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A body of research on physics problem solving has focused on single-concept problems. In this study
we use “synthesis problems” that involve multiple concepts typically taught in different chapters. We use
two types of synthesis problems, sequential and simultaneous synthesis tasks. Sequential problems require
a consecutive application of fundamental principles, and simultaneous problems require a concurrent
application of pertinent concepts. We explore students’ conceptual performance when they solve
quantitative synthesis problems with varying mathematical complexity. Conceptual performance refers
to the identification, follow-up, and correct application of the pertinent concepts. Mathematical
complexity is determined by the type and the number of equations to be manipulated concurrently
due to the number of unknowns in each equation. Data were collected from written tasks and individual
interviews administered to physics major students (N ¼ 179) enrolled in a second year mechanics course.
The results indicate that mathematical complexity does not impact students’ conceptual performance on
the sequential tasks. In contrast, for the simultaneous problems, mathematical complexity negatively
influences the students’ conceptual performance. This difference may be explained by the students’
familiarity with and confidence in particular concepts coupled with cognitive load associated with
manipulating complex quantitative equations. Another explanation pertains to the type of synthesis
problems, either sequential or simultaneous task. The students split the situation presented in the
sequential synthesis tasks into segments but treated the situation in the simultaneous synthesis tasks as a
single event.
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I. INTRODUCTION

Problem solving has played a central role in physics
education [1]. However, the vast majority of the problems
employed are relatively simplified compared to real-world
problems that students will eventually encounter. For exam-
ple, assigned problems are typically structured to elicit the
application of only a single major physics concept, i.e.,
the one being taught at the time [2]. Employing only single-
concept problems deprives students of the opportunity to
have in-depth engagement in the process of identifying
the relevant concepts from a range of topics, and reflecting
on proper approaches to handle a more complex problem
involving the application of multiple concepts.
Over the last few decades there have been significant

physics education research efforts in the domain of problem
solving [3,4]. However, as if to mirror the instructional

practices in typical classrooms, most previous studies have
utilized only single-concept problems [1,5–11].

A. Synthesis physics problems

In contrast to previous efforts, in this study we investigate
students’ handling of synthesis problems, which are tasks
consisting of two or more distinct concepts, typically from
different chapters and separated in the teaching timeline [2].
The core of a synthesis problem is integration of multiple
concepts as well as the mathematical formulations emerging
from the application of the concepts in order to build a
solution. A search for literature on synthesis problem solving
in the domain of physics so far indicates a paucity of
studies which explicitly address this research area. Ogilvie
[12] used what is termed as multifaceted context-rich
problems to create epistemic doubts among introductory
physics students in order to shift their beliefs about problem
solving approaches from a novice to an expertlike one. In a
follow-up study, Antonenko et al. [13] utilized an online
problem-based learning environment to identify the infor-
mation used by students when solving multifaceted prob-
lems. They reported that with practice the students tended
to qualitatively analyze the problems at the beginning of
the problem solving activity and focus more on conceptual
information. The physics education research group at the
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University of Minnesota used problems combining different
concepts in their design of web-based computer coaches to
develop expertlike problem solving approaches among
introductory physics students [14]. Further, Lin and Singh
[15] utilized problems comprising multiple concepts in their
study investigating students’ ability to solve isomorphic
problems using analogical reasoning.
Although there may be a number of ways to merge

concepts in synthesis problems, in our study, we focus on
two common synthesis problem types, namely, sequential
and simultaneous synthesis problems. An example of each
type of synthesis problem is shown in Fig. 1.
Figure 1(a) is a sequential synthesis problem. The

situation can be analyzed as two consecutive events: a block
is first propelled from a spring and then undergoes a
trajectory to land on an inclined surface leading to the
consecutive application of two pertinent concepts. Even
though the two events are parts of one complex event and are
connected by several variables in the problem, it is possible
(and physically correct) to consider one event at a time.
Figure 1(b) is a simultaneous synthesis problem. The

situation must be analyzed as events occurring simulta-
neously: a disc sliding on a frictionless surface while the
spring releases a projectile causing the motion of the
system to spin. In this situation, the events of energy
transfer and a change in the system’s rotational and trans-
lational motion occur simultaneously, necessarily leading
to the concurrent application of the fundamental concepts.
In other words, for sequential synthesis problems, multiple
concepts (typically involving multiple physical events) must
be applied at different points in time, and for simultaneous

synthesis problems the multiple concepts must be applied at
the same point in time.
Initial studies on quantitative synthesis problem solving

by some of the authors of this study [2,16,17] have high-
lighted the key role of guided conceptual scaffolding
promoting an expert approach to problem solving among
students. However, these studies have also reported that
despite conceptual scaffolding, most students were unsuc-
cessful in determining the final correct answer. Further
investigation [18] has led us to propose three necessary
components (or bottlenecks) to synthesis problems, namely,
single-concept proficiency, concept identification, and appli-
cation. Consider a synthesis problem that involves concept
A and B. The solver must (i) be adequately proficient at
solving the problems involving A only and B only, (ii) rec-
ognize that the problem necessarily involves both concepts
A and B, and (iii) be proficient at applying both concepts
in concert to solve the problem. White et al. [18] has
investigated and documented the first two bottlenecks,
single-concept proficiency and concept identification.
In this study, we examine the role of a potentially

important factor in the three bottlenecks, namely, the
mathematical complexity of the problem.

B. Mathematical complexity

We are interested in characterizing how mathematical
complexity influences the synthesis problem-solving proc-
ess. One might expect that mathematical complexity could
influence all three components (bottlenecks) of synthesis
problem solving. We are especially interested in how it

FIG. 1. Types of synthesis problems: (a) sequential and (b) simultaneous.
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affects the second and third components, namely, the
identification and the application of the multiple concepts
in synthesis problem solving.
The mathematical complexity of a solution may depend

on several factors, including the number and the type of
concepts relevant to the posed problem and the mathemati-
cal structure in which the to-be-determined variables are
imbedded in the posed problem. For example, in math-
ematics, a single-unknown problem posed as a “single-
reference” problem [e.g., ðx − 1Þ=3 ¼ 4] is less complex
(and less difficult) than a problem posed as a “double
reference” problem [e.g., x − 0.3x ¼ 7] [19]. Furthermore,
for multistep problems, there is another factor of complex-
ity called the composition effect, first documented by
Heffernan and Koedinger [20]. Specifically, they found
that student performance on “composed” problems involv-
ing two unknowns was significantly worse than the
combined performance on two match problems with one
unknown each. This is similar to our findings of synthesis
versus single-concept problems [18].
Therefore, consistent with previous research, we make the

following hypotheses. First, we propose that a problem with
n unknowns represented simultaneously in a system of n
equations is mathematically more complex than a problem
with n unknowns represented individually in n separate
equations. Second, we propose that a problem involving
unknowns in nonlinear equations (such as quadratic and
trigonometric) is more mathematically complex than a
problem having unknowns in linear equations. Thus, we
operationally define mathematical complexity as the number
and the type of equations to be solved simultaneously due to
the number of unknowns in each equation. In this study, the
physics itself does not change per se, but rather the variables
(knowns and unknowns) are manipulated such that the
mathematical complexity is varied.

