Physics 664 1st Midterm Exam NAME

Problem 1.
electric force only. The force exerted on particle 1 by particle 2 is
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['wo particles with masses m; and m» and electric charges q; and ¢ interact through the

(A) The potential energy of the pair of particles is
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Express the time derivative U as a function of the positions 7} and 7 and the velocities 7, and
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(B) The kinetic energy of the pair of particles is
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Express the time derlvatlve K as a function of the position and velocity vectors
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(C) What mathematical properties of the forces Fy» and Fy, guarantee that the energy K + U

is conserved?
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(D) Newton's third law says that “for everv action. there is an equal and opposite reaction
Express this law as an equation involving the forces Fiy o and Fy,
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(E) Express the total momentum P in terms of the position and velocity vectors. Derive the
conservation of total momentum
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(F) The total angular momentum is
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Express the time derivative L in terms of the forces E, 1.2 and ﬁg 1- What mathematical
properties of the forces guarantee that L is conserved?
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Problem 2.

The coordinate r(t) of a torced weakly-damped oscillator satisfies the real differential equation

i 7 Cy 9 .
I+ 2vt +wix = fycos(wt),
where v < wy.

(A) Suppose the complex-valued function z(t) satisfies the complex differential equation

P42+ wiz = fyexpliwt).

How can z(#) be used to construct a real-valued solution (t) to the real differential equation?

x(t) = K. =z(t)

(B) Find a particular solution z,(t) to the complex differential equation.
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(D) The equation for z(#) in the absence of the force is

I+ 2vi +wiz = 0.
Find the most general real solution to this equation.
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(E) Given the particular solution r,(#) from part (C). write down the most general solution
() to the real differential equation for the forced damped oscillator. How does this solution

Ylt)= %pltr4 A & collarvt) + Be™ o ([aiet)

simplify at very large times t?
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(F) After the transients die away, the solution r(t) oscillates with the angular frequency w of
the driving force. What is the amplitude of the oscillation? For approximately what driving
frequency is the amplitude largest? Write down (but don't solv e) an equation that determines
the exact frequency w at which the amplitude is largest.
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Problem 3.

Two bodies with masses M and m interact through gravitational forces. Newton's equations
for the separation vector r#(t) can be reduced to equations of motion for the polar coordinates
r(t) and 6(t):
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The conserved angular momentum L and the conserved energy £ are
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(A) Kepler’s 2nd Law states that 7(t) sweeps out equal areas in equal times. Express the time
derivative A of the area A(t) swept out between times 0 and ¢ in terms of r, §. and their time
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derivatives. Express A in terms of conserved quantities. - Jd
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(B) The most general equation for the orbit (up to a rotation) is
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where ro = L?/GM mu and 0 < e < 0o. The orbits for 0 < e < 1 are ellipses, in agreement
with Kepler’'s 1st Law. Determine the radius p at perihelion and the semimajor axis a. Sketch
the orbit for e = 1/2 (which implies rypay/7min = 3). Label the origin, the perihelion, and the
semimajor axis a.
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(C) The orbits for 1 < e < oo are hyperbolas. The angle 0(t) approaches finite limits 6. as
t — xoc. Determine the radius r, at perihelion and the angles §_ and 6. Sketch a hyperbolic
orbit, labelling the origin, the perihelion, and the impact parameter b.
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(D) Use the conservation laws to express i and 6 as functions of r only. Then use these
equations to derive a first order differential equation for the orbit r(f).
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(E) Given the orbit r(¢) in part (B), angular momentum conservation can be used to derive a
first order differential equation for 6(t):
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Given the initial condition §(0) = 0, solve the differential equation by quadrature to obtain ¢
as a function of #. (Your solution should be left as a definite integral with 6 as one of the

endpoints.)
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(F) The period T of an elliptical orbit is ‘/j — /ﬁ/{_ﬁ_ JO 0/0/ U+ - w&/) 5
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Kepler’s 3rd Law states that 72 /a® is the same for all planets. Explain in what sense this Law
is only approximate for the solar system (in contrast to Kepler’s 1st and 2nd Laws, which are

exact).
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