial events in a sample WNfevents. The measured probability
(sometimes called “efficiency”) for a special event to occur#sm/ N. The error on the probability is
5e = JNe(@1-¢)
N
Thus you want to have a samph @s large as possible to reduce the certainty in the probability measurement!

= J 8(1N_ £) (sometimes called "error on the efficiency")

Example 2: Suppose a baseball player's batting average is 0.333 (1 for 3 on average).
Consider the case where the player either gets a hit or makes an out (forget about walks here!).
In this examplep = prob. for a hit = 0.333 amgl= 1 -p = 0.667 (prob. for "no hit").
On average how many hits does the player get in 100 at bats?
¢ =Np=100(0.33) = 33 hits
What's the standard deviation for the number of hits in 100 at bats?
o= (Npg¥2 = (100-0.33-0.6# * 4.7 hits
Thus we expect » 33 + 5 hits per 100 at bats
Consider a game where the player bats 4 times:
Probability of 0/4 = (0.67)= 20%
Probability of 1/4 = [41/(3!11)](0.33X0.67p = 40%
Probability of 2/4 = [41/(2!2!)](0.330.67F = 29%
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Probability of 3/4 = [41/(1!31)](0.330.67} = 10%
Probability of 4/4 = [41/(0!41)](0.33%0.67P = 1%
Note: the probability of getting at least one hit is:P(G) = 0.8

2) The Poisson Distribution:
Another popular discrete distribution is the Poisson distribution. Consider the following conditions:
a) p is very small and approaches 0. For example suppose we had a 100 sided dice instead of a 6 sid
dice. Herg = 1/100 instead of 1/6. Suppose we had a 1000 sidedpdic#/1000...etc.
b) N is very large, it approaches «. For example, instead of throwing 2 dice, we could throw 100 or
1000 dice.
¢) The producNpis finite.
A good example of the above conditions occurs when one considers radioactive decay.
Suppose we have 25 mg of an element. This i8%dtOms.
Suppose the lifetime\j of this element = @ years « 5x18° seconds.
The probability of a given nucleus to decay in one second = 2k1029sec.
For this example: N = 100 (very large)
p = 2x1020 (very small)

Np = 2 (finite!)
We can derive an expression for the Poisson distribution by taking the appropriate limits of the binomial
distribution.
P(m N ) _ N' m_N-m
P = m!(N—m)!p q
Using condition b) we obtain:
NI N(N=1)-(N-m+D)(N-m)! "
(N-m)! ~ (N —m)! -
2(N — -_m - 2
" M=-pV " =1- p(N-m)+E s m)z('N m=D, =1- pN+§—Lp§ -~ ™
Putting this altogether we obtain: ' '
N™ me—pN e Hym
P(MN,p)=——— ==K

m! m!
Here we've lep: = pN.
It is easy to show that:
U =Np = mean of a Poisson distribution
02 =Np=u = variance of a Poisson distribution.
Note: mis always an integer 0.
u doesnot have to be an integer.
SinceNpis fixed, we writeP(m, u) instead oP(m, N, p) (only need 2 numbers to specify Poisson)

Back to our example of radioactivity.
a) What's the probability of zero decays in one second if the average = 2 decays/sec?

—220 —21 ~
P(0,2)= GOI :eT =e?=0.135- 13.5%
b) What's the probability of more than one'decay in one second if the average = 2 decays/sec?
—220 —221 ~ _
P(>1,2)=1- P(0,2)- P(1,2)=1- GOI - ell —1-e?-2e? =0.594_, 59.4%

c) Estimate the most probable number of decays/sec?
We want:i P(m.u)_, =0
om

To solve this problem its convenient to maximize(n, u) instead oP(m, p).
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_inEEH”
InP(mu) =In(—

In order to handle the factorial when take the der.ivative wétidmg's Approximation
In(m!) e min(m)-m

)=—pu+ming-Inm!

J 17 J
—InP(m,u) =— (- m*Inu-Inm*) =— (- m*Iny -m*Inm*+m*) =lIny-Inm*-1+1=0
pwil (m, ) am(’“ Ny —Inm*l) am(’“ nu nm*+m*) =Iny-In +

m* = pu
In this example the most probable valuerfois just the average of the distribution. Therefore if you observed
m events in an experiment, the errormis U =<vm.

Caution: The above derivation is only approximate since we used Stirlings Approximation which is only
valid for largem. Another subtle point is that strictly speakmgan only take on integer values

while u is not restricted to be an integer.

Below is a comparison of a binomial and Poisson distribution, each with a mean of 1.

0.5 T I I I I I ]
o S O poisson p=1 El
2 I 0 binomial N=3,p=1/3 1
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3 ! ]
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Below is a comparison between a binomial and Poisson distribution where again the mean of each distributio
=1.
As we see, for moderately smpl(= 1/10) there’s not much difference between the two distributions.
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