C. Mathematical complexity and its influence on
student conceptual performance

It is well documented that students tend to use the plug-
and-chug approach to tackle single-concept problems by
structuring solution paths based onvariables to be determined
[21–25]. Often, students view equations as mere computa-
tional tools and struggle to attribute physics meaning to the
mathematical symbols [26–29]. Although they are fluent
in manipulating simple equations with one unknown [30],
their focus is mainly on determining a quantitative solution
[31–33]. Thus, many studies have advocated the importance
of including conceptual reasoning in the problem solving
process, particularly when manipulating equations to find a
solution [29,30,32–35]. Further, the multistep problem solv-
ing strategies designed to improve students’ performance
typically emphasize conceptual reasoning, such as formulat-
ing equations and evaluating the final answers [4,26,36–38].
More recently, Kuo et al. [29] studied how students used
formulated equations for problem solving and argued that the

blending of conceptual reasoning and symbolic manipula-
tions was an essential problem solving skill.
The studies mentioned above highlight the key role of

conceptual reasoning when solving quantitative single-
concept problems. In our study, we use quantitative
synthesis problems with varying mathematical complexity.
We emphasize students’ conceptual reasoning by tapping
into their performance on the identification, follow-up,
and application of pertinent concepts underlying the
synthesis problems to formulate the equations. In short,
we explore the students’ conceptual performance when
tackling quantitative synthesis problems with varying
mathematical complexity.
This study is important for at least two reasons. First, it

emphasizes synthesis problems that cannot be solved simply
by using plug and chug. Here, we uniquely focus on
students’ conceptual reasoning in situations involving multi-
ple physics topics. This line of work can provide oppor-
tunities for developing expertlike skills among our students
by guiding their attention to underlying fundamentals.
Second, the current study zooms in on mathematical com-
plexity as a possible barrier in quantitative synthesis tasks.
Our earlier work [18] has shown that students face a great
challenge in identifying and applying multiple concepts in
solving synthesis problems. This challenge can be attributed
to multiple factors, one of which is mathematics. It is
imperative that we understand the role of mathematical
complexity, and particularly its influences on concept
identification and application, in synthesis problem solving.
We posit that in solving quantitative synthesis problems,

mathematical complexity may interfere with the students’
conceptual performance. In this study, conceptual perfor-
mance refers to the above-mentioned bottlenecks: identi-
fication of, follow-up on, and application of appropriate
concepts. Mathematical complexity represents a potential
difficultly for quantitative synthesis problem solving in the
following ways. As the task’s mathematical complexity
increases, there is an increase in the number of unknowns
in each equation. This in turn may result in not only an
increase in the number of steps needed to solve for each
unknown, but increased complexity of the solution process.
For example, quadratic or trigonometric equations can
emerge. This increased complexity may negatively impact
the way students choose to tackle the physics principles
underlying the problems, especially when they do not have
a robust conceptual understanding. They may modify their
formulated equations to a simpler form, omitting certain
variables or crucial elements, hence incorrectly applying
the concepts or disregarding certain principles. In short,
we propose that mathematical complexity may negatively
influence the students’ decision on the relevance of
particular concepts, their commitment to proceed, and their
application of the chosen concepts.
We therefore address the following research question:How

doesmathematical complexity influence students’ conceptual
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performance when they solve quantitative sequential and
simultaneous synthesis physics problems? To answer this
question,we compare the impact ofmathematical complexity
on students’ abilities to identify the appropriate concepts,
commitment to use them, and to correctly apply them when
they handle sequential and simultaneous synthesis problems.
We also explore possible reasons for the similarities or
differences in student conceptual performance on the sequen-
tial and simultaneous synthesis tasks.
Two studies were conducted to gain insights into

the different aspects of interest described above. Study 1
explores the effects of mathematical complexity on stu-
dents’ conceptual performance on sequential synthesis
problems. Study 2 focuses on simultaneous synthesis
tasks. Sections II and III present the methodology and
outcomes of the two studies. The conclusions and dis-
cussions are highlighted in Sec. IV.

II. STUDY 1: EFFECTS OF MATHEMATICAL
COMPLEXITY ON STUDENT CONCEPTUAL

PERFORMANCE IN SEQUENTIAL
SYNTHESIS PROBLEMS

Study 1 investigates students’ conceptual performance
on tackling a sequential synthesis problem with varying
mathematical complexity. Sequential synthesis problems
(as shown in Fig. 2) include a chronological occurrence of
different events and hence require consecutive applications
of multiple fundamental concepts.

A. Method

1. Sample

The sequential synthesis problems were administered
during the Fall of 2014. A cohort of 105 students, enrolled
in a second year mechanics course for physics majors,
participated in the study. Of these 105 students, 92 signed
up to complete the written tasks only. The remaining 13
students participated in individual interviews. Our assign-
ment of students to the written task or individual interviews
was random. The students completed the sequential syn-
thesis problems on energy conservation and projectile
motion after being taught these concepts in lectures.
They had opportunities to tackle multiconcept problems
in class and as homework assignments. The course was
traditionally taught and included a recitation where students
worked in groups of 3–4.

2. Sequential synthesis problems

The sequential problems used in the study are pre-
sented in Fig. 2. The final set of problems was vetted
with a group of physicists, physics education researchers,
and students. We specifically checked that the students
did not misinterpret the problem statements. We also
ensured that the quantitative information presented is
realistic, such that the final quantitative solution is
rational, and the problems are based on concepts which
have been taught in class.

FIG. 2. The three versions of the sequential synthesis problems.
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Three versions of the same task were designed with
varying mathematical complexity, which we call simple,
intermediate, and complex. They are all based on the same
situation of a block initially propelled from a spring on a
plane inclined at an angle θ. The block then undergoes a
trajectory and lands on another ramp angled at ϕ. Energy
conservation and projectile motion are the two major
concepts needed to solve the three versions of the problem.
In all three cases, four equations are needed to solve the

problem. They are presented in Fig. 3.
Application of energy conservation to the given situation

results in the formulation of Eq. (1) which identifies and
relates different types of energy (spring potential energy,
kinetic energy, and gravitational potential energy).
Application of projectilemotion gives rise to three equations:
Eq. (2) and Eq. (3) for the horizontal and vertical motion,
respectively, and Eq. (4), a trigonometry relating the angleϕ,
the magnitude and the direction of the horizontal and vertical
displacements. Even though these four fundamental equa-
tions must be handled concurrently, the situation consists of
two distinct events, which occur sequentially.
Information about the known and unknown variables and

the types of equations to be manipulated for the three
versions of the sequential synthesis task is shown in Table I.
As the task’s mathematical complexity increases (from

simple to complex task), the frequency of the unknowns
appearing in the equations increases and the types of
equations to be manipulated vary from being linear to
quadratic with trigonometry embedded.

