and M is the mass of the Earth. The equation of motion of the mass in a
frame co-moving with the satellite is

= QM (7"2—2(:-:::)—@2)3/2 Cwxwx(—a)]-2wxi, (46)

where a = a e, is the position vector of the center of the Earth. To first-
order in r/a, this equation reduces to

f=w?[(a+32)e; —1r]—w’(ae, —1) —2we, XTI, (47)

in the z-y plane, where use has been made of (45). Hence,

F=3w’re, —2we, X T, (48)

which yields
i = 3wizr+2wy, (49)
j = —2wi. (50)

Let us search for a solution of the form
r = xgpcoswt, (51)
y = yp sinwt. (52)
Substitution into (49) and (50) yields yg = —2xg. Hence, the solution is
x = xocoswt, (53)
y = —2xgsinwt, (54)

where xg is arbitrary. This is an elliptical orbit, centered on the satellite,
whose major axis in the y-direction is twice that in the z-direction, and
which orbits in the opposite sense to the satellite (i.e., the orbital angular
momentum is in the minus z direction).

4.> (a) Let the plate lie in the a-y plane such that its long sides run parallel to

the z-axis. Let the origin of the coordinate system lie at the centroid



(which is also the center of mass). The mass per unit area of the plate
is m/(2a?). Thus,

fow = / da:/ yidy = — ma (55)
20’2 —a —a/2
—_—— / G dx/ ma?, (56)
i 2&2 —a —a/2
L = / xdm/ gy dy = 0. (57)
: 20’2 —a —a/2

Moreover, I, = I, = 0, by symmetry, and

5
Lo = Lue + Iy = 35 ma?, (58)
by the perpendicular axis theorem. Since all of the products of inertia
are zero, the z, y, z axes are the principle axes of rotation, and the
associated principle moments of inertia are (1/12)ma?, (1/3)ma?,
and (5/12) ma?, respectively.

(b) Let the origin of the coordinate system lie at a corner. In this case,

2a a
m 2, 1 5
Lo == 52 ), dw/o Y- dy = 3ma’, (59)
2a a
m 4
I, == _ 2 —_ — 2
- 207 J, x d:c/o dy 3 ma (60)
2a a
m i)
I,,. = —— d dy = —= 2, 1
" 2a2 |, & :U/O y dy 5 ma (61)

As before, I, = I, = 0, by symmetry, and

5}
IZZ:Im-i—Iyy:gmaQ, (62)

by the perpendicular axis theorem. The fact that I, and I, are both
zero indicates that the z-axis is a principle axis of rotation with the



associate principle moment of inertia (5/3) m a?. The fact that I, # 0
indicates that the z and y axes are not principle axes of rotation. In
order to find the principle axes in the x-y plane we need to solve

ILDCC o )\ I;L'y COS v O
. = , (63)
Loy Ly = X sin o 0

where A is a principle moment of inertia, and « is the angle the prin-
ciple axis subtends with the z-axis. The above equation reduces to

( 1/31;; 4/_3112; ) < i ) 5 < 8 ) (64)

where A = \/(ma?). Setting the determinant of the matrix to zero,

we obtain i .
A2 — — At =—=0. 6
A 3 + 36 0 (65)
The solutions are . q
A=+ —. 66
Also, from the first line of (64),
tana = 2(1/3 — \). (67)

Hence, the two principle axes in the x-y plane are such that o = 22.5°,
A =0.126ma?, and o = 112.5°, A = 1.54ma?.

—

#, a From the lecture notes

’ I
e, 2 tan @ = I—L tan o. (68)
I

We wish to find
B=a-20. (69)

A standard trigonometric identity tells us that

tana — tan@
t = : 70
an j 1+ tana tan (70)




Thus, it follows from (68) that

(I —I.) tana

t = : 71
B Iy+1. tan? o (1)
. From the previous question,
(x — 1) tan
t = : 72
BT z + tan? o (72)
where x = I)/I,. So

dtan b tan o (1 + tan? oz). (73)

dx (x + tan? o))?

It follows that dtan 8/dx > 0 for 0 < o < 7/2. Hence, the maximum value
of B (at fixed «) corresponds to the maximum value of z, which is 2. So,

tan o

t mar = ——————5— 74
Bl 2 + tan? o 74
Now,
dt - 2 — tan?
Al B _ an2 o' ; (75)
dtan o (2 + tan® o)

Thus, by varying «, we obtain the maximum value of f3,,,, When tana =

v/2. Hence,

1
tan Omaz )maz = —=- 76
(tan Bmaz) 7 (76)
Hence, we conclude that
B = tan! (i) = 19.47° (77)
max \/g : ’
Qmae = tan~'v2 = 54.73°. (78)



/A,

A / 1 | Let the z’-axis run along the rod, and let the orlgln lie midway along the
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Physics 336K: Newtonian Dynamics
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/ rod. Thus, by symmetry, the z’-, y'-, and z’-axes are principle axes of

rotation. Euler’s equations are

Ty = Ipawe — (Iy'y’ — Ipy) Wy Wzt (1)
Ty = lyywy — Loz = Lprar) war Wy, (2)
Tz/ — Iz/z/ U'Jz/ — (Im/m/ e Iy/y/) (,ux/ (,uy/, (3)

From standard mechanics, Iy = Ly = (1/12)m!? and I/, = 0. Now,
we are told that w is constant. Without loss of generality, we can say that
w lies in the 2/-z’ plane. Hence,

w = w (sina, 0, cos a). (4)

Now, wyr = wy = w, = 0. So, Euler’s equations yield

Tw = 0, (5)
1
Ly = Eml w? sin a cos a, (6)
Ty = 0, (7)
or .
T = 15 ml®w? sina cosae, . (8)
Furthermore,
. 1 9 .
L =@ (Lprar sloay 0 Ly cosa) = Eml w sin o e, . (9)

Now, the rod runs along e,.. Thus, the angular momentum vector is per-
pendicular to the rod, and the torque is perpendicular to both the rod and



the angular momentum vector. Moreover,

1

I = Emﬂw sin & (10)
1 oI
¥ = ﬁml w” sin o cos a. (11)

. Let the z’-axis run perpendicular to the disk, and let the origin lie at the
center of the disk. Thus, by symmetry, the x’-, y'-, and z’-axes are principle
axes of rotation. Euler’s equations are

T(E’ — Ia:’m’ wm’ s (Iy’y’ - Iz’z’) Wyt Wty (12)
Ty’ = Iy’y’ wy’ = (Iz’z’ — I:U/;c’) Wzt Wy (13)
Tz’ == [z’z’ wz’ - (Ia:’:v’ - Iy’y’) Wt Wy (14)

From standard mechanics, Iy = Iy = (1/4)ma? and I, = (1/2) ma®.
Now, we are told that w is constant. Without loss of generality, we can say
that w lies in the z’-z’ plane. Hence,

w = w (sina, 0, cosa). (15)

Now, Wz = wy = w,» = 0. So, Euler’s equations yield

T = 4, (16)
1
Lot = ~a ma?w? sina cos a, (17)
T = (18)
or b
T:—Zma2w2 sino cosaey . (19)
Furthermore,
, 1 5 . 1 9
L =w({yy sina, 0, I/, cosa) = Zma w sinx ey + ima W COS v €e,r.
(20)
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