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where X is small, and w, is initially small. Euler’s equations (with no
applied torques) take the form

I_]_wm/—(_[_j_—[“>wy/)\ = O, (31)
IJ_ d}y/ — (I” W I_]_) /\wx/ = O, (32)
LA = 0 (33)
It follows that A = 0. Moreover, (31) and (32) can be written
Bl = kwy/, (34)
Wy = —kwy, (35)
where
k= 1—-1)/IL)\ (36)
The solution is
we = acos(kt), (37)
wy = asin(kt), (38)

where a and b are constants. We conclude that the direction of the w vector
very slowly rotates in the z’-y’ plane at a rate proportional to A. In this
respect, the body is not stable to rotation about the z’-axis, since even if
w, is initially small it does not remain small indefinitely. By symmetry,
the body is also not stable to rotation about the y’-axis.

Let 0 be the angle that the string subtends with the downward vertical, and
let & be the extension of the string. The kinetic energy of the system is

K = m{(zo+x)29’2+¢2], (39)

1
2

whereas the potential energy takes the form

1
U=-mg(lp + ) cos@+§k:w2. (40)



Therefore, the Lagrangian is
L—lm[(l 292 | 42 z 62 pa 41
= 0+ x) +a“| +mg(lg+ ) cos 5 ke (41)

Now, Lagrange’s equations of motion for the system are

d (0L oL
i) e = 42
dt<8.7b> oz & (42)
d (OL oL
Sl = 4
#la) % = ° (9
So,
d o '2
%[mx]—m(lontx)ﬁ —mgcosf+kx = 0, (44)
d o |
E[m(lo%—az) 0]+mg(l0+3:) gnd = 0, (45)
giving
i —[lg+z)82 = gcos@—%m, (46)
. 240
g -+ . sin 6. (47)
lo+x lo+x

. The mass’ perpendicular distance from the axis of rotation is [ sinf, and its
vertical distance below point O is [ cosf. The mass’ kinetic energy is thus

1 .
K = —Z—m(l292+l2 sin” @ w?), (48)
and its potential energy takes the form

U=-mgl cosé. (49)

Thus, the Lagrangian is

1 .
L:§m(l292+l2 sin® @ w?) +mgl cosb, (50)



\
\

7
N
.

i

ié

e

e

S

and Lagrange’s equation of motion,

d (0L oL
il s | i e 2 51
dt <ae> o0 ’ (51)
yields
%(ml29>—mlz cosf sinfw? +mgl sinf = 0, (52)
or )
Ccll—tg — w? sinf cosf = —% sin 6. (53)
Suppose that 6 is small. The above equation reduces to
d?0 g 5
w = (7-)e (54)

Thus, the position § = 0 is stable (i.e., the above equation has oscillatory,
rather than exponential, solutions) provided that

w? < % (55)
6/ \ The mass has coordinates
/ r = acos(wt)+acos(wt+6), (56)
z = asin(wt)+asin(wt+6). (57)
Hence,
i = —awsin(wt)—a(w+0)sin(wt +6), (58)
¢ = awcos(wt)+a(w+0) cos(wt +6). (59)

The kinetic energy of the mass is thus

1 1 ; :
K:Em(:i:2+22):§ma2 [wz—l—Zw(w—i—H) cosH+(w+9)2}. (60)

The potential energy of the mass is

U=mgz=mgalsin(wt) +sin(wt + )] . (61)



Thus, the Lagrangian takes the form

L = %ma2 [w2 + 2w (w+6) cosf + (w+9)2}
—mgalsin(wt) + sin(wt + )] . (62)
Lagrange’s equation of motion is
which gives
0 = 4 [ma2w cosf +ma® (w -1—6")}
dt
+[ma2w(w+9) sin@—mgacos(thrﬁ)}, (64)
or
0 + w? sin@—l——g- cos(wt +6) = 0. (65)
In the limit that 1> |6] > g/(aw?) the above equation reduces to
(66)

6+ w6 ~0.

Thus, the mass executes simple harmonic oscillation about the point 6 = 0
at the angular frequency w. The mass acts like a simple pendulum of

effective length g/w?.



Physics 336K: Newtonian Dynamics
Homework 8: Solutions

F ¢ \‘\
/ e 1.) If the object is freely rotating then U = 0 and L = K. It follows that

oo

1 . : AT :
L=; {1192 + (I, sin® 0+ I cos®0) ¢* + 21 cosO pvp + I wﬂ . (1)
The fact that L is not an explicit function of 7 implies that

pwzg—g:fn (cos ¢+ v) (2)

is a constant of the motion. The fact that L is not an explicit function of
¢ implies that
oL . ot .
p¢:a—¢:(fl sin Q—I—IH COos 9>¢+IH cos 0 (3)

is a constant of the motion. The Lagrangian equations of motion arc

py = constant, (4)

pe = constant, (5)
d (0L oL

o = (%) a -

The latter equation reduces to
I 6+ [T+ (I — 1) cos0 @ sin ¢ = . (7)

For steady precession, in which 6, (/5, and ¢ are constants, the above equation

yields
P = <I“LT—IU> cos 0 ¢. (8)
I