3. Administration of sequential synthesis problems

We collected data during the “flexible homework”
assignment [39], which is a 1 hour session for students
to engage in activities such as interviews and tutorials as
a replacement for one of their homework assignments. The
students would receive full credit for participating in the
flexible homework. The sample comprises 105 students.
13 of the 105 students signed up for a 1 hour individual
interview session. Each student was randomly assigned to
one version of the problem: simple (n ¼ 4), intermediate
(n ¼ 5), and complex (n ¼ 4). In each session, the student
was initially allocated 30 minutes to solve the problem.
The interview immediately followed lasting a maximum of
approximately 30 minutes.
The remaining 92 students signed up to complete the

written tasks only. They were randomly assigned the simple
(n ¼ 30), intermediate (n ¼ 31), and complex (n ¼ 31)
version of the problem. There was no significant difference
in the average course grade across the three groups
[Fð2; 91Þ ¼ 0.127, p ¼ 0.881] indicating that the three
samples were at the same level. Each student completed the
assigned problem individually, without consulting their
peers. Regardless of the task’s mathematical complexity,
all the students took approximately 30 minutes to solve the
problems.

4. Analysis of sequential synthesis problems

Written tasks.—From the written tasks, the students’
responses were analyzed in three levels at the order of

FIG. 3. The four essential equations for solving the sequential
synthesis problems.

TABLE I. Known and unknown variables and types of equations across sequential synthesis tasks with increasing
mathematical complexity (m: mass of block, k: spring constant, L: equilibrium position, ϕ: angle of final slope,
x: initial compression of spring, θ: angle of initial slope, R: horizontal distance, v: block’s velocity at crest of the
ramp, y: block’s final vertical position, t: time taken by block to hit the landing spot).

Simple task Intermediate task Complex task

Common given information m, k, L, and ϕ

Additional given information x and θ R and θ R and x

Variable to solve for R x θ

Number of unknowns in each equation
1
2
kx2 ¼ 1

2
mv2 þmgðLþ xÞ sin θ 1: (v) 2: (v, x) 2: (v, θ)

R ¼ v cos θt 2: (R, t) 2: (v, t) 3: (v, θ, t)

y ¼ v sin θt − 1
2
gt2 2: (y, t) 2: (v, t) 3: (v, θ, t)

tanϕ ¼ −y
R 2: (y, R) 1: (y) 1: (y)

Type of equations Nonquadratic Quadratic Quadratic with trigonometry
embedded

See Appendix A for the solutions.
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increasing closeness to the final correct solution, namely,
identification, follow-up, and application of pertinent
concepts. See Appendix B for the detailed coding scheme.
The coding of the students’ written solutions was done
independently by two researchers and an inter-coder agree-
ment of 86% was obtained. After discussion, the differences
were resolved.
For concepts identification we coded the concepts

identified by the students for tackling the sequential
problems, with a particular interest in their identification
of the two pertinent ones. For concepts follow-up, we
looked at whether or not the students made a commitment
to proceed with the identified pertinent concepts to solve
the problems. For concepts application, we considered
whether or not the students correctly used the concepts.
For energy conservation, we specifically focused on the
following:

• equation generated to relate the types of energy in the
initial and final conditions,

• expression for height in the gravitational potential
energy term when the block is at the crest of the ramp.

On application of projectile motion, we accounted for
• separating the block’s velocity at the crest of the ramp
into x and y components,

• the initial and final positions of the horizontal and
vertical motion in the equation,

• using the angle ϕ to link the horizontal and vertical
displacements traveled by the block.

We also scored the students’ overall performance on the
sequential synthesis problems. The total marks for the
sequential tasks is 19. The detailed marking scheme is in
Appendix C. The grading was done independently by two
researchers and an interreliability rate of 87%was obtained.
Any difference in coding was discussed and resolved.

Individual interviews.—The individual interviews allowed
us to gather in-depth information about students’ actions
when handling the sequential problems. In this study, the
interviewswere analyzed thematically for the following three
main themes of interest: (i) factors cueing the identification
of concepts, (ii) reasons for not identifying the appropriate
concepts, and (iii) students’ approaches to handle the
sequential tasks, i.e., if they separate the situation presented
in the task into segments or not. The interview protocol is
in Appendix D.

B. Results

The sequential problems consist of two consecutive
events, the spring launching the block and the block under-
going a trajectory. We present the findings on the effects of
mathematical complexity on students’ conceptual perfor-
mance on each event followed by their overall score.We then
report the students’ approaches to handle the sequential
synthesis tasks that were found in the interviews. Finally, we
report the factors hinting students to use the pertinent
concepts, and the reasons for their nonidentification.

1. Written results

Conceptual performance includes three levels: identifi-
cation, follow-up, and correct application of the pertinent
concepts. A χ2 test was performed at each level to detect
any differences across the three versions of sequential
synthesis problem. Figure 4 presents the percentages of
students who correctly identified the pertinent concepts,
followed-up on their use, and correctly applied them for the
spring and the trajectory event, with respect to the task’s
mathematical complexity.
For energy conservation, Fig. 4(a), there was no signifi-

cant difference between the three conditions at any analysis
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level (identification: [χ2 ¼ 0.458, p ¼ 0.795]; follow-up:
[χ2 ¼ 0.625, p ¼ 0.732]; application: [χ2 ¼ 0.162, p ¼
0.922]). Similarly, for projectile motion, Fig. 4(b), there
was no significant difference between the three conditions
at any analysis level (identification: [χ2 ¼ 0.285, p ¼
0.867]; follow-up: [χ2 ¼ 0.449, p ¼ 0.799]; application:
[χ2 ¼ 1.77, p ¼ 0.413]). Thus, mathematical complexity
did not appear to impact students’ conceptual performance
on the sequential synthesis problems.
For energy conservation, Fig. 4(a), the main mistakes

students made when applying this pertinent concept are
(i) omitting certain types of energy (the block’s gravita-
tional potential energy or kinetic energy when it is at the
crest of the ramp), and (ii) formulating an incorrect height
expression for the block’s gravitational potential energy
by disregarding the spring compression. These mistakes
resulted in low performance on applying energy conserva-
tion. For projectile motion, Fig. 4(b), the students used
incorrect expressions for the initial and/or final positions in
the equations for the horizontal and vertical motion. They
also incorrectly used trigonometry to relate the angle ϕ to
the magnitude and direction of the horizontal and vertical
displacements traveled by the block.

