Physics 5500 Final Exam 2012 NAME

Problem 1.
If a spin-0 particle decays into two spin-% particles A and B with no orbital angular
momentum, their spins are entangled in a spin-singlet state:
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(A) Suppose the spin component S4, is measured. List the possible values of Sy, the
probability for each value, and the spin state for particles A and B immediately after the
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(B) Suppose the spin components S, and Sg, are both measured. List the possible values of
Sa, and Sp, and the probability for each pair of values.
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(C) What are’the expectation values (Sa.) and (Sa4,SB.).
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Bell’s inequality states that if there are hidden variables that make the measurements
deterministic, the expectation values of products of spin variables must satisfy
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for any 3 unit vectors 7y, 7o, and fi3.

(D) Show that for the spin-singlet state, quantum mechanics is compatible with Bell’s
inequality for the special case fi; = fig = fi3 = 2. (There are unit vectors for which they are not

compatible.)
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A particle could also decay into the two Spin—% particles A and B in a spin-triplet state, such as
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(E) List all the independent spin-triplet states and give the spin quantum numbers s and m,
for each of them.
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The total spin for the two spin—% particles is S =S4+ Sp. If the particles have orbital angular

momentum E, the total angular momentum is J=L+5. By conservation of angular
momentum, J is also the angular momentum of the decaying particle.

(F) If the two particles are in a spin-triplet state and their orbital angular momentum
quantum number is ¢ = 2, what are the possible values of the angular momentum quantum
number j for the decaying particle?
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Supppose the particles A and B and a third spin-% particle C have the spin state
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(Quantum teleportation would require further entanglement of the spins of particles B and C'.)

(G) Suppose the spin components Sg. and S¢. are measured. What is the probability for
obtaining -+3 L% for Sp, and t+5 Ly for S¢,?
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(H) Suppose measurements of the spin components Sg, and Sc. give +§h for Sg. and —%h for
Sc.. What is the spin state of the three particles after the measurement?
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Problem 2.

A particle of mass m is confined in a cubic box of volume L3 by a potential that is 0 inside the
box and +oo outside. The energy cigenvalues and the corresponding normalized wavefunctions
can be labelled by quantum numbers n,, n,. and n,:
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(A) These energies and wavefunctions are the solutions to an eigenvalue problem. Express this
eigenvalue problem as a partial differential equation with boundary conditions.
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(B) Suppose the single particle inside the cubc is in the ground state. What is its energy? If
the position of the particle is measured, what is the probability density for the coordinates z,
y, and 27
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(C) Suppose two identical spin-0 bosons are confined inside the cube. If the 2-particle system
is in the ground state, what are the possible quantum numbers for the orbitals of the two
bosons? What is the total energy?
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(D) Suppose two identical fermions in the same spin state are confined inside the cube. If the
2-particle system is in the ground state, what are the possible quantum numbers for the
orbitals of the two fermions? What is the total energy?
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(E) Suppose a large number N of identical spin-0 bosons are confined inside the cube. If the
N-particle system is in the ground state, what are the quantum numbers for the orbitals of the
N bosons? What is the total energy of the bosons?
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Suppose a large number N of identical fermions all in the same spin state are confined inside
the cube. Since most of the fermions have large quantum numbers, their orbitals can be
labelled by the position (z,y,z) and the momentum (p,,p,, p.). The orbitals can be counted
by integrating over these 6 variables using the measure [ dzdydz [ dp.dp,dp,/h®.

(F) What is the energy ¢ of an orbital labelled by the 6 variables (z,y, Z, Pz, Dy, P=)7 What is
the length p of the momentum vector for the orbital?
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(G) In the ground state. the fermions occupy all orbitals with energy less than or equal to the
Fermi energy ep. What is the position integral [ dxdydz for the occupied orbitals? What is
the momentum integral [ dp,dp,dp. for the occupied orbitals?

e cnde how e v dy dz = 27
The ocenpaid negoin of momendion Spas Ao o aphee of
Nodon Pr , avbone €p= L gl

Sdpxo’ dp, = %ﬂ‘ PFZ = %7‘_(2'”613)

(H) Use the condition that the number N of fermions is equal to the number of occupied
orbitals to deduce the Fermi energy £ as a function of N and L.
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Suppose the potential energy outside the cube is +V; instead of +oo, with V4 > ep. The
N-fermion system is in the ground state, with all orbitals with energy less than € occupied.
Light of frequency v is shining into the cube.

(I) What is the range of energies for a fermion in the box that has absorbed a single photon?
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~(J) What is the minimum frequency v for which a fermion can escape from the cube by
absorbing a single photon?
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Problem 3.
The Hamiltonian for a particle in a one-dimensional potential is H = Hy + H,, where
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The eigenstates |n) of Hy can be labelled by a quantum number n = 0,1,2,.... The
eigenvalues of Hy and the normalized eigenfunctions are
E, = {(n+ 1w,
ba(z) = Ha(r) exp(—2%/2),

where § = y/mw/h and H,(z) is a polynomial of degree n.
Suppose the coefficient K is small (compared to mw?3?), so that H; can be treated as a
perturbation. If the eigenvalues and eigenfunctions of H are expanded in powers of K, the
eigenvalue equation is

(Ho + Hy) (In) + [0 + [0 + ..
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(A) The eigenvalue equation can be expanded in powers of K. Write down the equations that
are obtained at 0'" order in K and at 1 order in K.
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(B) Express the first-order correction E'Y to the n't energy eigenvalue as an integral over z.
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The second-order correction £ to the n'? energy eigenvalue can be expressed as
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(C) What are the values of m that must be summed over? Express the energy denominator
E,, — E,, in as simple a form as possible. Express the matrix element (m|H;|n) as an integral
over .
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Suppose K is large (compared to mw?3?). A simple variational wavefunction for the ground
state is ¥(z) = exp(—ax?/2), where « is an adjustable parameter.

(D) Express the norm of the wavefunction as an integral over z.
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(E) Express the variational estimate Ey(«) for the ground state energy in terms of integrals
over .
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If the integrals over x are evaluated, the variational approximation to the ground state energy
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(F) There is one value of o that gives the best possible estimate for the ground state energy.
What polynomial equation does this optimal value of « satisfy?
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Suppose the Hamiltonian H(¢) is time dependent, with a coefficient K that is 0 for ¢ < 0 and
a constant Ko for £ > 0. The normalized wavefunction for ¢ > 0 can be expanded in eigenstates
of Hy as follows:

o(6)) = i ealt) exp(i( En — Bo)t/h) n).

(G) Suppose that at the positive time T, the perturbation H; is turned off (so the Hamiltonian
is just Hy) and the energy is measured. What is the probability that the measured value is F,,?
What is the quantum state |[¢»(7'")) immediately after a measurement that gives the value E,?
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(H) If the particle is in the ground state for ¢ < 0, the solution for the coefficient ¢, () for
n > 0 to first order in perturbation theory is

) = z_lﬁ/ot dt' exp(i(E, — Eo)t' /R)(n|H1(t)]0).

Express this amplitude as the product of an integral over & and an integral over t'.
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