Physics 336 K: Newtonian Dynamics
Homework 9: Solutions

1./ Let 1 and x2 be the vertical coordinates of the upper and lower masses,

respectively, and let the system be in equilibrium when x; = x5 = 0. The
kinetic energy of the system then takes the form

1 1
Kzim:bl?+§m:i:22. (1)

The potential energy (neglecting gravity) of the system is written

1
U:—Q—[k$12+k($2—$1)2], (2)
or .
U:—ﬁ[—Qkfoer:clmg-k'xQz]. (3)
The mass matrix is
m 0
M — ( ny ) | (4)
whereas the force matrix takes the form
-2k k
e ( ko —k ) (5)
We need to solve
(G—-AM)x =0, (6)

or

<_2kk_/\m —kfxm><2):(8) (7)

The eigenvalue, A, is determined by setting the determinant of the matrix
to zero. This gives

2uwe + A) (wé + A) —wg =0, (8)



where wy = \/k/m, which reduces to
M+3wir+ws =0.

The solutions are

From (7),

Thus, for the lower frequency normal mode,

x2 (V541
5131_ 2 '

whereas for the higher frequency mode,

LBQ_ \/5—1
a2 )

(10)

(11)

(12)

(14)

Thus, the lower frequency mode is an even mode in which the two masses
move in the same direction, whereas the higher frequency mode is an odd

mode in which the two masses move in opposite directions.

. Let 0, and 65 be the angles of inclination of the upper and lower pendulums,
respectively, to the downward vertical. The equilibrium corresponds to
0, = 6, = 0. Thus, taking the suspension point as the origin, the horizontal

and vertical coordinates of the upper bob are

r1 = [sinf,

y1 = —l cosbq,



[ .2

5. Let 6 and ¢ be the angles subtended by the string and the rod, respectively,

with the downward vertical. The equilibrium corresponds to 0 = ¢ =
0. With the suspension point as the origin, the horizontal and vertical
Cartesian coordinates of the center of mass of the rod are

x = [sinf+ (a/2) sin ¢, (67)
y = —lcosf— (a/2) cos o, (68)
respectively. The kinetic energy of the system is thus
1. 1
K:—2—1¢2+§m(a’52+y2), (69)

where I = (1/12) ma? is the moment of inertia of the rod about its center
of mass. Hence,

1[1 . - :
K-——§lgma2¢2+mlacos(0—¢)¢9+m1292}. (70)
The potential energy is
U=mgy=-mg [(a/2) cos¢ + 1 cos] . (71)
In the limit that ¢ and 6 are small angles, we find that
K:%Emazqﬁz%—mlaqﬁé—l—mlzéﬂ, , (72)
and 1
U:—img[—(a/2)¢2—l92], (73)

where we have neglected an unimportant constant term in the expression
for U. The mass matrix is

(1/3)ma®* (1/2)mla
M = . 74
( (1/2)mla ml? (74)
whereas the force matrix takes the form
—(1/2)mga 0
G = . 75
( 0 —mgl (75)



Thus, the eigenvalue equation reduces to

0

( —(1/2)mga— (1/3)Ama® —(1/2)Amla > ( & ) - (

—(1/2) Amla —mgl—Aml?

(76)

The eigenvalue, A, is determined by setting the determinant of the matrix

to zero. This gives

1 1 1
(iaw()z—l-g)\) (w02+/\)—21—/\2=0,

where a = [/a and wy = /g/l, which reduces to
M4+22+3a)wiA+6awy =0.

The roots are

Ay = —2

Thus, the normal frequencies are

wi:\/ﬁ

From Eq. (76),
0 (woz 2
—=— =4 —,
) A 3o

0 1 3 3 9 ,\'?
—=——1—-cazx|1+= ~ao? :
" 3a[ 2a (+2a+4a)

or

10

3 3 9 ,\/?
(1‘!‘5&):*:(14-501"!‘1&2) ](,UOQ
3 3 9 ,\'?

(77)

(78)
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