We scored the students’ overall performance on the
sequential synthesis tasks. The outcomes are presented in
Fig. 5. The students’ average score was nearly the same
across the three versions of the problem [Fð2; 91Þ ¼ 0.320,
p ¼ 0.727], further indicating that mathematical complex-
ity did not seem to affect the students’ performance on the
sequential synthesis tasks.

2. Interview results

We also explored if the students treated the situation
presented in the sequential task in chunks or as a single
event. We found that the students attended to the situation
in two or multiple parts, and used two concepts for problem
solving regardless of the task’s mathematical complexity.
All the students who participated in the individual inter-

views used two concepts (either correct or incorrect) for
problem solving. Based on their verbal andwritten responses,
we found that they split the task into segments. From the
verbal responses, we referred to the expressions they used
to highlight their approaches to tackle the sequential tasks.
They often employed the following expressions: (i) see it as
two problems, the first part or problem and the second part
or problem, (ii) spring problem and projectile problem,
and (iii) split the problem into different parts or break down
the problem into two separate tasks. Typical responses for
students who completed the simple, intermediate and com-
plex task are shown in Fig. 6.
Apart from the students’ verbal expressions, we consid-

ered their written solutions for concrete indications of how
they handled the situation in the sequential tasks. We noted
that they drew vertical and/or horizontal lines on the given
diagram as illustrated by Fig. 7. These actions indicate that
the students viewed the problem as comprising either two
parts (when one line is drawn from the crest of the ramp to the
horizontal plane) ormultiple parts (typically from the base of
the ramp to the block’s location, from the block to the crest of
the ramp, and from the crest of the ramp to the landing spot).
Overall, the students divided the sequential synthesis

problems into segments and used two concepts for problem
solving irrespective of the task’s mathematical complexity.
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FIG. 6. Typical interview responses from the three versions of the sequential synthesis task.
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Individual interviews were also conducted to better
understand the factors for why students used particular
concepts. The prominent outcome was that the majority
of the students identified the pertinent concepts, energy
conservation, and projectile motion. The main factors
prompting energy conservation were the ease of using this
concept to tackle the problem, the task’s surface features (the
spring and the change in heights), and students’ familiarity
with related single-concept problems. Projectile motion was
cued by the trajectory of the block. Typical interview
responses for each factor are presented in Fig. 8.
Thus, the factors prompting the pertinent concepts for

the sequential synthesis tasks were surface features (spring,
change in heights, and object’s trajectory), the ease of using
the concept for solving the problem, and familiarity with
related single-concept problems.

III. STUDY 2: EFFECTS OF MATHEMATICAL
COMPLEXITY ON STUDENT CONCEPTUAL

PERFORMANCE IN SIMULTANEOUS
SYNTHESIS PROBLEMS

Study 2 explores students’ conceptual performance when
handling a simultaneous synthesis problem with varying
mathematical complexity. Simultaneous synthesis prob-
lems (as shown in Fig. 9) involve a concurrent integration

of multiple events and, hence, require the concurrent
application of multiple fundamental principles.

A. Method

1. Sample

Study 2 was implemented during the Spring of 2015.
The simultaneous problems were administered to 74 stu-
dents enrolled in a second year mechanics course for physics
majors. Of these 74 students, 66 signed up to complete the
written tasks only. The remaining 8 students participated
in individual interviews. Before participating in the study,
all the students had learned the relevant concepts in their
mechanics classes, where they had opportunities to handle
multiple concept problems. The classes were traditionally
taught and included a separate recitation that focused on
students’ practicing problem solving in groups.

2. Simultaneous synthesis problems

The simultaneous problems used in the study are depicted
in Fig. 9. Similar to Study 1, the final set of problems was
vetted with a group of physicists, physics education
researchers, and students to ensure that the problem state-
ments were clear, the quantitative information was rational,
and the topics involved had been covered in class.
Two versions of the same problem were designed with

different mathematical complexity levels, which we refer to

FIG. 8. Typical student responses for factors cueing energy conservation and projectile motion.

FIG. 7. Typical students’ physical actions to sequential tasks for the (a) simple, (b) intermediate, and (c) complex version.
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as simple and complex. They both portray a disc sliding on a
frictionless surface while a projectile being released by a
spring launcher. When the compressed spring releases the
projectile, the disc spins resulting in multiple concurrent
events, including energy transfer and a change in transla-
tional and rotational motion of the system. Energy con-
servation, linear momentum conservation, and angular
momentum around the center of the disc are the three
pertinent concepts for tackling both versions of the problem.
Three fundamental equations, presented in Fig. 10, are

needed to solve both tasks.
The application of energy conservation, linear momentum

conservation, and angular momentum about the center of the
disc results in the formulation of three equations. Specifically,
the energy conservation equation, Eq. (1), connects the initial
energy of the system (spring potential energy, and kinetic
energy of the disc, and the projectile) with the final energy of
the system (kinetic energy of the projectile and the disc, and
the rotational kinetic energy of the disc). Equation (2), the
linear momentum equation, relates the initial and final
momentum of the system. The angular momentum equation,
Eq. (3), relates the initial angular momentum of the system to
its final angular momentum.
Information about the known and unknown variables and

the types of equations to be manipulated for the two versions
of the simultaneous synthesis task is shown in Table II.

3. Administration of simultaneous synthesis problems

The sample comprises 74 students. 66 of them signed up
to complete the written tasks only. Each student was
randomly assigned to one version of the task (n ¼ 33
for simple task; n ¼ 33 for complex task). There was no
significant between-group difference in the average course
grade [F ð1; 65Þ ¼ 0.242, p ¼ 0.625], indicating that the
students in the two groups were at the same level. The
students completed the given task individually, without
consulting their peers, as part of the “flexible homework”
assignment for course credits [39]. Irrespective of the task’s
mathematical complexity, all students took approximately
30 minutes to solve the problems.
The remaining 8 students in the sample signed up to

participate in a 1 hour individual interview session. Each
student was randomly assigned to one version of the
problem, simple (n ¼ 4) and complex (n ¼ 4). In each
session, the student was initially allocated 30 minutes to
solve the problem. The interview immediately followed,
lasting a maximum of approximately 30 minutes.

4. Analysis of simultaneous synthesis problems

Written tasks.—Similarly to Study 1, the students’ written
solutions were analyzed in three levels at the order of
increasing closeness to the final correct solution, namely,

FIG. 9. The two versions of the simultaneous synthesis problem.

FIG. 10. The three essential equations for solving the simultaneous synthesis problems.
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identification, follow-up, and application of pertinent
concepts. See Appendix F for the detailed coding scheme.
The coding of the students’ written solutions was done
independently by two researchers and an interreliability
rate of 84% was obtained. Any difference in coding was
discussed and resolved.
For concepts identification, we focused on the concepts

considered by the students when they solved the simulta-
neous problems, particularly their identification of the
pertinent ones. For concepts follow-up, we coded whether
or not the students committed to using the identified
pertinent concepts for tackling the problems. For concepts
application, we considered whether or not the students
correctly applied the pertinent concepts. We coded the types
of energy, linear and angular momentum identified for the
given physical situation. We then specifically attended to the
types of energy, linear and angular momentum depicted for
the initial and final conditions in the formulated equations.
We also considered the velocity variable used for the
projectile and the disc for the initial and final conditions
in the equations. It requires an understanding that before
being released by the compressed spring, the projectile and
the disc have the same velocity. Once released, the projectile
and the disc have different velocities.
Similarly to Study 1, we also scored the students overall

performance on the simultaneous synthesis problems.
The total marks for the simultaneous synthesis tasks is
28. The detailed marking scheme is in Appendix G.
The grading was done independently by two researchers
with an interreliability rate of 86%. After discussion, the
differences were resolved.

Individual interviews.—As before, the individual inter-
views were analyzed thematically to explore (i) possible
factors that prompted students to consider certain concepts,
(ii) reasons for students’ failure to identify the pertinent
concepts, and (iii) if the students treated the situation

presented in the simultaneous tasks into chunks or as a
single event. The interview protocol is in Appendix D.

B. Results

We first present the outcomes on the effects of math-
ematical complexity on students’ conceptual performance
for each event followed by their overall score. We then
report the students’ approaches to handle the simultaneous
tasks. We finally report the factors prompting the pertinent
concepts and reasons for their nonidentification.

1. Written results

Conceptual performance includes three levels of analy-
sis: identification, follow-up, and correct application of
the pertinent concepts. A χ2 test was performed at each
level to detect any differences between the two simulta-
neous synthesis problems. Fig. 11 depicts the outcomes.
For energy transfer, Fig. 11(a), no significant between-

group difference was noted in the number of students who
identified the correct concept of energy conservation and
followed up on its use [χ2 ¼ 0.982, p ¼ 0.322]. For the
complex task, we observed a substantial decrease in the
percentage of students (more than 70%) from “concept
follow-up” to “concept application.” For the simple task, the
drop was around 50%, leading to a significant difference in
concept application between the two groups [χ2 ¼ 9.07,
p ¼ 0.0026]. At the level of concept application, we found
that the main conceptual error the students in both groups
made when they applied energy conservation was omitting
the disc’s rotational kinetic energy. This mistake was more
prominent for the complex task as opposed to the simple
one, with a significant between-group difference [χ2 ¼ 4.98,
p ¼ 0.026]. They also made errors associated with linear
kinetic energy, omitting either the initial or the final kinetic
energy of one of the objects in the system (i.e., disc or
projectile). This mistake was more prominent for the

TABLE II. Known and unknown variables and types of equations across simultaneous synthesis tasks with
increasing mathematical complexity (M: mass of disc, R: radius of disc, vo: initial velocity of disc, vf: final velocity
of disc, ω: angular velocity of disc, m: mass of projectile, vp: final velocity of projectile, k: spring constant,
Δx: initial compression of spring).

Simple task Complex task

Common given information M, m, R, k, and vp
Additional given information vo Δx
Variable to solve for Δx vo
Number of unknowns in each equation
1
2
kΔx2 þ 1

2
ðM þmÞv2o ¼ 1

2
mv2p þ 1

2
Mv2f þ 1

2
Iω2 1: (Δx) 3: (vo, vf , ω)

ðM þmÞvo ¼ Mvf þmvp 1: (vf) 2: (vo, vf)

mvoR ¼ mvpRþ Iω 1: (ω) 2: (vo, ω)

Types of equations Independent quadratic
equation

Quadratic equation embedded
in a system of 2 equations.

See Appendix E for the solutions.
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complex task compared to the simple task, with a significant
between-group difference [χ2 ¼ 12.83, p < 0.001]. This
means that mathematical complexity influenced the stu-
dents’ correct application of energy conservation.
For translational motion, Fig. 11(b), there was no

significant between-group difference for identifying linear
momentum conservation [χ2 ¼ 0.061, p ¼ 0.805], follow-
ing up on its use [χ2 ¼ 0.554, p ¼ 0.457], and correctly
applying this pertinent concept [χ2 ¼ 0.629, p ¼ 0.428].
Thus, mathematical complexity did not have an effect on
the students’ identification, follow-up, and correct appli-
cation of linear momentum conservation.

For rotational motion, Fig. 11(c), there was a significant
between-group difference for identifying angular momen-
tum conservation and following up on its use [χ2 ¼ 5.99,
p ¼ 0.014]. There was no significant between-group differ-
ence in the number of students who correctly applied
angular momentum conservation [χ2 ¼ 1.06, p ¼ 0.302].
This indicates that mathematical complexity influenced the
students’ identification and commitment to using angular
momentum conservation.
Overall, as the task’s mathematical complexity increases,

the students’ conceptual performance on the simultaneous
tasks decreases, specifically at the levels of concept
identification and follow-up for angular momentum con-
servation, and concept application for energy conservation.
We scored the students’ overall performance on the

simultaneous synthesis tasks. The outcomes are presented
in Fig. 12. The students’ average score differed signifi-
cantly between the simple and complex simultaneous
tasks [Fð1; 65Þ ¼ 4.19, p ¼ 0.004]. This further indicates
that mathematical complexity affected the students’ per-
formance on the simultaneous synthesis tasks.

2. Interview results

We also explored how the students approached the
simultaneous synthesis problems, for example, whether
they divided the situation into segments or considered it as
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FIG. 11. Conceptual performance on simple and complex simultaneous synthesis tasks for (a) energy transfer, (b) translational motion,
and (c) rotational motion.
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a single event. We found that they treated the situation in
the simultaneous problem as a single event and tended to
use one concept for problem solving, particularly for the
complex task.
The majority of the students—three out of four—who

completed the complex simultaneous synthesis problem
only used one concept for problem solving. Among those
who tackled the simple version of the task, only one out of
four students used a single concept. Note that we consid-
ered the number of concepts used regardless of its correct-
ness. Further, we looked at the students’ verbal expressions
as indications of their approaches to tackling the simulta-
neous tasks. Students who used one concept for problem
solving often used the following expressions: (i) a system
with an initial and a final point or configuration, (ii) there is
a starting and an ending point. These expressions indicate
that the students treated the situation in the problem as a
single event comprising a before and an after condition,
typically before and after the spring releases the projectile.
Those who considered more than one concept used the
expressions (i) the spring or the release of projectile creates
the torque, (ii) the spring has an effect on the disc, and
(iii) spring, ball, and disc are connected. These indicate
that the students realized there was more than one event
and highlighted the interrelation among them. Typical
responses for students who completed the complex and
the simple task are shown in Fig. 13.

Besides the students’ verbal responses, we looked at
their written solutions for concrete indications of how
they tackled the situation in the simultaneous problems.
We found that none of them left marks on the given diagram
like in Study 1 where the students divided the situation in
the sequential tasks into segments.
Overall, the students tended to treat the situation in the

simultaneous synthesis tasks as a single event and used one
concept for problem solving, mainly for the complex task.
From the individual interviews, we also investigated the

factors prompting students to identify the appropriate con-
cepts, and thereasons for theirnonidentification.UnlikeStudy
1, the prominent outcome in this casewas that the majority of
the students failed to identify the pertinent concepts of linear
and angular momentum conservation. The main reasons for
their nonidentification were (i) poor familiarity with and low
confidence in these two concepts, and (ii) inability to unpack
the given situation and make predictions by linking the task
with learned physics concepts. However, similarly to Study 1,
all the students identified energy conservation, which was
cued by the task’s surface features (spring, spring constant,
before and after conditions) and the ease of using this concept
to solve the problem. Figure 14 presents typical interview
responses for each factor.
Hence, particular pertinent concepts were cued by

the task’s surface features and the ease of using the
concepts for problem solving. The main reasons for their

FIG. 13. Typical interview responses from the two versions of the simultaneous synthesis task.

FIG. 14. Typical student responses for identifying and not identifying the pertinent concepts for the simultaneous synthesis problem.
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nonidentification were the students’ lack of confidence in
or familiarity with certain relevant concepts, and inability to
unpack the given situation and make predictions by linking
the task with learned physics concepts.

IV. CONCLUSIONS AND DISCUSSIONS

There are two main observations from this study. First, we
found that mathematical complexity did not influence stu-
dents’ conceptual performance on the sequential synthesis
problems but had a noticeable, negative influence on their
conceptual performance on the simultaneous synthesis prob-
lems. Second, analysis of interviews revealed that students
tended to productively divide sequential synthesis problems
into subtasks, and this division followed a physically valid
chronological decomposition of the problem. In contrast,
students did not tend to productively (or correctly) decompose
simultaneous synthesis problems into components.
A possible confounding factor between the sequential

(Study 1) and simultaneous (Study 2) synthesis problems
used in this investigation is that they require different
concepts. Therefore, the explanations for the differences in
the influence of mathematical complexity between the two
studies might include effects of the differences in physics
concepts used as well as the problem type. That said, the
concept of energy conservation appeared in both studies,
where students’ performances varied with mathematical
complexity in the simultaneous case (Study 2) but showed
no difference in the sequential case (Study 1). To a certain
extent, this result mitigated concerns regarding such a
possible confounding issue.
The sequential tasks are based on energy conservation and

projectile motion. A relatively high percentage of students
(60%–80%) identified these concepts regardless of the task’s
mathematical complexity. From individual interviews, the
main reasons students provided for identifying the pertinent
concepts were familiarity with similar single-concept prob-
lems, the ease of using the concepts for problem solving, and
the task’s surface features. Thus concept identification did
not seem to be a bottleneck in solving sequential synthesis
tasks with familiar concepts, and apparently the added
mathematical complexity did not change this.
In contrast, the simultaneous problems had both high

and low levels of concept identification depending on the
concept. Consistent with Study 1, the concepts that had
medium (around 50% for linear momentum conservation)
to high (around 88% for energy conservation) levels of
identification were unaffected by mathematical complexity.
However, the concept with low identification level (15%–
40% for angular momentum conservation) was signifi-
cantly influenced by mathematical complexity. From
individual interviews, the main reasons gathered for not
identifying angular momentum conservation were students’
less familiarity with or low confidence in the concept,
and inability to unpack the given situation and to make
predictions by linking the task with the learned physics

concept. Hence, concept identification was a bottleneck to
solving this simultaneous problem with an unfamiliar
concept. This bottleneck was exacerbated when another
layer of difficulty, mathematical complexity, was added to
the problem.
In terms of concept application, for the sequential

synthesis tasks, only a very small percentage of students
correctly applied the concepts (10%–25%) for all conditions.
The simplest explanation for the lack of influence of
mathematical complexity may be that all students were
“close to floor.” Here, concept application appears to be a
significantly large bottleneck which dominated other factors.
In contrast, for the simultaneous synthesis tasks, concept

application did show some variation with respect to
mathematical complexity, depending on the concept.
Specifically, for energy conservation, the concept applica-
tion success decreased significantly when mathematical
complexity increased. As mentioned in the results section,
the omission of rotational kinetic energy was predomi-
nantly responsible for this finding. The omission of rota-
tional kinetic energy in the solutions might be explained by
our observations of student interviews, which indicated that
students had less familiarity with or low confidence in the
concept. Further, the comparatively lower level of correct
application of energy conservation in the high complexity
condition could be explained in terms of cognitive load
[40]. Specifically, as the task’s mathematical complexity
increases, the students had to handle more (and increas-
ingly complicated) equations concurrently. This added
difficulty may have interfered with the students’ decisions
regarding the application of energy conservation.
Another possible explanation for the difference in

students’ conceptual performance is the characteristics of
the sequential and the simultaneous synthesis tasks.
Regardless of the task’s mathematical complexity, the
students split the situation in the sequential synthesis task
into segments and hence used more than one concept
for problem solving. In contrast, the students treated the
situation in the simultaneous synthesis task as a single
event and used one concept, mainly for the complex task.
Thus, the characteristics of the synthesis task may have

influenced the students’ approach to tackle the given
situation, and hence their conceptual performance. For
the sequential tasks, even if the events are connected, it is
possible to consider one event at a time. This may have
prompted the students to attend to and unpack one event
at a time, which facilitated their sense making of the
individual events, the link between them, and hence the
whole situation with its associated information. As such,
the influence of mathematical complexity on students’
conceptual performance in the sequential tasks may be
bypassed. In contrast, for the simultaneous tasks, the events
are concurrent such that it is necessary to consider all at
once. The concurrence of the events may have made it
difficult for the students to unpack the situation and
prevented them from fully understanding the link among
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the different events. Hence, the simultaneous synthesis
problem was mistakenly reduced by many students to a
single event task with the application of one concept for
problem solving. The inclusion of other components such
as mathematical complexity and concepts which students
were less familiar with or had low confidence in may have
worsened the situation thus negatively affecting their
conceptual performance on the simultaneous problems.
These results provide useful implications for teaching.

From a pedagogical perspective, synthesis physics prob-
lems may promote problem solving as a learning tool and
as an assessment tool. Synthesis problems combine two or
more concepts to create a novel situation and emphasize
qualitative task analysis [2]. Furthermore, synthesis prob-
lems cannot be solved by simple plug-and-chug. They
require a blending of equations generated from applying
multiple concepts. Besides understanding the concepts
underlying the equations, students need to have a good
sense of how the different mathematical expressions are
connected. Overall, synthesis problems may support the
development of an expertlike problem solving approach by
channeling the students’ focus on the underlying concepts

and their application. They may also encourage students to
attribute meaning to the mathematical tools, procedures,
and symbols in the physics context.
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APPENDIX A: TYPICAL SOLUTIONS FOR
SEQUENTIAL SYNTHESIS PROBLEMS

For the three sequential problems, we need the four
equations:

Energyconservation∶
1

2
kx2¼1

2
mv2þmgðLþxÞsinθ ðA1Þ

Projectilemotion∶ R ¼ v cos θt ðA2Þ
y ¼ v sin θt − 1

2
gt2 ðA3Þ

tanϕ ¼ −y
R

ðA4Þ

Simple task Intermediate task Complex task

From Eq. (A1): From Eq. (A2): t ¼ R
v cos θ From Eq. (A1):

mv2
2

¼ kx2
2
−mgðLþ xÞ sin θ v2 ¼ kx2

m − 2gðLþ xÞ sin θ

v ¼ ½kx2m − 2gðLþ xÞ sin θ�12 Plug Eq. (A4) and t ¼ R
v cos θ in Eq. (A3): Plug values gives:

Plug values gives v ¼ 2.87 m=s. −R tanϕ ¼ v sin θð R
v cos θÞ − gR2

2v2cos2θ
v2 ¼ 15–11.76 sin θ m=s

Plug Eqs. (A2) and (A4) in Eq. (A3): Simplify and isolate for v From Eq. (A2): t ¼ R
v cos θ

−v cos θt tanϕ ¼ v sin θt − gt2

2
v ¼ ½ gR

2cos2θðtanϕþtan θÞ�
1
2 Plug Eq. (A4) and t ¼ R

v cos θ in Eq. (A3)
and simplify

Simplify and isolate for t Plug values gives v ¼ 2.87 m=s tanϕ ¼ tan θ − gR
2v2cos2θ

t ¼ 2vðcos θ tanϕþsin θÞ
g

From Eq. (A1): plug v ¼ 2.87 m=s and
other values and simplify:

Plug values and expression for v2 and
simplify:

Plug values gives t ¼ 0.560 s 1500x2 − 11.24x − 13.74 ¼ 0 12.74
ð30–23.52 sin θÞcos2θ − tan θ ¼ 0.466

Isolate for x

From Eq. (A2), plug values gives:
x ¼ 11.24�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð11.24Þ2−4ð1500Þð−13.74Þ

p
2ð1500Þ

Use identities and isolate for θ:

R ¼ ð2.87Þ cos 35ð0.560Þ ¼ 1.3 m x ¼ 0.1 m θ ¼ 35°

APPENDIX B: CODING SCHEME FOR SEQUENTIAL SYNTHESIS PROBLEMS

Level I: Identification of pertinent concepts
Level I deals with identification of the pertinent concepts, i.e., energy conservation and projectile motion for the

spring and trajectory event, respectively. As long as a student mentioned energy conservation and/or projectile motion,
the student was considered to be in this category.
Level II: Follow-up on pertinent concepts
Level II is concerned with follow-up on the pertinent concepts. It refers to whether or not the students committed to

proceed with energy conservation and projectile motion to solve the problems. Students who did use the relevant concepts
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are in this category. Those who later discarded the
appropriate concept(s) to use other irrelevant one(s) are
not considered in this category.
Level III: Correct application of pertinent concepts
Level III pertains to correct application of the pertinent

concepts. For the spring event, level III is associated with
the correct application of energy conservation. It focuses on
whether the students (i) formulate an energy conservation
equation with the relevant types of energy for the initial
condition (spring potential energy) and the final condition
(kinetic energy and gravitational potential energy of the
block), i.e., ½kx2 ¼ ½mv2 þmgh, (ii) use the appropriate
height expression for the gravitational potential energy term
i.e., formulate equation ½kx2 ¼ ½mv2 þmgðLþ xÞ sin θ.
The students have to consider the block’s equilibrium
position L, and the spring compression x, when formulat-
ing the height expression.
For the trajectory event, level III is associated with the

correct application of projectile motion: (i) separating the
block’s velocity into horizontal and vertical components,
(ii) equation for horizontal motion, R ¼ v cos θ t, (iii) trigo-
nometry relating angle ϕ, magnitude and direction of
variables, tan ϕ ¼ −y=R, and (iv) equation for vertical
motion, −y ¼ −R tanϕ ¼ v sin θ t −½gt2.

APPENDIX C: MARKING SCHEME FOR
SEQUENTIAL SYNTHESIS PROBLEMS

Mark
Identification of pertinent concepts
• Energy conservation 1
• Projectile motion 1
Application of pertinent concepts
Energy conservation
• Identify spring potential energy 1
• Identify kinetic energy of block 1
• Identify gravitational potential energy of block 1
• Correct equation identifying the relevant types of
energy for the initial and final conditions, i.e.,
½kx2 ¼ ½mv2 þmgh

1

• Correct expression for height value in gravitational
potential energy term, i.e., mgðLþ xÞ sin θ

1

Projectile motion
• Correct equation for horizontal motion,
i.e., R ¼ v cos θt or xðtÞ ¼ v cos θt

1

• Correct equation using the angle ϕ to relate the
horizontal and vertical displacements,
i.e., tan ϕ ¼ −y=R

-Correct opposite (y) and adjacent (R) variables in the
equation

1

-Correct direction 1
• Correct equation for vertical motion, i.e.,
−Rtanϕ ¼ v sin θt −½gt2

-Initial position 1
-Final position 1

(Table continued)

(Continued)

-Consistency in sign for direction of motion 1
-Velocity component 1
Equations
• Combine projectile motion equations and either isolate
or eliminate time

2

• Combine projectile motion equations but do not isolate
or eliminate time

1

• Combine energy conservation and projectile motion
equations to find the required variable

2

• Instead of actually combining the equations, the students
mention the steps to be implemented

1

Final value
• Correct answer 1

The coding scheme in Appendix B focuses only on
the conceptual aspect of the problem (identification,
follow-up, and application of pertinent concepts). The
students’ overall performance additionally includes their
approaches to handling quantitative equations, which we
examined in a similar manner that an instructor would
grade students’ work. Further, a key element of synthesis
problem solving is the combination of equations, immedi-
ately following the application of multiple concepts. Thus
the marking scheme here is designed to include this
additional, important step, which is not fully captured in
the conceptual aspect of the problem solving.

APPENDIX D: INTERVIEW PROTOCOL
FOR STUDY 1 AND 2

• What concepts did you use?
• What lead you to use this concept/these concepts?
Did you have any particular reason(s) for using this
concept/these concepts?

• You said you use this concept/these concepts. Are
there any other concept(s) which you think are
applicable to this problem? Can you elaborate on
your response?

• Apart from the concept(s) you mentioned, what else
did you use or think you can use? Did it cross your
mind that you can use this concept(s) to solve this
problem? Can you tell me more about why you did
not think about this concept/these concepts?

• Tell me, in your own words, what the task is about.
Guide me over your solution. How did you proceed to
solve this problem?

• When you were given this task, how did you think
about it before you started solving it?

• You said that you use two different methods/you
mentioned that you attempted the problem in stages.
Can you explain what you mean by that? Can you
elaborate on your response?

• You mentioned that you used the best approach
to tackle this problem. Can you tell me more about
that?
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APPENDIX E: TYPICAL SOLUTIONS FOR SIMULTANEOUS SYNTHESIS PROBLEMS

For both versions of the simultaneous problem, we need the three equations:

Energy conservation∶
1

2
kΔx2 þ 1

2
ðM þmÞv2o ¼

1

2
mv2p þ

1

2
Mv2f þ

1

2
Iω2 ðE1Þ

Linear momentum conservation∶ ðM þmÞvo ¼ Mvf þmvp ðE2Þ

Angular momentum conservation∶ mvoR ¼ mvpRþ Iω ðE3Þ

Simple task Intermediate task

From Eq. (E2): From Eq. (E2):

vf ¼ ðMþmÞvo−mvp
M vf ¼ ðmþMÞvo−mvp

M

Plug values gives vf ¼ −7 m=s

From Eq. (E3): From Eq. (E3):

ω ¼ mRvo−mRvp
1
2
mR2 ω ¼ mvoR−mvpR

I ¼ mR
I ðvo − vpÞ

Plug values gives ω ¼ −32 rad=s Plug expressions for vf, ω, and I ¼ ½ M R2 in Eq. (E1):

From Eq. (E1), simplify and isolate for Δx: 1
2
kΔx2 þ 1

2
ðM þmÞv2o ¼ 1

2
mv2p þ 1

2
M
m2 ½ðM þmÞvo −mvp�2

þ 1
2
IðmR

I Þ2ðvo − vpÞ2

Δx ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mv2pþMv2fþ1

2
MR2ω2−ðMþmÞv2o
k

q
Plug values, simplify, and isolate for vo:

Plug values gives Δx ¼ �0.176 m, Δx ¼ 17.6 cm. ð−42Þv2o þ ð924Þvo − 3581.375 ¼ 0

vo ¼ 22�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð22Þ2−4ð85.27Þ

p
2

vo ¼ ð5.0 m=s; 17 m=sÞ, vo ¼ 5.0m=s.

APPENDIX F: CODING SCHEME FOR
SIMULTANEOUS SYNTHESIS PROBLEMS

Level I: Identification of pertinent concepts
Level I deals with the identification of the pertinent

concepts, i.e., energy conservation, linear, and angular
momentum conservation for the event relating to energy
transfer, translational motion, and rotational motion, respec-
tively. As long as a student identified one of these pertinent
concepts, the student is considered to be in this category.
Level II: Follow-up on pertinent concepts
Level II is associated with follow-up on the pertinent

concepts. It refers to whether or not the student committed
to proceed with energy conservation, linear and angular
momentum conservation to solve the problems. Students
who did commit to use these pertinent concepts are in this
category. Thosewho later abandon the appropriate concept(s)
in favor of irrelevant one(s) arenot considered in this category.
Level III: Correct application of pertinent concepts
Level III is concerned with the correct application of the

pertinent concepts. For energy transfer, level III identifies
the correct types of energy in the given situation, i.e.,
spring potential energy, kinetic energy of the projectile

and the disc, and the disc’s rotational kinetic energy.
It also considers if the students correctly identified the
types of energy for the initial condition (spring potential
energy and kinetic energy of the disc and projectile
combined) and final conditions (kinetic energy of the
projectile and disc, disc’s rotational kinetic energy) in
the energy conservation equation. Level III also considers
the velocity variables for the initial and final conditions,
i.e., ½kΔx2 þ½ðM þmÞvo2 ¼ ½Mv2f þ½mv2p þ½Iω2.
For translational motion, level III considers whether

the students identified linear momentum due to both the
projectile and the disc. It also focuses on whether the
students correctly used linear momentum conservation to
link the initial and final linear momentum due to the disc
and the projectile. This level also considers the correct
velocity variables used for the initial and final condition,
i.e., ðM þmÞvo ¼ Mvf þmvp.
For rotational motion, level III considers if the students

considered the angular momentum due to both the projec-
tile and the disc. It also emphasizes if the students correctly
used angular momentum conservation to link the initial and
final angular momentum due to the projectile, and the final
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angular momentum due to the disc. Further, this level
focuses on the appropriate velocity variables for the initial
and final condition, i.e., mvoR ¼ mvpRþ Iω.

APPENDIX G: MARKING SCHEME FOR
SIMULTANEOUS SYNTHESIS PROBLEMS

Mark
Identification of pertinent concepts
• Energy conservation 1
• Linear momentum conservation 1
• Angular momentum conservation 1
Application of pertinent concepts
Energy conservation
• Identify spring potential energy 1
• Identify kinetic energy of system, i.e., disc and projectile
combined

1

• Identify kinetic energy of projectile 1
• Identify kinetic energy of disc 1
• Identify rotational kinetic energy of disc 1
• Correct equation relating correct types of energy for initial
and final conditions and use of correct velocity variables,
i.e., 1

2
kΔx2 þ 1

2
ðM þmÞv2o ¼ 1

2
mv2p þ 1

2
Mv2f þ 1

2
Iω2

4

Linear momentum conservation
• Identify linear momentum due to system, i.e., disc and
projectile combined

1

(Table continued)

(Continued)

• Identify linear momentum due to projectile 1
• Identify linear momentum due to disc 1
• Correct equation relating correct types of linear
momentum for initial and final conditions and use of
correct velocity variables, i.e., ðMþmÞvo ¼Mvfþmvp

4

Angular momentum conservation
• Identify angular momentum due to projectile 1
• Identify angular momentum due to disc 1
Correct equation relating relevant types of angular
momentum for initial and final conditions and use of
correct velocity variables, i.e., mvoR ¼ mvpRþ Iω

3

Equations
• Combine equations and isolate for required variable 3
• Combine equations but do not isolate for required variable 2
• Instead of actually combining the equations, the students
mention the steps to be implemented

1

Final value
• Correct answer 1

Similar to Study 1, the marking scheme for Study 2 was
designed to additionally cater for the students’ manipulation
of equation. This was done since (i) we graded the students’
overall performance similar to an instructor’s, and (ii) a key
aspect of the synthesis problem is the merging of equations,
emerging on application of multiple concepts, for solving the
final value.
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